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Preface 


This text incorporates problems which have been used 
for several years at seminars in courses in classical mechanics, 
electrodynamics, quantum mechanics, and statistical phy¬ 
sics and thermodynamics at the T. G. Shevchenko State 
University in Kiev. 

The text draws largely on the Course of Theoretical Physics 
by L. D. Landau and E. M. Lifshitz, but also makes use 
of other textbooks and handbooks recommended for the 
university course in theoretical physics. Some of the pro¬ 
blems have been taken from published problem books listed 
at the end of this book, but many are original. 

The student will be able to solve the problems if he has 
a good knowledge of the fundamentals of theoretical physics, 
which are briefly outlined in each section of this book. All 
the problems use the International System of Units (SI). 

The section on classical mechanics was compiled by 
A. M. Fedorchenko, on electrodynamics by V. I. Sugakov, 
on quantum mechanics by 0. F. Tomasevich, and on sta¬ 
tistical physics and thermodynamics by L. G. Grechko. 
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SECTION I 


Classical Mechanics 


The mechanics of systems with a finite number of degrees 
of freedom. In mechanics a particle is a material body of 
mass m whose position in space is determined by three coor¬ 
dinates. 

The mechanical state of a system of n particles is charac¬ 
terized by 3 n coordinates and the 3 n time derivatives of 
these coordinates. The law involving changes in the state 
of a mechanical system in time is defined by Newton’s 
equations 

m;r f = F f , i = 1, 2, . . n (1-1) 

where F, is the resultant of all the forces acting on the ith 
particle; these include both internal forces (those originat¬ 
ing in the particles of the system) and external forces (those 
having a source outside the system and such as considered 
given at any instant of time). 

From the standpoint of mathematics equation (1-1) is 
a system of 3 n differential equations. For this reason the 
basic problem of mechanics consists in finding a solution 
for this system. We know from the theory of differential 

equations that to find an unambiguous solution of the 

• ^ 

system we must indicate 6 n values r", r? at a definite instant 
of time. In short, the mechanical state of a system at any 
subsequent time is determined by its initial'"mechanical 

state r?, r? and by the forces acting on each particle in the 
system. 

Equations (1-1) are valid only in inertial frames of refe¬ 
rence. An inertial frame of reference is one in which a par¬ 
ticle free from forces, i.e. an isolated particle, is in uniform 
roctilinear motion. The first law of mechanics states that 
such frames do exist. 
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Forces acting between two particles are represented by 
the formula 

r lJ 

which reflects the following properties (Fig. 1): 

(1) F tj = —F Jt i 

(2) F u || t u] 

(3) the magnitude of the force depends only on the dist¬ 
ance between the two particles. 

Classical mechanics rests on the three laws of Newton, 
which were deduced from experiments and observations 

of mechanical motion. All 
other assertions and laws 
of mechanics, valid for spe¬ 
cific conditions and specific 
models, are corollaries of 
these three laws. 

In a noninertial frame 
of reference (one moving 
with acceleration) equations 
(1-1) do not hold. But we 
can preserve the form of 
equations (1-1) by introdu¬ 
cing what are called forces 
of inertia, whose origin 
cannot be explained by the 
action of any specific parti¬ 
cles. The forces are due to 
the fact that] the frame of reference moves with 'accelera¬ 
tion. The equation of motion for a particle in a noninertial 
frame of reference is 

mr = F + F lner 

where F lner = — m (R 0 + [g> X r] -|- [w X !© X r]] -|- 

• • • 

4- 2 [© X r]) is the force of inertia. R 0 is the acceleration 
of the coordinate origin and fi> is the angular velocity of 
this frame [see formulas (1-23) and (1-24)]. 

If we proceed from the second law of Newton (1-1) and 
the first property of the forces of interaction (see above). 


2 



Fig. 1 
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we can prove that the time derivative of the momentum 
vector of a system of particles equals the sura of all the 
external forces, F ex t: 


W~ Fext 


( 1 - 2 ) 


» 

where p = 2j r,- ; n is the number of particles in the 
i=t 

system. 

If the system is closed, i.e. F ext equals zero, equation 
(1-2) gives us the law of conservation of momentum: 

p = constant 

If we introduce the notion of the centre of mass of a 
system 

n « 

S m i T i 


n 

where M — ^ m t , equation (1-2) takes the form 

i=i 

MR = F ext (1-3) 

If the system is closed, it follows from equation (1-3) that 

R = constant 

Thus, the velocity of the centre of mass of a closed system 
remains constant. 

From equation (1-2) we can deduce the law of motion 
of a body having variable mass, i.e. the law of jet propul¬ 
sion. In the simplest case, if the main body (of mass m) is 
losing or gaining mass, the law of jet propulsion (Meshcher- 
skii’s formula) takes the following form: 

=F„ t+ ^U,-^» s <M) 

where m 1 is the mass gained, u x is its velocity relative to 
the main body, and m 2 and u 2 are the respective values 
for the lost mass. 

Proceeding from the second law of Newton (1-1) and 
the first two properties of the forces of interaction, we can 
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prove that the time derivative of the angular momentum of 
a system of particles equals the sum of the moments of all 
the external forces, N: 

n 

■Sr = £=2 toxF,] = N (i-5) 

i=l 

n 

where L= 2 m i to X r,J. 

i=i 

We must bear in mind that the radius vectors r ; of the 
particles in the system, which vectors enter into the defini¬ 
tions of the angular momentum and the moment of an 
external force, must issue from the same point because 
both depend on the choice of the coordinate origin. 

Newton’s third law makes it possible to introduce the 
concept of the potential of a force according to the formula 

F;; = —grad; U (r i; ) (1-6) 

where the potential U (r i; ) depends only on the distance 
between the interacting particles. 

We can use the potential concept to prove the following 
theorem on the basis of Newton’s laws of motion: a change 
in the mechanical energy of a system equals the work done 
by external forces, i.e. 

d(K + ±.%U u )=dA (1-7) 

ii 

n n 

1 \ * 

where by definition = ^ r® and dA=2j (F ex t )idr t . 

1=1 1=1 

The law of conservation of energy holds for closed systems: 

E = K-\-^-^ i U ij = constant (1-8) 

ij 

If a part of the external forces has a potential V, we can 
write formula (1-7) as 

W (* + TS !7 »+ y )=-f+S <*■'■> 

ij 1=1 

where fj is a nonpotential force. 
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Thus, a closed mechanical system always has seven 
integrals of motion (seven functions of coordinates and 
velocities), which remain constant upon motion. In the 
general case the number of integrals of motion, which do 
not depend on time, is 2k — 1 for a closed system, where k 
is the number of degrees of freedom. The seven aforemen¬ 
tioned integrals of motion play a special role in physics. 
There are two main reasons for this. First, these integrals 
of motion always exist regardless of the number of particles 
in the system (for a single particle not all are independent). 
Second, their existence can also be proved by the funda¬ 
mental properties of space-time. For instance, the law of 
conservation of momentum follows from the homogeneity 
of space (all points in space have the same status); the law 
of conservation of angular momentum follows from the 
isotropy of space (all directions in space have the same 
status); the law of conservation of energy follows from the 
homogeneity of time (all instants of time are equivalent). 

The laws of motion have other forms than Newton’s. 
Using the Lagrangian function (or, simply, the Lagrangian) 
and the generalized coordinates, we can write equations 
(1-1) in the following form: 



where X is the Lagrangian defined as X = K — V (K is 
the kinetic energy and V the potential energy of the system); 

are the generalized coordinates, i.e. any coordinates that 
satisfy the sole requirement that the Cartesian coordinates 
(used in the system of Newtonian equations) are at any 
instant of time uniquely expressed in terms of all the q's: 

r s = r s (qu ■ • - , q h , 0 

s=l 

where f g is a nonpotential force; the subscript k is the num¬ 
ber of degrees of freedom. 
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If there are nonpotential forces in the system but the 
generalized force corresponding to them can be written as 



where U is a function of the coordinates and velocities, 
the Lagrange equations of the second kind take the form 

where X = K — V + U. For example, the Lorentz force 

f = eE -j- e [r X B] 
defined by the equations 

E= — gradq> — 

B = curl A 

is a non potential force. It can be written as 

h-cE I + e(yB,-zB,)=-^+± ^ 

where 

£7 = e<p + e (r • A) 

The Lagrange equations can be obtained from the varia¬ 
tional principle, which states that if we introduce the func¬ 
tional <S, called action, according to the formula 

*2 

£=j X(t, q t , q t )dt, (1-10) 

ti 

the actual motion will be described by such functions 
q t ( t ) as ensure a minimum of the functional S provided 
that q t (tj) and q t (t 2 ) are given. 

The Lagrange equations are a system of k second-order 
differential equations. We know from mathematics that 
a system of k second-order differential equations can be 
reduced to a system of 2k first-order differential equations. 
In mechanics this is done by introducing the Hamiltonian 
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function (or, simply, the Hamiltonian), which is a function 
of the generalized coordinates and momenta. The general¬ 
ized momenta are defined by the formula 


Pi 


dx 

dqi 


( 1 - 11 ) 


Since the Lagrangian is a quadratic function of the 
generalized velocities, formulas (1-11) give a (linear and 
single-valued) relationship between the generalized velo¬ 
cities and the generalized momenta. 

The Hamiltonian is related to the Lagrangian in the 
following way: 

' . 

S£{pu q u t)= hpiqi—X(qi, qi . 0 ( 1 - 12 ) 

i=l 


All the generalized velocities in the right-hand side of 
(1-12) must be expressed in terms of the generalized momenta 
according to (1-11). 

The canonical equations of Hamilton are 


a&e 



(1-13) 

(1-14) 


Equations (1-13) and (1-14) are a system of 2k first-order 
differential equations. 

In some cases the interaction of bodies is of a peculiar 
nature, the nature of a constraint. Constraints impose 
certain restrictions on changes in position or velocity. 
There is a fairly large class of so-called holonomic constraints, 
i.o. restrictions on position that can be expressed by algeb- 
rnic equations: 


/a (^i» • • •» OC - 1, 2, . . ., S (1-15) 


These are the equations of constraints. 

To solve problems involving constraints we can use the 
Lagrange equations of the second kind, if we introduce 
Much generalized coordinates as satisfy the equations of 
constraints automatically, or we can use the Lagrange 
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equations of the first kind in the following form: 

S 

Wifi = Fi+ 2 kagradi/ct (1-16) 

a=l 

which must be solved together with (1-15). 

• • 

If we define the product — as the force of inertia, 
we can formulate the d’Alembert principle: a system moves 
in such a way that on any virtual displacement the work 
of all the forces, including forces of inertia, at any instant 
of time equals zero, i.e. 

2 (F,—j»,r,)8ri = 0 (1-17) 

i=l 

In the absence of constraints this principle gives us the 
Newtonian equations (1-1). In the case of ideal constraints 
we get the Lagrange equations of the first kind. 

If a system of points (particles) rests while the constraints 
act on it, the principle (1-17) takes the following form: 

2 (F|*8r,) = 0 

t=i 

This equation expresses the principle of virtual displace¬ 
ments, which is the basis of statics. If we add to it the 
equations of constraints, we can find the condition for the 
equilibrium of a system of particles. 

Solution of equations (1-1) gives us all the information 
about the mechanical state of a system consisting of any 
number of particles having an arbitrary law of interaction. 
However, even the three-body problem (for instance, the 
problem of three particles interacting via the Coulomb 
force) poses great mathematical difficulties. For this reason 
a variety of approximate methods or models that to one 
degree or another reflect the properties of actual system 
are used to solve such problems. One is the model of a rigid 
body. In mechanics a rigid body is a system of particles 
whose distances from each other remain constant in time. 
Such a body acts as a single whole while it is in motion. 

A rigid body has six degrees of freedom, which can be 
chosen in the following way. Let us specify an arbitrary 
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point 0 of a rigid body in an inertial frame of reference 
KYZ (Fig. 2). This point will be called the pole. The pole 
may coincide with ^the 
centre of mass, which is 
defined by the formula 


H c 


M 


(1-18) 



The coordinates of the 
pole, Z 0 , Y o, Z 0 , are the 
three coordinates that 
describe the translation¬ 
al motion of a rigid 
body. If we fix the pole 
0 , the body can revolve 
around it. This will chan¬ 
ge the orientation of a 
coordinate system x'y'z' 
attached to the body. The 
orientation of one coordi¬ 
nate system in relation to another can be described by the 
rotation matrix an, which links the sets of basis vectors of 
these systems of (Cartesian) coordinates: 

i = aiji' + a 1 2i' -f-o&i 3 k' 

3 r a 21 i'+ a 22 j'+ a 23 k' (1-19) 

k^aati' + asai' + otaak' 


The rotation matrix has the property 

3 

S (1-20) 

i=i 

The rotation matrix links the components of any vector F 
in different coordinate systems: 

F x = o inF x a 12 F y ~t- a i3 F z 

Fy = oc 2 i Fx + ®22 Fy -j- a 23 F z (1-21) 

F z = a 3i Fx + a 32 F v -f- a 33 F z 


Since the nine matrix elements a t j are restricted by six 
formulas of type (1-20), we can express the rotation matrix 


2 0149(1 
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in terms of three independent parameters. The huler angles 
0, ij), ip (Fig. 3) are used for these three parameters. The 
possible values of these variables are 

0 <0 <n, 0 < i|) < 2jt, 0 ^ cp ^ 2 ji 

The rotation matrix is expressed in terms of the angles of 
rotation as follows: 


a = 



' (cos ip cos cp — —• (sin ip cos 0 cos <p+ 

- sin ip cos 0 sin cp) + cos op sin cp) 

(sin t(5 cos cp -f (cos ip cos 0 cos cp— 

+ cos if) cos 0 sin <p) — sin ip sin ip) 

sin 0 sin <p cos cp sin 0 

d-22) 

Thus, the three independent coordinates X 0 , Y 0 , Z 0 
of the pole, which characterize the translational motion 

of a rigidi body, and the three 
Euler angles 0, cp, ip, which cha¬ 
racterize the rotational motion 
about pole 0, form six variab¬ 
les that fully and uniquely de¬ 
termine the position of a rigid 
body in space. Correspondingly, 
the first time derivatives of the 
variables describe the velocity 
of the rigid body. But to 
characterize the angular velo¬ 
city in the mechanics of rigid 

bodies we use not the derivati- 

• • • 

ves 0, cp, ip but the angular velo¬ 
city vector a), which is introduced by the Poinsot formulas: 



di' , 

TT= l<rtX 


*']• loxk'j 


(1-23) 


where i', j', k' are the basis vectors of the coordinate 
system that is attached to the body. We can obtain the 
components of © in terms of the Euler angles and their time 
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derivatives: 

w a < - 0 cos (p -|- ip sin 0 sin ip 

• • 

o) y' = —0 sin tp -)- \|> sin 0 cos cp (1-24) 

o> 2 » = <p + ^ cos 0 

These are the kinematic equations of Euler. 

Using the definition (1-2) of momentum for a system of 
particles, we obtain the formula for the momentum of 
a rigid body 

P = M(R 0 41wxR c l) (1-25) 

where M is the body’s mass and R c can be found by (1-18). 

If we proceed from the definition (1-5) of angular moment¬ 
um for a system of particles, we obtain the formula for the 
angular momentum of a rigid body about the origin of an 
inertial frame of reference XYZ: 

L — M [R# X Rol -f- M [Rc X Ro] 

f M [R 0 X [a X R c ]] + L rot (1-26) 

where R c is the centre-of-mass vector in relation to the 
pole (R c = 0 if the centre of mass is selected for the pole). 
The last member in (1-26) is the angular momentum about 
the pole 0. 

If we introduce the inertia tensor, which is defined by 
the integrals 

/** = j j j (y 2 + z 2 ) p dV, I xv I yx = - j j j xyp dV 

/,„-{{{ ( ^ 2 + z 2 ) pdV, /,« = /*„=- j j j yzp dV (1-27) 

= j j j(^ 2 + y 2 )pdF, /„ = /«= -j J jzxpdV 

the components of L ro t will be expressed in terms of the 
components of to via the inertia tensor: 

3 

(Lrot (1-28) 

j=l 

Proceeding from the definition (1-7) of kinetic energy 
for a system of particles, we obtain the formula for the 

2* 
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kinetic energy ol' a rigid body: 

K ± AAR®-b A/R„ [o> X R c | + y (u)-L ro t) (1-29) 

We can always select a system of coordinates (attached 
to the body and with an origin chosen arbitrarily) in which 
the symmetric inertia tensor will have none but diagonal 
components. Such a system is called the set of principal 
axes. In this system formulas (1-28) become much simpler: 

In ~ AjCOj, -A /2 — 1 2 ( 1)21 A/g = / 3 ( 1)3 (1-30) 

The formula for the kinetic energy of rotation is also sim¬ 
plified: 

Trot — y (©"Lrot) = y {I + A 2 (l >2 "h I3&1) (1*31) 

We can obtain the motion equations for a rigid body by 
using the corollaries (1-2) and (1-5) of the Newtonian law. 
When the centre of mass is taken for the pole, these equa¬ 
tions become 

M (-^-+^Zo-^Y 0 )=F l 

M (^T+o^o-ajo) =F 2 

M (-^-+“^0-(o 2 Zo) = F 3 

V * ' (1-32) 

Ai —y-f-(As — 1 2 ) (02<o 3 = N j 
1 2 I (Ai — A3) ®i(o 3 = IV2 

A 3 -5-+(/ 2 -/i)o) 1 co 2 = A r 3 

where the subscripts 1, 2, 3 designate the components of 
vectors along the principal axes, and X 0 , Y 0 , Z 0 are the 
coordinates of the centre of mass in the same coordinate 
system. The moments of forces that enter into the total 
moment of forces N are taken relative to the centre of mass 
(pole). 

The system of six equations (1-32) is a complete system 
of differential equations for finding the six functions X ( t ), 
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Y {t ), Z ( t ), <p (t), 0 ( t ), i|i ( t ). As we see from this system, 
the character of motion of a rigid body depends not only 
on the mass but also on its distribution, since the moments 
of inertia / lt / 2 , /, depend on the body’s shape and the 
distribution of its density. 

Another way to formulate the motion equations of a rigid 
body is to construct the Lagrangian. The kinetic energy is 
expressed by formula (1-29). Given the forces, we can find 
the corresponding potentials and construct the Lagrangian. 
Then'we formulate the Lagrange equations of the second kind. 

The mechanics of continuous media. When we examined 
the motion of a rigid body, we assumed that the distances 
between the particles constituting the body remain unchang¬ 
ed. But we know from experience that solids have a fairly 
wide range of mechanical states (deformation, the pro¬ 
pagation of sound) that cannot be described by the model 
of a rigid body. Thus we must consider the internal motion 
of the particles of a solid in relation to each other. 

A similar situation appears when we examine the motion 
of liquids and gases (Quids). The main difference between 
the motion of Quids and the motion of elastic solids is 
that the particles constituting the liquid or gas can move 
a considerable distance from their initial position. In 
other words, in contrast to elastic solids liquids and gases 
have the property of fiuidity. Liquids, gases and elastic 
solids are often designated as continuous media. 

In studying the motion of liquids, gases and solids we 
can do one of two things. We can describe them as a system 
consisting of a large number of particles by assigning coor¬ 
dinates to each particle. Or we can consider them as con¬ 
tinuous media, i.e. media with a continuous rather than 
a discrete distribution of particles. This is the approach 
in introducing the concept of density. 

One of the main concepts in the mechanics of continuous 
media is the vector field of velocities. This field is the vector 
function of coordinates and time, v ( x , y, z, t ), that indi¬ 
cates the velocity of those particles of the medium that 
at time t pass through the point in space with coordinates 
x, y, z. Thus the velocity v ( x , y, z, t ) does not refer to 
any particle in particular hut characterizes the motion 
of the medium as a whole. 
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The equations of motion for a continuous medium are 
obtained by applying the law of change of momentum in 
time (1-2) to an arbitrary volume of the medium. Forces 
of two kinds act on this volume: 

(1) the surface forces exerted by the other parts of the 
medium and defined by the formula 

{F surface); — | Pi] n j dS = ^ dV (1-33) 

where pa is the stress tensor and itj are the components of 
the outward normal to the surface of the chosen volume; 

(2) the body forces (e.g., the force of gravity), defined 
by the space integral 

C^body); ~ J f iP dV (1-34) 

where p is the density of the medium and f t is the body 
force per unit mass. 

The motion equation for a continuous medium has the 
form 

p[-^+( v - v H = -Sf +p/i (I ~ 35) 

For the law of change of angular momentum in time to 
be valid, it is necessary and sufficient for the stress tensor 
to be symmetric: 

Pa ~ Pji 

From the law of conservation of mass we can obtain the 
relation between the field of velocities and density: 

-|y- -f- div pv == 0 (1-36) 

This is the equation of continuity. 

If the continuous medium is incompressible, the equation 
of continuity gives us the condition for incompressibility 

div v = 0 (1-37) 

which is often used in solving problems involving the flow 
of liquid and even gas. 

For the system of equations to be complete, we adjoin 
the second law of thermodynamics for continuous media 

p-f-=-divJ4p W -gL (1-38) 
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where e is the internal energy per unit volume and j = 
---= —x grad T is the heat flux vector. 

To solve equation (1-35) we must know the stress tensor 
Pi). For viscous fluids we can write it as 

Pij = - p8i) + (fl - £) 6 i; div v + 1 ] ( -£ 7+-£7 ) C 1 ' 39 ) 

Substituting this expression into (1-35), we get the Navier- 
Stokes equation 

p —f-(v-V)vj = pf — grad p + tjAv -f t, grad div v (1-40) 

where tj is the coefficient of shear viscosity and £ the coef¬ 
ficient of bulk viscosity. For incompressible liquids the 
system of hydrodynamic equations takes the form 

p[-|f-f-(v- v ) v] = pf —gradp-l- rjAv 
div v = 0 

These are partial differential equations. For this reason 
to solve system (1-41) we must fix the initial and boundary 
conditions. For boundary conditions we use the “sticking” 
condition (v b = 0 ) on stationary walls. 

Equation (1-38) is not connected with system (1-41) for 
incompressible liquids. It is used to find the temperature 
as a function of coordinates and time (see Problems 109 
and 111 ). 

The equation of motion (1-35) for a continuous medium 
also gives us the motion equation for an elastically deform¬ 
ed solid. What characterizes the elastically deformed solid 
is that even when a fairly strong external force acts upon 
it, the particles constituting the solid do not move far from 
the equilibrium configuration, and when the force is remov¬ 
ed, the particles return to their initial position. Thus 

-£ + (v-V)v«|* (1-42) 

where u (x, y, z, l) is the displacement vector characteriz¬ 
ing the displacement of the parts of an elastically deformed 
solid from the equilibrium position. 


(1-41) 
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Small elastic deformations are characterized by the 


±1 

f du t 

duj 

1 __ 

2 ' 

\ dxj 

' dx i 


(1-43) 


The stress tensor and the strain tensor are related by 
Hooke’s law 

3 

Pi) — 2 ^Hhl u hl (1-44) 

k, 1 =1 


where X iJkl is the fourth-order tensor of elastic constants, 
which satisfies the symmetry relations 

XUhl = hjiki 

hjki — 'Xijik (1-45) 

XUhl = Kit) 

Because of the symmetry relations (1-45) this tensor in 
the general case has only 21 independent variables. Thus 
we can rewrite Hooke’s law as follows: 

Pi = C U Sj, S;=^T (1-46) 

where the lower index i assumes six values: 

one-index numbering 1 2 3 4 5 6 
two-index notation xx yy zz yz xz xy 


In this manner X xxxx — c^, X XX yy — X X y Xy — etc. 

As a consequence of spatial symmetry the number of 
independent elastic constants can be further reduced. There 
are three independent elastic constants for a crystal with 
cubic symmetry, for instance, and matrix c t j has the 
form 

C H C i2 Cj 2 0 0 0 ip j 

c i 2 c a c i 2 6 6 of' 

Cj2 C|2 Cfi 0 0 0 

0 0 0 0 0 

0 0 0 0 c 44 0 

0 0 0 0 0 c 44 . 
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Isotropic solids are characterized by two elastic constants, 
and we can write Hooke’s law in the following way: 

Pa = div u + 2 \iu u (1-47) 


The general equation of motion and equilibrium for an 
elastically deformed solid has the form 


P 


d^Ui 


dpg 

dxj 


f-P/i 


(1-48) 


where ptj is defined by (1-44). 

Sound-energy flux per unit area (sound intensity) can 
be determined by the formula 


Si — Pi jUj 

In isotropic media the time average of the magnitude 
of vector S for progressive monochromatic waves is 

S — -j- p v s a z ul (1-49) 


where v s is the velocity of longitudinal or of transverse 
sound waves, p the density of the medium, o> the frequency 
and u 0 the sound-wave amplitude. 

Formula (1-48) incorporating (1-47) assumes for isotropic 
materials the form 


P —Qp- = pf + (^ + p) grad div u + pAu (1-50) 

In the theory of elasticity the boundary conditions are 

(u)i = (u) n , (pijn } )i = ( Pijn } )u (1-51) 

where tij are the components of the outward normal to the 
interface of media I and II. The first condition points to 
the continuity of the media and the second to the properties 
of the forces. 


PROBLEMS 

1. A particle of mass m and charge e enters a homogeneous 
and stationary electric field E with a velocity v n perpendi¬ 
cular to the direction of the field. Calculate the particle’s 
path. 
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2. A particle of mass m and charge e enters a homogeneous 
retarding electric field E with a velocity v 0 parallel to the 
direction of the field. How much time will it take the par¬ 
ticle to return to its initial position? 

3. A particle of mass m and charge e enters a homogeneous 
and stationary magnetic field H with a velocity v 0 per¬ 
pendicular to the direction of the field. Calculate the par¬ 
ticle’s path. 

4. Consider a homogeneous electric field that changes 
according to the law E = E 0 cos at. A particle of mass m 



Fig. 4 

and charge e enters the field with a velocity v 0 perpendi¬ 
cular to the direction of the field. Calculate the particle’s 
path. 

5. Consider homogeneous and stationary electric and 
magnetic fields E and H in a certain area of space. The angle 
between the two is equal to a. A particle of mass m and 
charge e enters this area with a velocity v„. Calculate the 
particle’s path. 

6 . A cluster of charged particles flies out of point O, 
the particles having different initial velocities v 0 but direct¬ 
ed along the z-axis (Fig. 4). Moving through a region with 
an electric and a magnetic field directed along the y- axis, 
the particles hit a fluorescent screen S, which is at a dist¬ 
ance l from point 0. Show that the track left by the par¬ 
ticles on the screen is a parabola provided that all the velo¬ 
cities satisfy the condition a H llv 0 < 1- 

7. A homogeneous and stationary magnetic field directed 

along the z-axis is created in the region 0 < y < —oo •< 
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< +oo, — oo < z <c -f-oo (a “magnetic wall”). A par¬ 
ticle of mass m and charge e enters the field with a velocity 
v 0 directed at an angle a to the zz-plane. The angle between 
the z-axis and the projec¬ 
tion of v 0 on the #z-plane 
is p (Fig. 5). Find: 

( 1 ) the condition for the 
particle’s penetration of the 
magnetic wall; 

( 2 ) the direction the par¬ 
ticle will take after penet¬ 
rating the wall; 

(3) the direction of the 

particle’s reflection from the 
wall and determine the con¬ 
ditions in which the laws 
governing the reflection will p 5 

coincide with optical laws 

of reflection. 

8 . A beam of electrons enters the space between two 
pairs of deflecting plates, which have the following voltages: 
U x = U 1 sin a>t on the vertical plates and U„ = U 2 cos cj t 
on the horizontal ones. Find 
the path of the beam 
on the screen S (Fig. 6 ) if 
all the electrons before 
entering have the initial 
velocity v 0 parallel to the 
plates. The length of the 
plates is l and their distan¬ 
ce from the screen is also l. 

9. Consider a harmonic 

oscillator with an electric Fip. 6 

charge e in a homogeneous 

and stationary magnetic field H (the classical Zeeman 
effect). Construct the motion equation of this oscillator and 
solve it. 

10. Use the conditions of Problem 1 and also assume the 
particle is acted upon by a force of resistance proportional 
lo the first power of the velocity, R — —yv. Construct 
llie motion equation and solve it. 
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11. Use the conditions of Problem 3 and also assume 
the particle is acted upon by a force of resistance propor¬ 
tional to the first power of the velocity, R = —yv. Construct 
the motion equation and solve it. 

12. A mass M with no initial velocity falls from a height 
H onto a helical spring (Fig. 7). The mass forces the spring 

o 




1 


Fig. 8 

to contract by h. What is the time of contraction if we 
neglect the action of forces of resistance and consider the 
mass of the spring to be a negligible quantity? 

13. A mass m falls in the air with no initial velocity. 
Assuming the force of air resistance to be proportional 
to the second power of the velocity, R = yv 2 , find the velo¬ 
city and position of the mass as functions of time. To what 
limit does the velocity tend with the passage of time? 

14. A cylinder of mass M, radius r, and height h, sus¬ 
pended by a spring whose upper end is fixed, is submerged 
in water (Fig. 8). In equilibrium the cylinder sinks to 1/2 
of its height. At a certain moment the cylinder was sub¬ 
merged to 2/3 of its height and then with no initial velocity 
started to move vertically. Find the motion equation of 
the cylinder in relation to the position of equilibrium if 
the stiffness coefficient of the spring is c and the density 
of the water is p. 

15. A body falls to the ground from a great height h. 
Neglecting the resistance of the air, find the time T that 
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it will lake the body lo reach the ground and tiie velocity v 
that the body will develop in that time. The earth’sradius is R. 

16. A body of mass m, thrown at an angle a to the hori¬ 
zontal plane with an initial velocity n 0 , moves under the 
action of the force of gravity and the force of resistance 
of the air R. The force of resistance is proportional to the 
first power of the velocity: R = —yv. Solve the motion 
equation and determine the maximum height h and the 


x 



distance s to the base of the maximum height along the 
horizontal plane. 

17. A particle of mass m moves according to the law 
x = a cos <o£, y — b sin id t. Determine the force that acts 
on the particle at every point of the path. 

18. A particle of mass m moves along the path 



with an acceleration parallel to the y-axis. At t — 0 the 
particle is at the point x = 0, y = b and has a velocity v 0 . 
Determine the force that acts on the particle at every point 
of the path. 

19. Find the equation of harmonic oscillations of a par¬ 
ticle that is acted upon by a driving force / = f () e~ at cos to t. 
The force of friction is proportional to the first power of 
the velocity. 

20. Consider a particle of mass m that is acted upon by 

an elastic force /majjr and a force of friction —rayr. Under 
what conditions will the motion of the particle be repre¬ 
sented by the diagram in Fig. 9 (i.e. the particle tends to 
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its position of equilibrium, first passing through it)? Provo 
that there is only one maximum deviation from equilibrium 
other than the initial one. 

21. A beam of electrons falls on the middle of a vane of 
the Crookes radiometer (Fig. 10). Determine the law that 
governs the motion of the vane wheel, which consists of 



Fig. 10 

six vanes, if the electrons are accelerated by a potential V 0 
and the electron current is I 0 . The radius of the vane wheel 
is R, its width is l, the thickness of each vane is d, and the 

K G 


I-0 V 0- 

Fig. 11 

density of the vane material is p. We ignore the friction 
in the bearings, the reflection of the electrons, and the 
secondary emission. 

22. Plane A is a source of charged particles. The particles 
are accelerated by a potential difference V between plane K 
and grid G (Fig. 11) and then fly through G into space. 

(1) What is the reaction force applied to the system 
(plane K and grid G) if we take account of the space charge? 

(2) What is the power requirement for accelerating the 
particles? 






SECTION I. CLASSICAL MECHANICS 31 


(3) Analyze the dependence of those two quantities on 
the type ol' particles used. 

23. Consider a cylindrical capacitor (Fig. 12) with a homo¬ 
geneous and stationary magnetic field H directed along its 
axis (perpendicular to the paper). A particle of mass M 
and charge e flies into the entrance slit with a kinetic ener¬ 
gy K. What must the potential difference between the 
inner and the outer cylinder be if we want the particle to 
fly along the capacitor’s midline? How can such a device 
be used as a mass-analyzer for ion separation? 

Hint. The electric field in a cylindrical capacitor is 


r l 

where r 2 is the radius of the inner cylinder, r 2 the radius 
of the outer cylinder, and V the potential difference between 
the two. 

24. What masses should single-charged ions have in 
order to fly through the device described in Problem 23 
if (1) V = 300 V, rj = 6 cm, r 2 = 5.4 cm, K = 1000 eV, 
and H changes from 0 to 10 000 Oe; (2) H — 5000 Oe, r r = 
= 6 cm, r 2 = 5.4 cm, K ~ 1000 eV, and V changes from 0 
to 20 000 V? 

25. The relative motion of two particles interacting via 
the Coulomb law — ~) is represented by a conical 
section with the parameters 

L 2 , . /, . 2 EL* 

P =—r and e — V M- <r~ 

r [p|a| V pa 2 

where L is the relative angular momentum, p the reduced 
mass, and E the energy of relative motion. Prove that 
even if E is negative, it always has a lower bound so that 
the condition e 2 > 0 always holds. 

26. Express the period of revolution of an earth satellite 
in terms of various parameters. 

27. Find the path of a particle of mass m moving in an 

external field with a potential V =~~ 4- ■ Determine 

the condition in which the particle will ( 1 ) “fall” on the 
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centre; (2) pass” to infinity (scatter); (2) be in alternating 
motion. 

28. Determine the relation between the impact parameter 
s and the scattering angle <D using the conditions of Pro¬ 
blem 27. 


29. A particle of mass m 
one-dimensional motion in a 



of a particle of mass m and 


and energy £ is in a state of 
potential field U ( x) (Fig. 13). 
Determine the particle’s pe¬ 
riod of motion. 

30. Determine the period of 
one-dimensional motion of 
a particle of mass m and ener¬ 
gy E in a potential field 


cosh 2 ax 

-U 0 <E< 0. 

31. Determine the period 
of one-dimensional motion 
energy £ in a potential field 


U = U 0 tan 2 ax. 


32. Find the path of a particle of mass m and energy E 
moving in a potential field U = a /r 2 (a > 0). 

33. Find the scattering angle and the effective cross sec¬ 
tion when a particle of energy E is scattered by a potential 

field U =£(« >0). 

34. Show that when two particles interact via the Coulomb 
law, there is an integral of motion equal to (a vector quan¬ 
tity) 

[vxL| + ^ 

where v is the relative velocity, r the relative radius vector, 
L = H lr X v] the relative angular momentum, and a 
the constant in the Coulomb law. 

35. Consider a rocket on which none but a reaction force 
is acting. Find the relationship (Tsiolkovsky’s formula) 
between time and the rocket’s velocity if we know the law 
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of change of the rocket’s mass m (t) and the exhaust velocity 
u ,j relative to the rocket. 

36. Orbital velocity is the minimum velocity which 
a body must attain to establish a permanent orbit, i.e. 
to become a satellite. Escape velocity is the minimum 
velocity which a body must attain to escape from the gra¬ 
vitational pull of a heavenly body. Find the orbital (i> x ) 
and escape (u 2 ) velocities for the earth and the moon. 

37. Determine the final amplitude (as t -*■ oo) of the 
harmonic oscillations of a mass m after the action of the 
following force (we disregard friction): 

(1) F = F 0 -^- when 0 < t < T, F — F 0 when T «< 

< t < oo; 

(2) F = F 0 -jr when 0 <C t <i T, F = 0 when T <. t < 

< oo; 

(3) F = F 0 when 0 < t <C. T, F — 0 when T <. t < oo; 

(4) F = F 0 sin wt when 0 <; 2 <; 7 1 = , F = 0 when 

T < t < oo. Before the force acted, the oscillator was in 
equilibrium. 

38. A particle of mass m x , having a velocity v x , is scat¬ 
tered by a particle of mass m 2 at an angle 0. Find the scat¬ 
tering angle O in the centre-of-mass frame, the energy 
transfer, and the mass ratio for which the energy transfer 
is maximal. 

39. A particle of mass m is moving under the action of 
an external force F = kmr, where r is the particle’s radius 
vector. Determine the path of the particle if its initial 
position is r 0 and its initial velocity v 0 is perpendicular 
to r 0 . 

40. Solve the motion equation for the cylinder of Problem 
14 if the water resistance is proportional to the first power 
of the velocity: F res = —av. 

41. Prove that if the linear momentum of a system of n 
particles is equal to zero, then the angular momentum of 
the system does not depend on the choice of the point relative 
to which it is calculated. 

42. Prove that the moment of the forces applied to a 
system of n particles does not depend on the choice of the 

:i -0 i 490 
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point relative to which the moment is calculated if the 
resultant of the forces applied to the system is equal to zero. 

43. An atom consists of a nucleus of mass M and n elec¬ 
trons of mass m each. Eliminate the motion of the centre 
of mass and reduce the problem to the motion of n particles. 
Find the Lagrangian of the system. 

44. In Problem 43 the kinetic energy in the Lagrangian 
is not a simple sum of squares. Prove that if the kinetic 
energy is expressed in terms of the Jacobi coordinates, it 
takes the form of a simple sum of squares. The Jacobi coor¬ 
dinates are 


Pi 

P 2 = 


rn\ 


m\ 
m\ -j- m 2 


r, == r. 


r 3 




"Hrj+ ■ ■ • +mjij 
P '~ mi+ ... +mj f > +1 


Pn 


m + 


~H m n r n _ 

• rn n ~ 


45. Construct the Lagrangian of a dipole whose opposite 
charges are of masses m 1 and m 2 and which is located in 
a homogeneous electric field E. 

46. A particle of mass m moves along 
the inner surface of a vertical cylinder of 
radius r (Fig. 14). Find the pressure that the 
particle exerts on the cylinder if the sur¬ 
face of the cylinder is considered to be per¬ 
fectly smooth. The particle’s initial velo¬ 
city v 0 forms an angle a with the hori¬ 
zontal plane. 

47. In Problem 46 find the position of 
the particle as function of time if the 

particle was on the x-axis at the initial instant of time. 

48. A pipe AB revolves with a constant angular velocity 
o) on a vertical axis CD, forming a permanent angle a 
with it (Fig. 15). Inside the pipe there is a ball of mass m. 
Determine the nature of the ball’s motion if its initial 
velocity is equal to zero and its initial position is at a dis¬ 
tance a from a point O. We exclude friction. 



Fig. 14 
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49. A (hin, straight, and homogeneous rod of length l 
and mass M revolves with a constant angular velocity w 
about a stationary point O describing a conical surface 



Fig. 15 


0 



Fig. 16 


(Fig. 16). Determine the angle of the rod’s deviation from 
the vertical and the force of reaction at point O. 

50. A homogeneous prism A lies on a horizontal plane. 
A prism B (also homogeneous) is placed on prism A 
(Fig. 17). The cross sections of both are right triangles, and 



the mass of prism A is re times that of B. Determine how 
far prism A has moved when prism B, sliding down A, 
reaches the horizontal plane. Assume that the prisms and 
the plane are perfectly smooth. 

51. Two blocks of masses ire x and m 2 connected by a mass¬ 
less, inextensible cord that is passed over a massless pulley A 
slide along the smooth sides of a rectangular wedge of 
mass m, which rests on a smooth horizontal plane (Fig. 18). 

3* 
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Find the displacement ol' the wedge on the horizontal plane 
when mass m 1 is lowered to a height h. 

52. An electric motor of mass M is placed on a smooth 
horizontal foundation but not fastened down. A homoge¬ 
neous rod of length 21 and mass M x is attached to the motor’s 



Fig. ™ 


shaft at a right angle. The other end of the rod has a particle 
of mass m attached to it (Fig. 19). The shaft turns at an 
angular velocity co. Determine 

(1) the equation for the horizontal motion of the motor; 



Fig. 19 


Fig. 20 


(2) the maximal horizontal stress R which would act 
on bolts if the motor were fastened to the foundation; 

(3) the required angular velocity of the shaft so that 
the motor will bounce on the foundation if it is not bolted 
down. 

53. Can a complex system of particles whose centre-of- 
mass energy is E decay into two systems with energies E x 
and E 2 ? 

54. Due to the rotation of the earth about its axis any 
freely falling body deviates from the vertical line. Find 
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this deviation if the initial velocity is zero. Ignore air 
resistance. 

55. Construct the Lagrangian of a simple pendulum 
whose point of suspension moves in the vertical plane accord¬ 
ing to the law y = y (t ) and x = x ( t ). The mass of the 
pendulum is m and its length is /. 

56. Construct the motion equation for small oscillations 
of a simple pendulum whose point of suspension moves 
along the vertical line according to the law x = a cos co t. 
The mass of the pendulum is m and its length is l. 

57. A mechanical system, depicted in Fig. 20, rotates 
about the vertical axis A B with a constant angular velocity co. 


/////////////////M 


i aaaa/v 


Fit;. 21 



The body of mass m 2 is able to move along the vertical 
axis. Find the Lagrangian of the system and determine the 
positions of equilibrium. 

58. In Problem 57 determine which of the two positions 
of equilibrium is the position of stable equilibrium and 
which of unstable equilibrium. 

59. Two simple pendulums of equal length Z (Fig. 21) 
are coupled by a spring with a stiffness coefficient c at a 
distance a from the suspension points. Determine the fre¬ 
quency of small oscillations and solve the motion equation 
of such if at the initial instant of time one pendulum was 
deflected from the vertical line by an angle <p„. 

60. The capacitor microphone consists of a series-circuit 
of inductance L, conductance R, and capacitance C of a 
capacitor whose plates (one of which can move) are coupled 
by two springs with a general stiffness coefficient c (Fig. 22). 
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This circuit is connected to a cell with a constant e.m.f. %. 
In the state of equilibrium C — C 0 and the distance between 
the plates is a. Construct the Lagrangian and write the 
Lagrange equation if the mass of the moving plate is m 
and a variable force p (f) acts on it. 

61. Find the states of equilibrium for the system of 
Problem 60. Determine the frequency of small oscillations. 


Fig. 23 Fig. 24 

62. A ball of mass m hangs at the end of a massless rigid 
rod of length l. Two springs with a stiffness coefficient 
c are connected to the rod as shown in Fig. 23. Find 

the frequency of small oscilla¬ 
tions. 

63. Find the frequency of small 
oscillations when the pendulum of 
Problem 62 is turned upside down, 
i.e. the ball is higher than the for¬ 
mer point of suspension (Fig. 24). 
Determine the state of equilibrium 
in this case. 

64. A block of mass M , connected 
to a spring with a stiffness coeffici¬ 
ent c, can move in the horizontal 

plane without friction. A simple pendulum of mass m and 
length l is fastened to it (Fig. 25). Find the Lagrangian of 
the system and determine the frequency of small oscil¬ 
lations. (The other end of the spring is fixed.) 

65. Construct the Lagrangian of a simple pendulum of 
mass m and length l whose point of suspension moves in 
the horizontal plane according to the law x = x ( t). 



Fig. 25 
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66 . Construct the motion equation for small oscillations 
of a simple pendulum of length l whose point of suspension 
moves on a horizontal line according to the law x = acosyt. 

67. A homogeneous rod BD leans against a wall (Fig. 26). 
The rod’s lower end rests on a horizontal plane and is held 



27 



by the line AB. Find the reaction forces at the points of 
contact and the tension in the line. The weight of the rod 
is P and its length is Z. 

68 . A homogeneous rod AB leans against a vertical plane 
and rests on a horizontal plane (Fig. 27). Two horizontal 
lines AD and BC hold the rod in a fixed position; the line BC 
and the rod are in the same vertical plane. Find the reaction 
forces at the points of contact and the tension in the lines. 
The weight of the rod is P. 

69. A ball B of mass m is suspended by a string AB and 
touches the smooth surface of a sphere of radius r (Fig. 28). 
The distance from the surface of the sphere to the static 
point A is d, and the length of the string is l. Find the ten¬ 
sion in the line and the reaction force with which the sphere 
acts on the ball. The dimensions of the ball are negligible. 

70. Two straight homogeneous rods of length a and b 
are rigidly fixed at a right angle whose vertex 0 is connected 
to a vertical shaft by means of a joint (Fig. 29). The shaft 
rotates with a constant angular velocity o>. Determine the 
relationship between o> and the angle cp that is formed by 
the rod with length a and the vertical. 
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71. Consider a load of weight P at a point F on the plat¬ 
form of a balance (Fig. 30). AB — a, BC = b , CD = c, 
IK = d, and the length of the platform EG is l. Determine 




the relationship between b, c, d, and l for the case when 
the weight P w which compensates the weight of the load 
does not depend on the position of point F. Also determine 
the actnal value of P w in this case. 




72. A schematic drawing of a device for measuring elastic 
constants of solids is depicted in Fig. 31. Find the relation¬ 
ship between the force F that is applied to the sample K 
and the distance from the weight P to its zero point 0, 
if weight Q balances the device in such a way that all the 
arms are in a horizontal position when the weight P is at 
its zero point and when there are no stresses in the sample. 
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73. Two rods AB and OC are connected at a right angle 
at a point C (Fig. 32). OC can rotate about a horizontal 
axis that passes through 0\ AC = CB = a and OC = b. 
The points A and B are loaded by weights / J , and P 2 , res¬ 
pectively. Find the angle that AB forms with the horizontal 
plane in equilibrium if the weight of both rods is 2 p per 
unit of length. 

74. Three rods of equal length, AB = BC — DC = a, 
are connected at right angles at points B and C (Fig. 33). 


0 



Fig. 32 



The rod AB can rotate about a horizontal axis 0 that divides 
the rod in half. Determine the positions of stable and un¬ 
stable equilibrium of the system if the weight of the unit 
length of the rod is p. 

75. Find the Poisson bracket for the Cartesian components 
of the linear momentum p and angular momentum L = 
= [r X p]. 

76. Find the Poisson bracket for the components of the 

n 

vector of angular momentum L — ^ [r* X p ; l for a system 

i=i 

of n particles. 

77. Show that {cp, L z } = 0, where q> is an arbitrary 
function of the position and momentum of a particle. 

78. Find the condition for the linear transformations 
of p and q 

Q = aq \ bp 
P = cq -f dp 

to be canonical. 
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79. Show that ff, L z } = [n X f], where f is an arbitrary 
function of the position and momentum of a particle and 
n is a unit vector in the direction of the z-axis. 

80. Construct the Lagrangian and the Hamiltonian for 
an electrically charged harmonic oscillator that is located 
in a homogeneous and stationary magnetic field B (B = 
= p 0 H, where p 0 is the permeability of empty space). 

81. Construct the Lagrangian and the Hamiltonian for 
a system of two particles interacting via the Coulomb law. 
Express both functions in terms of the centre of mass coor¬ 
dinates and the separation between the particles. 

82. Construct the Lagrangian and the Hamiltonian for 
a system of n particles interacting via the Coulomb law. 
The system is in an external electromagnetic held. 

83. Find the Lagrangian and the Hamiltonian for a sys¬ 
tem of two oppositely charged particles placed in a homo¬ 
geneous magnetic field. Show that by adding to the Lagran¬ 
gian the total time derivative of a specially chosen function 
of coordinates, we can make the coordinates of the centre 
of mass cyclic (ignorable). What integral of motion corres¬ 
ponds to these cyclic fcoordinates? 

84. Construct the Hamiltonian for a symmetrical top 
with one fixed point in the field of the earth’s gravity. 

85. Consider a thin disc of mass M sliding along a per¬ 
fectly smooth horizontal plane. A particle of mass m moves 
across the disc. In a coordinate system that is attached to 
the disc and whose origin lies in the centre of the disc, the 
motion of the particle is governed by the law x — x (t) 
and y = y ( t ). Find the angular velocity of the disc as a 
function of time if at the initial instant of time the disc 
was motionless. 

86 . On the disc of Problem 85 the same particle of mass m 
moves with a velocity at (relative to the disc) along a cir¬ 
cumference of radius R. Find the motion equations. 

87. Determine the inertia tensor, relative to the centre 
of mass, for the following molecules: 

(1) CH 4 ; its structure is represented by the regular tetra¬ 
hedron (a four-faced polyhedron with all of its faces equila¬ 
teral triangles) with the carbon atom C at its centre and the 
four hydrogen atoms H at its vertices. The distance CH is 
a = 1.07 A; 
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(2) H 2 0; its structure is depicted in Fig. 34a; 

(3) NH S ; its structure is depicted in Fig. 34 b. 

88 . Prove that for a diatomic molecule the inertia tensor, 
calculated in the centre-of-mass reference frame, is deter¬ 
mined only by one quantity, i.e. / = pa 2 , where p is the 
reduced mass of this diatomic system and a the distance 
between the positions of equilibrium of the atoms. 

89. The moment of inertia of a molecule of hydrogen 
fluoride HF is 1.37 X 10 ~ 40 g cm 2 if calculated relative to 
the centre of mass. Determine the distance between the 
atoms of hydrogen and fluorine. 

The atomic mass of hydrogen is 
Mh =1.67 x 10 ~ 24 g and that of 
fluorine is My= 3.17 x 10 ~ 22 g. 

90. Determine the ratio between 
the moments of inertia of the mo¬ 
lecules H 2 , HD, and D 2 and also the 
ratio between their frequencies of 
vibrations, assuming that the inter¬ 
atomic potentials do not depend 
on the isotopic composition of the 
molecules. 

91. For the following continuous 
rigid bodies, each of mass M, 
find the principal sets of axes, ba¬ 
sed at the corresponding centres of 
mass, and the principal moments of inertia: 

( 1 ) a rod in the form of a right parallelepiped with edges 
of length a, b, and c; 

(2) a ball of radius R; 

(3) a circular cone with an altitude h and the radius of 
the base /?; 

(4) an ellipsoid with the semiaxes a, b , and c; 

(5) a spherical shell with an inner diameter d and an 
outer diameter D; 

( 6 ) a torus with a cross-section radius r and a middle 
radius R; 

(7) a cylindrical pipe of length l with an inner radius r 
and an outer radius R; 

( 8 ) a right triangular prism with an altitude l and the 
side of the triangle a; 
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(9) a right hexagonal prism with an altitude l and the 
side of the hexagon a. 

92. Consider a symmetrical top along whose axis of 
symmetry there acts a constant moment N of external 
forces. Construct the motion equation of such a top and 
solve it. The resultant of the external forces is zero. 

93. Determine the components of angular velocity as 
functions of the angle of proper rotation. For a homogeneous 

I C 



ellipsoid that rotates about one of its axis, AB, which in 
turn rotates about the axis CD (Fig. 35) that is perpendicular 
to AB, find the maximal and minimal values of these com¬ 
ponents in a system of coordinates whose axes are taken 
along the principal axes. CD passes through the centre of 
the ellipsoid. 

94. Solve Problem 93 under the conditions that AB 
forms an angle a with CD and the ellipsoid is symmetric 
about the A5-axis (Fig. 36). 

95. Construct the Lagrangian for a homogeneous cylinder 
of radius a that rolls along the inner surface of a cylinder 
of radius R (Fig. 37). 

96. A right and homogeneous cylinder of mass M, length 
l, and radius r rotates about a vertical axis OZ with a con¬ 
stant angular velocity to. In the process the angle between 
the cylinder’s axis of symmetry and OZ (OZ passes through 
the centre of mass of the cylinder) maintains a constant 
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value a; Ihe distance between the thrust bearing and the 
bearing at the top (see Fig. 38) is h. Find the lateral pres¬ 
sure on both bearings. 

|c 



97. Construct the motion equation in the form of Euler’s 
equations (see the last three formulas of (1-32) on p. 20) 
for a symmetrical top in the earth’s gravitational field. 


z 




98. Find the Euler angles as functions of time for the 
free rotation of a symmetrical top. 

99. Find the elements of the rotation matrix that repre¬ 
sents three successive rotations in the positive (counter¬ 
clockwise) direction: first, through an angle 0 about the 
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x-axis; tlion, through an angle about the new y'-axis; 
last, through cp about the new 2 "-axis. 

100 . Express the components of angular velocity through 
the angles of Problem 99 and their time derivatives. 

101 . Figure 39 illustrates the principle of a monorail. 
C is the body of the coach of mass M v which moves uni¬ 



formly in a straight line, and 
R is a frame that can freely 
rotate about a horizontal axis 
A X A 2 . A counterbalance of 
mass M 3 is rigidly attached 
to the frame. A flywheel of 
mass M 2 rotates freely about 
an axis B X B 2 in bearings. 
The centre of mass of the fly¬ 
wheel lies at the intersection 
point O x of A X A 2 and B X B 2 . 

Show that the solution <p = 
=5 ci> 0 t, 0 = if = 0 is a stable 
solution of the motion equa¬ 
tion of the monorail coach. 


Fig. 3!) Here cp is the rotation angle 

of the flywheel, if the deflection 
angle of the frame B (with the counterbalance) relative 
to the body C, 0 the inclination angle between the body’s 
axis and the vertical line. The flywheel’s centre of mass 
is at a distance h x from point O, the body’s centre of mass 
is at a distance l from the same point, and the centre of 
mass of the counterbalance is h 2 higher than the flywheel’s 
centre of mass. 


102 . An elliptic, nonhomogeneous cylinder of length h, 
made out of two kinds of materials of densities pj and p 2 , 
lies on a horizontal surface (Fig. 40). Determine the states 
of stable and unstable equilibrium. The lengths of the semi¬ 
major and semiminor axes are a and b, respectively. 

103 . Find the components of the strain tensor in spherical 
and cylindrical coordinates. (See Appendix 2.) 

104 . Find the deformation, i.e. the displacement vec¬ 
tor u, for a cylinder that is rotating about its axis with 
a constant angular velocity co. (For the body force f in 
equation (1-50) take the centrifugal force per unit mass.) 
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105. Construct the dispersion equation for elastic waves 
in a single crystal with a cubic lattice. Find the phase 
velocities of such waves if the waves propagate parallel 
to the faces of the crystal, and if the waves propagate per¬ 
pendicular to the faces. 

106. A plane, longitudinal, and monochromatic wave 
falls at an angle of incidence 0 O on the plane interface bet¬ 



ween a vacuum and a solid (Fig. 41). Find the laws of reflec¬ 
tion and calculate the ratio between the perpendicular com¬ 
ponent of the energy flux of the reflected longitudinal wave 



y 



and the same component of the energy flux of the incident 
wave. Calculate the ratio for the perpendicular component 
of the reflected transverse wave. In Fig. 41 u\ is the dis¬ 
placement of the longitudinal incident wave, u\ the dis¬ 
placement of the longitudinal reflected wave, and Ut the 
displacement of the reflected transverse wave. 
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107 . Solve Problem 100 for the case when the incident 
wave is transverse and its plane of oscillations coincides 
with the incident plane (Fig. 42). 

108 . An incompressible viscous liquid is flowing under 
the influence of a pressure drop Ap = p 2 — p t between two 
infinite, parallel plates that are at a distance d from one 
another. Find the field of velocities and pressure distribu¬ 
tion between the plates. 

109 . Proceeding from the conditions of Problem 108, 
find the heat flux and temperature distribution between 

the plates when (1) the temperature 
of the lower and upper plates is 
held at a constant value T 0 by 
means of a thermostat; (2) the lower 
plate is adiabatically isolated and 
the upper plate is held at a con¬ 
stant temperature. 

110 . Consider two coaxial cylin¬ 
ders with radiuses r 2 and r 2 (r x > 
>r 2 ). Find the field of velocities 
in an incompressible viscous liquid 
between the cylinders for the follow¬ 
ing cases: (1) the outer cylinder rotates about its axis with 
an angular velocity oij; (2) the inner cylinder rotates with 
an angular velocity oi 2 ; (3) the outer and inner cylinders 
rotate in the same direction with angular velocities oq 
and io 2 , respectively. 

111 . Under the conditions of Problem 110 find the tem¬ 
perature distribution in the liquid if the rotating inner 
cylinder is thermally isolated and the motionless outer 
cylinder is held at a constant temperature T 0 . 

112 . Write the right part of the Navier-Stokes equation 
in cylindrical and spherical coordinates. 

113 . An infinite plate of thickness d is the interface 
between a vacuum and a liquid (Fig. 43). Find the natural 
frequencies co for longitudinal sound vibrations assuming 
that all quantities depend on the transverse coordinate x only. 

114 . Find the dispersion equation for the propagation 

of an elastic wave u = f (z) in an isotropic solid 

(the Rayleigh wave). Here f (z) is a damped function. Study 
the structure of this wave. 
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115. Determine the natural frequencies of the radial 
vibrations of an elastic sphere with a radius R placed in 
a vacuum. 

116. Determine the frequency of the radial vibrations 
of a spherical cavity in an infinite elastic medium. 

117. Determine the natural frequencies of the sound 
vibrations of a gas that fills a closed section of a rectangular 
pipe of dimensions a, b , and d. Assume the pipe is rigid. 

118. Construct the wave equation and find the disper¬ 
sion equation for sound waves generated by a source 
moving with a constant velocity v 0 relative to a liquid 
(gas). Find the frequency registered by a receiver that is 
motionless with respect to the liquid (gas). 

119. What frequency will he registered by a receiver 
that moves in a liquid (gas) relative to a stationary source 
of sound (Doppler effect)? 

120. Find the field of velocities in a liquid that is flowing 
through a ring-shaped pipe (the inner and outer radiuses 
are and r 2 , respectively). 

121. An incompressible viscous liquid is flowing under 
the influence of a pressure drop Ap = p 2 — p x in a pipe 
with an elliptic cross section. The length of the pipe is l. 
Determine the field of velocities and the amount of liquid 
that flows through the cross section in a unit of time. 

122. An incompressible viscous liquid is flowing under 
the influence of a pressure drop Ap = p 2 — p t in a pipe 
with a circular cross section. Find the temperature distri¬ 
bution if the temperature of the pipe is held at a constant 
value T „. 


4-01496 



SECTION II 


Electrodynamics 


The two fundamental quantities that characterize an 
electromagnetic field are the electric field vector E and 
the vector of magnetic induction B (the magnetic flux den¬ 
sity). The electric field vector is determined from the force 
acting on a test charge e, i.e. 

F = eE (II-l) 

and the magnetic induction is determined from the force 
acting on a circuit element tfl which carries a current /, 
i.e. 

dF = I Idl x B] (II-2) 

When considering an electromagnetic field in a dielectric 
or magnetic material, where the field is created by external 
sources or by the polarization and magnetization of the 
material, it is convenient to introduce two supplementary 
characteristics of the electromagnetic field: the electric 
displacement vector 

D = e 0 E + P (II-3) 

and the magnetic field strength (or intensity) 

H = ——M (II-4) 

MO 

where P is the polarization vector representing the electric 
dipole moment per unit volume, M is the magnetization 
vector representing the magnetic dipole moment per unit 
volume, and e 0 and p 0 are the permittivity and permea¬ 
bility of empty space, respectively: 

e„ = 8.854 x 10- 12 F m" 1 
fi 0 = 4 jt x 10 -7 H m* 1 
e 0 p 0 = c" 2 

where c is the velocity of light in empty space. 


(I1-5) 
( 11 - 6 ) 
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The relationships between P and E, M and H are deter¬ 
mined by the properties of the medium. For an anisotropic 
medium in the approximation linear with respect to the 
field and for fields slowly varying in space and time the 
following relationships hold true: 

Pi = e 0 a ih E k (H-7) 

M t = y Jh H h (11-8) 

The indexes i and k assume the values 1, 2, and 3 and 
denote the projections of a vector (P or M) on the x, y, 
and z axes. In all formulas where the same index appears 
twice we shall automatically sum over that index. In (II-7) 
a ik is the polarizability tensor of the medium and in (II-8) 
%i h is the magnetic susceptibility tensor of the medium. 

Through the use of (II-3), (II-4), (II-7), and (II-8) we 
can obtain the relationships between D and E, B and H: 


Di ^O^ihPh 

(H-9) 

Bi = Po VihHh 

where 

(11-10) 

Bj/j 8; ft { OCj h 


is the permittivity tensor, and 


Fife = 8jft -j- Xih 


is the permeability tensor. 

In an isotropic medium the relationships (II-7)-(II-10) 
are simplified thus: G 

P = e 0 ccE (11-11) 

M = X H 

(11-12) 

D = ee 0 E 

(11-13) 

B = p.fi 0 H 

(11-14) 


where e = 1 -f a is simply the permittivity of the medium 
and p = 1 + X permeability. 

A set of four equations called the Maxwell equations 
are the starting equations of electrodynamics. In the 

4* 
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integral form they are: 

j n dS+ j (■*&■) (11-15) 
§E,dl=-\(§.) n dS (H-16) 

<|z> n d.S= jpdF (11-17) 

(11-18) 

where j is the conduction current density and p the electric 
charge density. 

In the differential form the Maxwell equations are: 

curlH = j+-§- (11-19) 

curl E = — (11-20) 

div D = p (11-21) 

divB = 0 (11-22) 


At a boundary between two media the electromagnetic 
field vectors are subject to the following boundary conditions: 


D Z n 

Dm = a 

(11-23) 


E lt = E it 

(11-24) 


Dm — Bin 

(11-25) 

[n X (H, - 

Hi)] = i 

(11-26) 


where n is a vector normal to the boundary and directed 
from medium 1 to medium 2, a the surface charge density, 
i the surface current per unit length flowing along the boun¬ 
dary, E t the tangential component of the electric field 
at the boundary, and D n and B n are the normal compo¬ 
nents of the electric displacement and the magnetic induc¬ 
tion, respectively, at the boundary. 

Electrostatics. In this branch of electrodynamics all 
quantities are constant in time and electric charges are 
stationary. From the Maxwell equations (II-19)-(II-22) 
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we then have the system of equations of electrostatics: 

curl E = 0 (11-27) 

div D = p (11-28) 

Equation (11-27) is satisfied if we introduce the electro¬ 
static potential by the relation 


E = —grad cp (11-29) 

In a homogeneous medium the potential satisfies the 
Poisson equation 

Acp — —(H-30) 

or when there is no charge the Laplace equation 

A<p = 0 


At an interface of two media with permittivities ex and 
e 2 the potential is subject to the following boundary con¬ 
ditions: 


<Pl — 921 


(11-31) 


®i 




(11-32) 


In electrostatics the electric field does not penetrate a 
conductor, and therefore from equation (11-29) it follows 
that inside a conductor the potential is constant. 

Since = 0 inside a conductor, from the boundary con¬ 
dition (11-32) we can find the relationship between the 
surface charge density (on the surface of the conductor) 
and the potential near the conductor: 

< IM3 > 


The total charge of the conductor is 

e= -<| e 0 e-|^dS (11-34) 


where the integral is taken over the conductor’s surface S. 
J;. For a system of more than one conductor there are usu¬ 
ally two types of problems: 
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(1) given the potential on every conductor, i.e. 

<P (r) |s. = <Pi (II-35) 

find the potential at any point in the system; 

(2) given the charge 'of every conductor q t i.e. 

<p (r) |s. = constant 

<»- 36 > 

s i 

find the potential at any point in the system. 

Many problems in electrostatics that possess cylindrical 
symmetry can be solved through the use of functions of 
a complex variable. The real and imaginary parts of an 
analytic function W (z) = <p i¥ of a complex variable 
z = x -f- iy are solutions of the Laplace equation: A<p = 0 
and A¥ = 0. Besides, cp and ¥ are restricted by the con¬ 
dition 

dg> dV . d(f d'V q 

dx dx ' dy dy 


i.e. the curves <p = constant and ¥ = constant are mutually 
orthogonal. Thus cp and ¥ can be the solutions of the elec¬ 
trostatic problem. If <p ( x , y) is the potential, the curves 
¥ = constant are the lines of force orthogonal to the equi- 
potential surfaces. Let us put <p = 0 on a smooth contour L. 
In order to find the equipotential surfaces <p = constant, 
we must write the equation for the contour L in the para¬ 
metric form 

x=f(P). y = F{P) (11-37) 

where / and F are single-valued functions and where the 
range of admissible values of P corresponds to the move¬ 
ment of the point ( x , y) along the grounded conductor 
(ip = 0). We must seek the potential in the form 

tp = lmW (11-38) 

and W is found from the equation z — f (W) -f- iF (W). 
W 1 If the distribution of body and surface charges is given, 
the potential at point r is 
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At great distances, i.e. distances that are much bigger 
than the dimensions of the system, the potential can be 
represented as a series 

q? (r) = q) ( °) (r) -f q> (l) (r) -{- cp' 2 > (r) + ... (11-40) 

where cp <0> (r) is the potential produced by a point charge 
equal to the total charge of the system: 


<p(°> (r) = 


4me 0 r 


(11-41) 


<p (1) (r) the potential produced by a dipole with the dipole 
moment p = ^ p (r) r dV: 


ip (,) (r) = 


(P-r) 


4jteeor 3 

and cp (2) (r) the potential produced by a quadrupole: 


(11-42) 


<p(2) (r) : 


1 


4neeo ^ 2! 
i, h 


24rQi* 92 


dx\ dxk 


(v) ( n - 43 ) 


The components of the tensor of quadrupole moment are 
defined as follows: 


Qih = j P (r) (3xiX h — r 2 6 ife ) dV (11-44) 

The energy of an electrostatic field is 

W = ± jpcpdF=i- J (D-E)riF (11-45) 


The interaction energy of two electrically charged sys¬ 
tems with charge densities p x and p 2 is determined thus: 

1 f Pi ( r l) Pg ( r 2) dVi HVy, fII-46) 
4nee 0 J | ri — r 2 1 ' ' 

Magnetostatics. Phenomena that take place in a constant 
magnetic field, i.e. when the magnetic field strength and 
the magnetic induction are independent of time, are gov¬ 
erned by the system of equations of magnetostatics: 

curl H = j 
div B = 0 



(11-47) 

(11-48) 
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together with the boundary conditions (11-25) and (11-26). 
Equation (11-48) is satisfied if we introduce the vector 
potential by the relation 

B = curl A (11-49) 

In a homogeneous and isotropic medium the vector 

potential A satisfies the equation 

AA = -ppoi (11-50) 

The solution of this equation for a given current density j 
has the form 

a«=< n - 51 ) 

At distances considerably greater than the dimensions 
of the system 

A ( r ) = ^ 0 jg - 3 - rl - (H-52) 


where m is the magnetic moment of the system equal to 
m = 4-J [rX j( r)] tfF (H-53) 

The energy of a stationary magnetic field is 
H'-y j (E HJdF-A j (A j )iV 

< n - 54 > 


For a system of conductors the energy of the magnetic 
field can be rewritten as 


where 



2 LiklJk 

(11-55) 


it h 


MPo 1 

: hMUMdVhdVi 

(11-56) 

inl h li . 

1 1 r ft“ r i 1 


The factors L ik for i =£ k are called the mutual inductances, 
and for i = k the self-inductances. 

Quasi-stationary fields. In the case of fields slowly vary¬ 
ing in time (i.e. 
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where o* is the electrical conductivity of the medium; 
o) and X are the frequency and the wavelength of the elec¬ 
tromagnetic oscillations, respectively; and l is the charac¬ 
teristic length of the system) the Maxwell equations take 
the form 

curl H = j 
curl E =- -rr 

ot 

div D = p 
div B = 0 

Electromagnetic waves. In the general case of varying 
fields we must solve the system of equations (II-19)-(II-22). 
When there are no charges and conduction currents, this 
system describes an electromagnetic field in free space. 
Plane monochromatic waves, in which 

E = E 0 e ikT ~ iat (11-59) 

H = H 0 e ikr_ito( (11-60) 

are a partial solution for the Maxwell equations for a free 
field. Here oi is the frequency of electromagnetic oscillations 
and k is the wave vector. In an isotropic medium the direc¬ 
tion of k coincides with the direction of the propagation 
of the wave’s energy. In magnitude k — c o/v, where v — 
— c (ep) -1/2 is the phase velocity of the wave. 

The density of the energy flux of an electromagnetic 
field is defined by the Poynting vector 

S = (E X H] (11-61) 

For varying electromagnetic fields we can express the 
relationship between the electric field intensity and the 
magnetic induction, on the one hand, and the potentials, 
on the other, in this way: 

E=-grad(p--^ (11-62) 

B = curl A (11-63) 

If we impose the Lorentz condition 

divA + -^--^=0 

' c2 dt 



(11-64) 
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the potentials cp and A satisfy the equations 


A<p 

AA 


ep 3 2 <p 
e 2 3f 2 
ep 3 2 A 
c 2 3< 2 



(11-65) 

( 11 - 66 ) 


We can write the solutions of (11-65) and (11-66) in the 
form of retarded potentials 


AC, 




r', 

u J-dF' 


| r—r' 

l r -r'| 


I r —r' | 


y 1 dV' 


(11-67) 

( 11 - 68 ) 


In a vacuum and at distances from a system of charges 
which are considerably greater than the length of the elec¬ 
tromagnetic wave radiated by this system, r > we get 

B=|[Axn] (11-69) 

E — c [B X n] = [[A x n] X n] (11-70) 

where 

A(r, <) = -5F J J («•'- dv ' ( n ' 71 ) 

j» 

and n = — is a unit vector in the direction of wave pro¬ 
pagation. 

If, in addition, the wavelength is much greater than the 
dimensions of the radiating system of charges, the electro¬ 
magnetic field at great distances can be represented as a 
sum of fields generated by a dipole, quadrupole and other 
multipoles. The dipole radiation has the maximum inten¬ 
sity. The corresponding field is determined by the relation¬ 
ships 

•• , A 

B _ PotPXn] 

Ancr 

E= ^r [[pxnl x nJ 

where p is the dipole moment. 


(11-72) 
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The intensity of the dipole radiation is determined by 
the formula 


J 


(V ) 2 

6lt8oC 3 


(11-73) 


Magnetohydrodynamics. This branch of electrodynamics 
studies the effect of electromagnetic fields on electrically 
conducting fluids. In the hydrodynamic approximation 
the motion of a system is described by the variations in 
the density, velocity,| and pressure. At low frequencies 
the electromagnetic field satisfies the equations (11-58). 
The equations of magnetohydrodynamics look like this: 


-% L +divp m v=0 (11-74) 

Pm I - Pm (v • V) v = grad jp [j X B] + r)Av+p m g (11-75) 

curl E = — (11-76) 

curl H = j (11-77) 

j = c*(E-f [vx B]) (11-78) 


where p m is the density of the medium, p the pressure, r) 
the viscosity, g the acceleration due to gravity, a* the 
electrical conductivity of the medium, and v the velocity. 

Equations (II-74)-(11-78) must be supplemented by the 
state equations of the medium. 

Let us consider in brief the special theory of relativity. 
The fundamental principles of the special theory of rela¬ 
tivity are: 

(1) the velocity of light in free space is the same in any 
inertial frame of reference and equal to c = 2.99793 X 
X 10 8 m s _1 ; 

(2) the laws of physics act in all inertial reference frames 
in the same way. 

These principles have the following corollaries. 

Consider an event with coordinates x x — x, x 2 = y, 
x 3 = z, x k = ict in a reference frame K and with coordi¬ 
nates x[ = x', x' 2 = y', x 3 — z', x’ t = ict' in another refer¬ 
ence frame K'. If K' moves along the z-axis of K with 
a velocity v in relation to K, the coordinates of the event 
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in the two reference frames are linked by the Lorentz trans¬ 
formation 


, xi + ifixj, ' 
1 

x ’ 2 = x 2 
x’ 3 = x s 


(11-79) 


r ' _ 3-4 ifizj I 

4_ vr=^ J 

where p = vie. 

Assume that a body moves with a velocity u in relation 
to K. The velocity in relation to K' will then be 


u* = 


u„ Vl-P» 


U z 


u z y\-p 


(11-80) 


C 2 


c2 


When a force F acts on a particle, the law of motion 
in the differential form is 


where 


dp 

dt 


F 


(11-81) 


P 


m 0 \ 

V^f 2 


(11-82) 


is the momentum of the relativistic particle, and m 0 is 
its rest mass. 

A totality of four numbers that transform according 
to a Lorentz transformation if we change the frame of 
reference is called a 4-vector. This may be the 4-momentum 
with the components (p, iE/c), where p is the conventional 
momentum and E is the energy; or a wave vector and fre¬ 
quency in a plane electromagnetic wave propagating in 
a vacuum (k, ico/c); or the 4-vector of current density 
(j, icp); or the 4-vector potential (A, hp/c). 

A totality of sixteen numbers that transform according 
to a double Lorentz transformation if we change the frame 
of reference is called a 4-tensor of rank 2. This may be 
the electromagnetic field tensor, which can be represent- 
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ed as 

( 0 cB z — cB y — iE x \ 
— cB z 0 cB x — iE y \ 

cBy — cB x 0 — iE z I 

iE x iEy iE z 0 J 

or the energy-momentum tensor 

T a$— 8o Socp-^Vv j 

(a, p, |A, v = l, 2, 3, 4) 


(11-83) 


(11-84) 


PROBLEMS 


Vector analysis 


1. Calculate the gradient of a function, / (r), that depends 
only on the absolute value of the radius vector r. 

2. Calculate div r, curl r, curl <p ( r ) r. 

3. Calculate grad (P-r), grad , (P-V)r, div [PXr], 

curl [r X P], where P is a constant vector. 

4. Calculate grad A ( r ) B (r), div (p (r) A (r), curl (cp (r) X 
XA (r)). The functions cp (r), A (r), and B (r) depend only 
on the absolute value of the radius vector r. 

5. Using Ostrogradski’s theorem, calculate the integrals 

I=j>r(A-n)dS, I = j>(A-r)ndS 


if the volume enclosed by the surface is V and if A is a con¬ 
stant vector. 

6. Show that j A dV = 0 if inside the volume div A = 0 

v 

and on its boundary A n — 0. 

7. Show that the divergence of vector 


A + ^-grad j 


div A (r') 
I r—r' | 


dV' 


is zero. 

8. Find a solution for the Laplace equation that depends 
only on the absolute value r of the radius vector. 

9. Write the Maxwell equations (11-19) to (11-22) in 
(a) cylindrical coordinates; (b) spherical coordinates. 
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Electrostatics 

10. Find the electric field intensity vector inside and 
outside a uniformly charged sphere of radius R. The body 
charge density of the sphere is p. 

11. A sphere of radius R is uniformly charged with 
a charge density p. Inside it there is a spherical cavity 
of radius R' whose centre is at a distance a from the centre 
of the sphere. Find the electric field intensity vector inside 
the cavity and inside and outside the sphere. 

12. Find the electric field vector inside and outside 
a sphere with a body charge density varying as follows: 

p = a r n 

where n > —2. The radius of the sphere is R. 

13. Find the electric field vector inside and outside 
a uniformly charged solid cylinder of radius R. The electric 
charge per unit length of the cylinder is k. 

14. A layer of nonconducting matter is put between two 
parallel planes and is charged to a density p. Find the 
electric field vector inside and outside the layer if its thick¬ 
ness is d. 

15. Find the capacitances of the following capacitors: 
(a) spherical, (b) plane-parallel, and (c) cylindrical. Between 
the plates of each capacitor there is a dielectric of permit¬ 
tivity e. 

16. Two long, cylindrical conductors are arranged paral¬ 
lel to each other at a distance d. Calculate the capacitance 
per unit length of the system provided d~^> R x and d R 2 , 
where R t and i? 2 are the radiuses of the cylinders. 

17. Find the equation of the lines of force for a system 
of two point charges e and — e with a distance d between 
them. 

18*. For the case of a homogeneous electric field with 
a field vector E write the corresponding complex-valued 
potential W. Consider the special case of the electric field 
of a charged plane with a surface charge density o. 

19. Determine the potential near a grounded angle 
formed by two planes x = 0 and y = 0. 

* In Problems 18 to 24 we assume the distribution of the potentials 
to be two-dimensional. 
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20. Determin e the equi poten tial surfaces and lines of 
force^ if thej potential's <p = Re(|/z).* What grounded 
contour has such a potential? 

21. Determine the potential and the equipotential sur¬ 
faces if the complex-valued potential is W — In z. 

22. Find the potential near a grounded parabola y 2 = 
— Aa(x a). 

^•2 

23. Find the potential near a grounded ellipse ^ -f- 
y 2 

+ = I- Consider the limiting case of the potential 

near a circle (in the three-dimensional case, a cylinder), 
assuming b = a. 

24. Find the equipotential surfaces and lines of force 
near a grounded hyperbola -g “ 52 = 1 - 

25. Find the potential and the electric field intensity 
vector on the axis of a flat ring that has a surface charge 
density a (the inner radius of the ring is R x and the outer 
R 2 ). Consider the following limiting cases: (a) the field 
of a flat disc (R t 0 ) and (b) the field of a plane (R x ->- 0 , 
R 2 ->■ oo). 

26., Determine the potential of the electric field pro¬ 
duced by the electron of a hydrogen atom, assuming that 
the electron charge in the ground state is distributed with 

a charge density p = ^ e~ irjri , where a is a constant. 

27. Determine the Fourier transform for the potential 
of a point charge. 

28. Find the potential of the electric field produced 
by a charge that is distributed in an infinite medium by 
the law p = p 0 sin ax sin by sin cz. 

29. A point charge e is situated at a distance d from 
a conducting plane that is grounded. Find the potential 
and the electric field intensity vector of the system. Deter¬ 
mine the surface density of the charge that is induced on 
the grounded surface. Show that the total induced charge 
is equal to — e. 

30. Using the method of images, find the potential of 
a charge q that is placed inside a right angle formed by 
two conducting planes. 
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31. A point "charge e is at a distance d from the centre 
of a conducting sphere of radius R. Using the method of 
images, determine the electric potential of the sys¬ 
tem. The sphere is grounded. 

32. Find the potential of a system consisting of a point 
charge e and an insulated conducting sphere of radius R 
near the charge. 

33. A point charge e is at a distance d from the centre 
of a spherical projection of a conducting plane. The centre 
of the projection lies on the plane, and the charge is situated 
opposite the point on the projection that is farthest from 
the plane. Determine the potential of the system if the 
radius of the projection is R. 

34. At a distance d from the centre of a conducting groun¬ 
ded sphere of radius R an electric dipole p is placed whose 
positive charge is closest to the sphere. Find the electric 
potential of this system. 

35. An electric charge e is placed at a distance d from 
the flat surface of an infinite dielectric with a permittivity 
e 2 . The permittivity of the medium where the charge is 
located is e x . Determine the potential cp and the electric 
displacement vector D in the two media. 

36. The centre of a conducting sphere of radius R. is on 
the flat boundary between two dielectrics with permittivi¬ 
ties e x and e 2 . The charge of the sphere is e. Find the poten¬ 
tial of this system, the electric displacement vector, and 
the charge distribution on the surface of the sphere. 

37. Solve Problem 31 by an expansion of the potential 
in a series of solutions of the Laplace equation in spherical 
coordinates. Determine the surface charge density and the 
total charge induced on the sphere. 

38. A point charge e is placed at a distance d from a con¬ 
ducting sphere of radius R that has a potential V. Find 
the potential outside the sphere and the surface charge 
density on the sphere. 

39. Determine the potential of a charged sphere of ra¬ 
dius R. The surface charge density varies according to the 
law a = cr 0 cos 0. 

40. Determine the potential and the electric field vector 
of a uniformly polarized ball of radius R. The polarization 
vector of the ball is P. 
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41. A conducting sphere of radius R is located in a non- 
uniform electrostatic field. Determine the potential around 
the sphere. 

42. A conducting sphere that is grounded is located in 
a uniform electric field E 0 . Find the potential of this system 
and the surface charge density of the sphere. 

43. A sphere of radius R made of a dielectric material 
is located in a uniform electric field E 0 . Determine the 
potential inside and outside the sphere. 

44. Consider a sphere that is electrically charged with 
a surface density a everywhere except for a spherical seg¬ 
ment near the pole. Determine the potential inside and outside 
the sphere if the segment is limited by a circle with 0 — a. 

45. One face of a rectangular parallelepiped has a po¬ 
tential V. All the rest have a zero potential. Find the poten¬ 
tial inside the parallelepiped. 

46. Two opposite faces, z — 0 and z — c, of a rectan¬ 
gular parallelepiped with edges a, b, and c, have potentials 
V 1 and V 2 , respectively. The rest are grounded. Find the 
potential inside the parallelepiped. 

47. A disc of radius R that has a surface charge density a 
is placed coaxially in a hollow cylinder of radius r 0 with 
conducting walls. Find the potential inside the cylinder. 
Consider the limiting case of a point charge inside the 
cylinder, i.e. R -*■ 0 but the charge of the disc remains 
finite, or nR 2 o = e. 

48. Find the potential of a field that is produced by 
a point charge e and a homogeneous plane-parallel lamina 
that is at a distance d from the charge. The thickness of 
the lamina is a and its permittivity is e. Consider the parti¬ 
cular case of a point charge on the surface of a semi-infinite 
crystal, and compare the obtained solution with that of 
Problem 47. 

49. Find the quadrupole moment of an ellipsoid that 
is uniformly charged and has a body charge density p. 

50. Determine the potential of an electric field produced 
by a point charge e that is placed in a homogeneous and 
anisotropic medium with a given permittivity tensor. 

51. Find the t electric field intensity vector inside an 
anisotropic lamina made of a dielectric and placed in a 
uniform field E 0 . 


5-01496 
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52. Calculate the energy of the interaction between the 
electron cloud of a hydrogen atom and the proton (which 
is the nucleus of the hydrogen atom). The charge density 

inside the cloud is P = e~ 2r/a , where a is the Bohr 

radius. 

53. Calculate the energy of the interaction between two 
balls whose distribution of charges e x and e 2 is spherically 
symmetric. The distance between the centres of the balls is a. 

54. Consider a sphere that sinks into a liquid to a depth 
less than half its diameter when it is not charged. What 
should be the charge of the sphere so that it sinks to a depth 
exactly half its diameter? The mass of the sphere is M , 
its radius is R, and the liquid has a density and a permit¬ 
tivity e. 


Direct-current electricity. Magnetostatics. 

Quasi-stationary phenomena 

55. The plates of a spherical capacitor, which are separa¬ 
ted by a conducting medium with a conductivity a*, have 
potentials qq and q> 2 . Calculate the current across the capa¬ 
citor and the resistance of the spherical layer. The radiuses 
of the plates are r x and r 2 . 

56. Find the law of refraction of the lines of current at 
a flat boundary between two conducting media with conduc¬ 
tivities of and of. 

57. The potential difference between two flat electrodes 
is V and the distance between them is d. The field-induced 
emission of electrons from one of the electrodes continues 
until a space charge forms between the electrodes, which 
opposes the external field. Find the relationship between 
the current density and the potential difference applied to 
the electrodes. 

58. Find the magnetic field strength inside and outside 
a cylindrical conductor with an electric current whose den¬ 
sity j is the same through any section of the conductor. The 
radius of the cylinder is R. 

59. Find the magnetic field strength inside a cylindrical 
cavity in a cylindrical conductor with an electric current 
whose density j is the same through any section of the con- 
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ductor. The axes oi' the cavity and the conductor are parallel 
and separated by a distance a. 

60. An electric current flows through an inhnitely long 
conductor of radius R. The current density is a/p for p ^ R, 
where R is the radius of the conductor and p is the distance 
from the axis of the conductor. Find the vector potential 
and the magnetic field strength inside and outside the con¬ 
ductor. 

61. Find the magnetic field strength of a plane with 
a surface current of density i that is the same in any point 
of the plane. 

62. Surface currents with densities i flow along two paral¬ 
lel planes. Find the magnetic field strength when the cur¬ 
rents flow (a) in the same direction and (b) in opposite 
directions. 

63. Consider a strip of infinite length and width a made 
of a conducting material. A current with a surface density i 
flows uniformly through the strip. Find the magnetic field. 
Consider the limiting case as the width of the strip tends 
to infinity and compare the obtained result with that of 
Problem 61. 

64. Electric currents / flow in opposite directions along 
two straight, parallel conductors of infinite length placed 
apart at a distance d. Determine the vector potential of the 
system. 

65. Find the vector potential and the magnetic field 
strength created by a current I flowing along a ring of 
radius R. Examine the special case when the observation 
point lies on the axis of the ring. 

66 . Find the magnetic field strength and the vector of 
magnetic induction created by a uniformly magnetized 
ball. The radius of the ball is R and the magnetization vec¬ 
tor is M. 

67. Determine the magnetic field strength on the axis 
of a magnet of cylindrical shape. The radius of the magnet 
is R, its length is d, and the magnetization is M 0 . 

68. Find the magnetic moment of an electrically charged 
ball that rotates uniformly with an angular frequency Q. 
The charge e is uniformly distributed over the volume of 
the ball. Show that the gyromagnetic ratio for this system 
is e/(2m), where m is the mass of the ball. 


5* 
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f>9. A sphere of radius R rotates about the z-axis with 
au angular velocity £2. Its surface is electrically charged 
with a density o. Find the vector potential and the magnetic 
field strength inside and outside the sphere. 

70. Calculate the force between two straight parallel 
wires of infinite length with electric currents I t and / 2 if 
the distance between the wires is d. The permeability of 
the medium between the conductors is p. 

71. Calculate the force between two coaxial wire loops 
of radiuses R 1 and R 2 with electric currents flowing in the 
same direction. The distance between the centres of the 
loops is d, and both are placed in a medium with a per¬ 
meability p. 

72. Find the self-inductance L per unit length of a 
transmission line that consists of two coaxial cylinders of 
radiuses R x and i? 2 (R t <i? 2 ). The space between the con¬ 
ductors is filled with a substance having a permeability p. 

73. A solid conductor of radius R t with a permeability 
Pi is placed inside a cylinder of radius R 2 . The space between 
the conductor and the cylinder is filled with a substance 
having a permeability p 2 . Determine the self-inductance 
per unit length of this contour. 

74. The diamagnetic susceptibility per unit volume is 


X = 


Ze*N 
6 m 


W 2 


where Ze is the electric charge of the atomic nucleus, e 
and m are the electron charge and electron mass, N is the 
number of atoms per unit volume, and r 2 is the mean square 
of the radius of the atom, i.e. 

j r 2 p(r)dx 

where p (r) is the charge density in the atom. Determine 
% for atomic hydrogen. In this case 

PW = !5r e-2r/ “ 

where a = 0.528 X 10~ 10 m (the Bohr radius). 

75. Show that for a constant and uniform magnetic 
field B the vector potential can be chosen in the form A = 

= 4 IB X r]. 
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76. Find the distribution of the electric and magnetic 
fields inside a cylindrical conductor which carries an alter¬ 
nating current with frequency co. The electrical conductivity 
of the conductor is a*. 

77. Consider a specimen of magnetic material subjected 
to a constant magnetic field of intensity H n . Under the 
influence of this field a magnetization M n parallel to the 
field appears inside the specimen. In addition to the con¬ 
stant field a variable magnetic field that is perpendicular 
to H n and that rotates with an angular velocity co is imposed 
on the specimen. The amplitude h of the intensity of this 
variable field satisfies the condition h H 0 . Determine the 
additional magnetization caused by the variable field and 
find the conditions for magnetic resonance. 

78. A ball made of magnetic material is inserted in a 
constant magnetic field. The intensity of the field inside 
the ball is H 0 . If we assume the size of the ball to be conside¬ 
rably less than the wavelength of natural oscillations of the 
magnetic moment, what will be the frequency of these oscil¬ 
lations? 

79. A sample of infinite length of nonconducting magne¬ 
tic material is subjected to a constant magnetic field of 
intensity H 0 . Find the frequency of natural oscillations if 
the wavelength of these oscillations is considerably less 
than the wavelength of electromagnetic waves (the magneto¬ 
static approximation). 

80. Determine in the magnetostatic approximation the 
natural frequency of vibrations of a plate made of magnetic 
material and having a metallic covering. The thickness of 
the plate is d , the intensity of the constant magnetic field 
is H 0 , the plate is magnetized normally to its surface, and 
the covering is ideal. 

81. Determine the natural frequency of vibrations of a 
plate made of a magnetic material and magnetized normally 
to its surface. The plate is placed in a vacuum, its thickness 
is d, and the intensity of the constant magnetic field is H 0 . 
Use the results of Problem 80. 

82. Find the natural frequencies of two coupled circuits 
if the self-inductances are L, and L 2 , the mutual inductance 
is L 12 , the capacitances of the circuits are C x and C 2 , and all 
resistances in the circuits are zero. 
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Propagation of electromagnetic waves. 

Wave guides. Resonators. 

Magnetohydrodynamics 

83. Two plane, monochromatic waves are linearly-polar¬ 
ized in perpendicular directions. Determine the polariza¬ 
tion of the resulting wave if both waves propagate in the 
same direction, their frequencies are the same, the ampli¬ 
tudes of the waves are E 01 and E n2 respectively, and the 
phase difference for the waves is <p. 

84. Determine the damping of electromagnetic radiation 
in a medium in total internal reflection. 

85. A plane-polarized wave strikes the surface of a nonmag¬ 
netic material normally to this surface. The permittivity 
of the material is e and its electrical conductivity is a*. Find 
the reflectance R. Consider the limiting case of an ideal 
conductor. 

86. Determine the amplitudes of a reflected and a refrac¬ 
ted wave in a plane-parallel plate. The thickness of the 
plate is d and its permittivity is e. Find the conditions for 
the reflection of electromagnetic waves from the plate 
to be minimal. 

87. A surface wave whose magnetic field strength is per¬ 
pendicular to its line of propagation (a TM wave) travels 
along the interface of two dielectrics. The permittivities 
of the dielectrics are opposite in sign and equal to e x and 
— | e 2 j. Find the dispersion equation. 

88. An electromagnetic wave falls onto a plane surface 
of a semi-infinite crystal at an angle 0 2 . Determine the 
directions of propagation of the ordinary and extraordinary 
rays in the crystal. The optic axis of the crystal is perpendi¬ 
cular to its surface. 

89. Assume that a medium consists of elastically coupled 
charged particles and that the force constants are different 
for mutually perpendicular directions. Find the permittivity 
tensor of the medium if the volume concentration of the 
particles is N. 

90. Show that if e (o>) is an analytic function in the 
upper half of the complex co plane and approaches unity as 

a) | tends to infinity, the real and imaginary parts of 
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h ((o) satisfy the following equations: 

Ree(co)=:l+—P ( lm > e - (td ' ) 
v ’ 1 n J or— w 


Im 


oo 

8 ( 0 ,)=-- l p { 


Re e (co') — 1 


da' 

dw' 


where P means the principal value of the integral. 

91. A medium consisting of elastically coupled electrons 
has a permittivity equal to 


e (co) = 1 


Ne 2 y _ fh _ 

rw 0 — to? — (o 2 — iyh <o 


where N is the volume concentration of the electrons, e 
and m are the electron charge and mass respectively, and f h 
and (o fe are constants. Show that this equality satisfies the 
dispersion relations in Problem 90. 

92. Assume that a substance consisting of quasi-elastic- 
ally coupled electrons of volume concentration N is placed 
in a homogeneous magnetic field with an induction B 0 . 
A linearly-polarized monochromatic light wave whose wave 
vector is parallel to the magnetic field falls onto the sub¬ 
stance. Find the angle of rotation of the plane of polariza¬ 
tion of the wave when it has travelled a distance l in the 
substance. 

93. A system of anharmonic charged oscillators is placed 
in an alternating electromagnetic field. The potential energy 
of an oscillator as a function of displacement is given by the 
relation 

3 

f / =4 _ * r2 + T 3 PiH X i X J X l 
i, j, 1=1 

Assuming that the factors are small, find the polariza¬ 
tion vector up to terms linear in and quadratic in the 
electric field vector. Show that the polarization vector has 
terms corresponding to oscillations with a frequency twice 
the one of the incident wave. The mass of an oscillator is m, 
its natural frequency is ai 0 , its electric charge is e, the volume 
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concentration of oscillators is N, and the frequency of the 
external field is ©. 

94. Find the nonlinear polarization of the system of oscil¬ 
lators of Problem 93 if the external field consists of two 
monochromatic waves with frequencies © x and © 2 . 

95. Assume that a medium consists of parallel chains 
of evenly distributed oscillators with natural frequencies 
©o- The neighbouring oscillators in a chain interact via 
the Hooke’s law. Examine the propagation of an electro¬ 
magnetic wave along the chains when the wavelength is 
much greater than the distance between the oscillators. 
Find the index of refraction for such waves. 

96. Examine the propagation of electromagnetic waves 
in the space between two conducting plates separated by 
a dielectric medium. The distance between the plates is d and 
the permittivity of the medium is e. 

97. Find the intensity, dispersion equation, and fre¬ 
quency limit for the TE and TM waves in a rectangular 
wave guide with ideally conducting walls. The dimensions 
of the wave guide are a and b. 

^98. What is the relation between the tangential compon¬ 
ents of an electric and a magnetic field near a conductor? 
?^99. Determine the damping of TM waves in a rectangular 
wave guide with dimensions a and b. The conductivity of 
the walls is o* and their permeability is p. 

100. Find the dispersion equation for electromagnetic 
waves in a cylindrical wave guide with ideally conducting 
walls. The radius of the guide is R. 

101. Examine the propagation of electromagnetic waves 
along a cylindrical wave guide made of a dielectrical mate¬ 
rial with permittivity e. The radius of the guide is R. 

102. Examine the propagation of electromagnetic waves 
in a dielectric medium that fills the space between two condu¬ 
cting coaxial'cylinders. The cylinders have radiuses R t and R 2 . 

103. Determine the electric field vector and the natural 
frequencies of TM waves in a rectangular cavity resonator. 
The dimensions of the resonator are a, b, and c , and its 
walls are ideal conductors. 

104. Show that the number of oscillations in a frequency 
interval A© is LlLzL ^ (0 Atl) far a rectangular resonator of 
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dimensions L 1 , L 2 , and L a and with ideally conducting 
walls. 

105. Determine the electromagnetic field and natural 
frequencies of electromagnetic waves in a cylindrical reso¬ 
nator of radius R. The distance between the ends of the 
resonator is d. 

106. A viscous, conducting, and incompressible liquid 
moves between two parallel infinite planes. A constant mag¬ 
netic field H„ is directed perpendicularly to the planes. 
Determine the distribution of velocities in the liquid if it 
is in stationary flow. The distance between the planes is d. 

107. A viscous, conducting, and incompressible liquid 
is placed between two conducting planes z — 0 and z = d. 
The plane z = d moves along the x-axis with a velocity v 0 . 
A uniform magnetic field H 0 is^directed along the z-axis, 
and an electric field E 0 along the y-axis. Determine the 
distribution of velocities in the liquid. 

108. An ionized plasma consists of ions and electrons. 
Assume the charge density fluctuations to be small. Exam¬ 
ine the variation of charge density (concentration) and find 
the plasma frequency if this frequency is so large that the 
ions are not able to catch up with the field and stay fixed. 
Magnetic interactions and pressure gradients are negligible. 

The radiation and scattering 
of electromagnetic waves 

109. Obtain the equations for the potentials created by 
charges and currents in a vacuum provided div A = 0 (the 
Coulomb gauge condition). 

HO. An electric current of density 

3 (r, t) = / sin ( — k \ z | ) 8 (x) 8 (y) e 3 e-^‘ 

is generated in a thin linear antenna. Find the time average 
(over the period) of the antenna’s intensity of the radiation 
in a unit solid angle. Consider the particular case when the 
antenna length d is several half-waves. Vector e a is directed 
along the antenna. 

111. Find the total radiation intensity of a linear antenna 
with a wave traveling from point z — — 1/2 to point z = 
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= 1/2, where it is absorbed completely, i.e. without reflection. 
The electric current in the wave is 7 0 cos (at — kz). 

112. Examine the propagation of plane waves inside an 
isotropic and homogeneous dielectric, assuming that each 
volume element radiates a spherical wave which propagates 
with a velocity c. Determine the velocity of the plane waves 
in the medium. 

113. A plane electromagnetic wave falls on a conducting 
cylinder of radius R. The cylinder’s axis is perpendicular 
to the wave vector and parallel to the magnetic field. Find 
the electric and magnetic fields in the scattered wave. Cal¬ 
culate the energy flux scattered by a unit length of the 
cylinder. 

114. Show that when two identical particles collide, 
there is no dipole radiation. 

115. Find the intensity of radiation of a particle of mass m 
moving in a circular orbit of radius a under Coulomb forces. 
Express the answer in terms of the particle’s energy. 

116. Determine the time it will take a particle moving 
in a circular orbit to “fall” on a charged centre because of 
the energy loss through radiation. 

117. An atom radiates electromagnetic waves and stays 
in an excited state during time t. The time dependence of 
the atom’s electric field is 

E (t) = E 0 e~ ^ ~ iaot 

Determine the width of the line radiated by the atom. 

118. Find the differential cross section for the scattering 
of an elliptically polarized wave of frequency to by an 
oscillator. The natural frequency of the oscillator is cd 0 , 
its mass is m, its charge is e, and its damping coefficient 
is y. 

119. Examine the electromagnetic field created by the 
plane z = 0 with a surface current of density 

i = i Q e iq x x+iq y J - ia)l . 

120. Consider a dipole with moment p that vibrates 
with a frequency to in the origin of a coordinate system. 
A particle with a polarizability {5 is placed at a point with 
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a radius vector d (d _L p). Find the radiation intensity of 
electromagnetic waves for the system provided d ^ X, 
where X is the radiation’s wavelength. 

121. A dipole of moment p is located at a distance d from 
an infinite conducting plane and vibrates with a frequen¬ 
cy o). Determine the damping of the vibration if d<^X, 
where X is the wavelength of the system’s radiation. The 
conductivity of the material of the plane is o*. 

122. A dipole of moment p vibrates with a frequency © 
in a dielectric medium (of permittivity e x ) at a distance d 
from the flat interface with another dielectric medium (of 
permittivity e 2 ). Find the electric and magnetic fields of 
the waves radiated by the dipole. In all calculations d^> X. 

123. A particle of charge e moves with a velocity v and 
then elastically bounces off a plane. Determine the long¬ 
wave part of the radiation spectrum at the moment of 
impact. 

Special theory of relativity. 

Relativistic electrodynamics 

124. Show that two successive Lorentz transformations 
in the same direction commute and are equivalent to one 
Lorentz transformation. 

125. A plane electromagnetic wave propagates in a me¬ 
dium that, moves with a velocity v relative to a reference 
frame K. Find the velocity of the wave in frame K if the 
index of refraction of the medium is n. Examine the case 
when v<^ c. 

126. Find the approximate relationship between the ener¬ 
gy of a slow particle and its momentum up to members 

( p 2 \ 2 

. For slow particles p 2 <C m 2 c 2 . 

127. Find the path of a charged particle moving in a 
uniform electric field E„. Examine the limiting case of a 
slow particle. 

128. Find the path of a charged particle moving in a 
uniform magnetic field H 0 . 

129. Find the path of a relativistic particle of charge e 2 
and mass m in the field of a fixed point charge e 2 . 

130. A particle of mass M decays into two particles of 
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masses m 1 and m 2 . Find the energies of the decay products 
in the centre-of-mass system. 

131. Find the kinetic energies of a p-meson (rest energy 
105.7 MeV) and a neutrino that were produced in the decay 
of a fixed n-meson (rest energy 139.6 MeV). Use the results 
of Problem 130. 

132. Find the Lorentz equations for transforming the 
energy and the components of momentum of a particle from 
one reference frame to another frame moving with a velocity 
v relative to the first. 

133. A particle moving with a velocity v decays into 
two particles whose energies in the centre-of-mass system 
are E x and E 2 . Find the relationship between the angle of 
emergence and the energies of the products of decay in the 
laboratory frame of reference. 

134. Find the relationship between the directions of the 
velocity of a particle in two reference frames that move 
with a relative velocity v. 

135. Two particles with rest masses m 1 and m 2 and ener¬ 
gies E t and E 2 collide elastically. If before the collision the 
second particle is at rest find the scattering angles in the 
laboratory frame, as functions of the energies E\ and E'„ 
after the collision. 

136. Determine the relationship between the frequency 
of a photon scattered by a stationary free electron and 
the scattering angle (the Compton effect). 

137. Find the frequency of the photon emitted by an 
atom in an excited state. The excitation energy of the atom 
is A E, its mass is m, and the atom is stationary. 

138. Show that the annihilation of an electron-positron 
pair into one photon is prohibited by the conservation law 
of 4-momentum. 

139. Consider a mirror that moves with a velocity v 
in the direction opposite to its normal. A ray of light falls 
on the mirror at an angle 0. Determine the angle of reflection 
and the frequency shift of the reflected wave. 

140. Prove that if vectors E and H are perpendicular to 
each other in one inertial reference frame, they are perpen¬ 
dicular in any other inertial frame. 

141. Find an inertial reference frame in which the electric 
and magnetic fields are parallel. 
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142. Find the potentials of a uniformly moving charge 
by using the relativistic transformation of the static Cou¬ 
lomb field. 

143. Find the Lorentz equations for transforming the 
components of the energy-momentum tensor. 

144. Find the Lorentz equations for transforming the 
components of the electric and magnetic fields to a reference 
frame that moves with a velocity v. 

145. Show that the wave equation is not invariant under 
the Galilean transformations but is invariant under the 
Lorentz transformations. 

146. Show that E 2 — H 2 is invariant under the Lorentz 
transformations. 

147. Show that if a magnetic moment p. moves with a 
velocity v(v<^c), this gives rise to an electric dipole 

moment p = ^ lv X |»1. 



SECTION III 


Quantum Mechanics 


In quantum mechanics a state of a micro particle subjected 
to a potential field V (r, t) is described by a complex-valued 
wave function ¥ (r, t) which is determined from the time- 
dependent Schrodinger equation 

--£r A¥ ( r ’ *)+ y ( r ’ *)V(r, *> ( IIM ) 

where m is the particle’s mass, and h is the Planck constant h 
divided by 2n. If we multiply equation (III-l) by the 
complex conjugate function ¥* (r, t) and an equation of type 
(III-l) for ¥* (r, f) by ¥ (r, t), and then subtract the second 
product from the first, we get the so-called equation of 
continuity 

-|-|¥(r, t) | 2 -f div [ - 7 ^- (¥ grad ¥* — ¥* grad¥)] = 0 (I1I-2) 

This equation is the differential form of the conservation 
law for the quantity \ | ¥ | 2 dr, which makes it possible 

to interpret | ¥ (r, t) | 2 as the probability density of finding 
the particle at point r at time t, so | ¥ (r, t) | 2 dr is the pro¬ 
bability of finding the particle under consideration in the 
volume element dr. Then vector 

j =-^-(¥ grad ¥* -¥* grad ¥) (III-3) 

is the probability current density. 

Such an interpretation of | ¥ | a leads us to the conditions 
which ¥ (r, t ) must satisfy: the wave function must be 
single-valued, finite in every point of space, and continuous 
together with all its first derivatives. This last requirement 
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(the continuity of the first derivatives) is violated only at 
points where the potential lias a discontinuity of the second 
kind. 

If the potential does not depend explicitly on time, there 
exists the so-called stationary solution of the Schrodinger 
equation 

_± Et 

¥ (r, t) = tp (r) e h 

for which p = | ¥ | 2 and j are time-independent. Substi¬ 
tuting this solution into equation (III-l), we come to the 
time-independent, Schrodinger equation 

A -f- V (r) J ip (r) = Z?ip (r) (III-4) 

Generally speaking, the solutions of equation (III-4), 
which must satisfy the conditions mentioned above, exist 
only for certain values of parameter E, i.e. for certain values 
of the energy of the microparticle. Sometimes there is a whole 
range of values of E for which ip is finite, single-valued, and 
continuous (the case of a continuous spectrum of E). But 
sometimes such a solution exists only for a discrete spectrum 
of E. In still other cases the two spectra exist simultaneously. 

For a discrete spectrum the wave function ip can be nor¬ 
malized to unity: 

j | ip | 2 dr = 1 (III-5) 

The eigenfunctions for states with different energies are 
mutually orthogonal. 

For a continuous spectrum the orthonormality condition 
can be written with the help of the Dirac delta function: 

j i)>* (r, E) ip (r, E') dx = 5 (E - E') (III-6) 

where the 8-function, as always, is defined from the condi¬ 
tion that for an arbitrary function / ( x ) 

oo 

j / (x) 8 (x — a) dx — f (a) 

■•oo 

In a variety of problems the solution of the time-indepen¬ 
dent Schrodinger equation is sought in the form ip = e iS ^ /h 
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(the Wentzel-Kramers-Brillouin approximation, usually cal¬ 
led the WKB approximation), with S (r) satisfying the 
equation 

1 i r fer.dS)H£-AS + r(p)_£ (HI-7) 

By expanding S (r) in a series of powers of ih 
5 = 5°+ ihS' + ... 

we find, in the zeroth-order approximation, the time-inde¬ 
pendent Hamilton-Jacobi equation for S° , and the first- and 
higher-order approximations give us small corrections to S°. 

If the variables are separable, the solution of the Hamil¬ 
ton-Jacobi equation is of the form 

S°=S $¥(?«). and S?(g,) = j Pi d qi 

i 

where p t is the canonical momentum conjugate to the gene¬ 
ralized coordinate qi. In particular, for the one-dimensional 
case, 

S°= j y 2 m[E — V(x)\ dx (III- 8 ) 

If V ( x ) is a one-dimensional potential barrier, i.e. V (x) > E 
in the region a ^ x ^ b, inside the barrier S° is imaginary, 
and so if’ acquires the factor 

__ b 

exp [ - j yv(x)-Edx ] 

a 

If we define the transmittance of the barrier as the ratio 
of the probability current densities of the transmitted wave 
and the incident wave and use the WKB method, we can 
get the expression 

r — b 

D— -^| = £> 0 exp[-2J^2. j YV{x)-Edx\ (III-9) 

a 

where D 0 is a constant. 

If a microparticle is in periodic motion in a potential 
well, the condition that i|i be a single-valued function in 
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I he zeroth-order WKB approximation brings us to the 
following formula: 

.tyPidqi — rith (III-10) 

where m — 0, 1, 2 , . . . . 

These have come to be known as the Bohr-Sommerfeld 
quantization rule. It was Sommerfeld who in 1916 formulated 
the postulates of Bohr’s theory of spectra in a way that 
made it possible to select allowed orbits from the continuum 
of classically possible orbits. The integral in (III-10) is taken 
along a closed orbit. 

According to Bohr, the electrons move in orbits restricted 
by condition (III-10) and do not radiate in spite of their 
acceleration. Radiation is emitted or absorbed when an 
electron makes a discontinuous transition from one allowed 
orbit to another, and the frequency of this radiation is 

COmn = (E m ~ E n )/H (III-ll) 

where E m and E n are the corresponding energies of the elec¬ 
tron on the orbits. 

If we define the expectation value of the particle’s momen¬ 
tum via the probability current density as (p) = j mj dr, 

then substitute expression (II1-3) for j, and integrate the 
second member in the right-hand side by parts, we get 

<p>= j W*(-ifiV) VdT (III-12) 

where we have used the fact that | ¥ | 2 = 0 on the boundary 
of the integration range. In a similar manner we can define 
the expectation value of the particle’s position as (x) = 

= j ¥*x¥ dr. 

Operators. In quantum mechanics the momentum of clas¬ 
sical physics is represented by an operator p = —-i/iV, and 
position x by an operator x — x, 

<p) = j ¥*p¥ dr and < x) = j ¥*;z¥ dr 

In the case of an operator representing a physical obser¬ 
vable F (p, r) which is a function of both momentum and 


6-01496 



82 PROBLEMS IN THEORETICAL PHYSICS 


position, we construct the same function but with operators 
r and p instead of r and p: 

/(p, r) — F (p, r) = F (-i*V, r) (III-13) 

For a series of measurements of an observable F, the 
expectation value of this observable in a state ¥ (r, t) 
is 

(F) = J ¥* (r, t) FW (r, t) dx (III-14) 

where the wave function ¥ (r, t) is a vector in a Hilbert space 
and satisfies the orthonormality condition 

j W* (r, t) V (r, t) dx — 1 

The hermitian conjugate of the operator F, denoted F + , 
is defined by the relation 

( dx = j ¥ 2 (F + ¥,)* dx (III-15) 

where ¥ x and ¥ 2 are any two functions from a Hilbert space. 

The operator representing an observable must be her¬ 
mitian (self-conjugate) and linear, i.e. satisfy the following 
conditions 

F + = F (111-16) 

Fy i c h Y h = 2 1 c h F'¥ h (III-17) 

k h 

For the case when F is the product of two observables A 
and B, F = AB, condition (III-16) is satisfied only if 
AB = BA. But if the two operators A and B do not com¬ 
mute, the observable F is represented by the operator F = 
= j (AB + BA). 

According to definition (III-13), we can introduce the 
following energy operators: the kinetic energy operator 

•A p2 A 

T =;^, the potential energy operator V, and the total 
energy operator (the Hamiltonian) H. Explicitly, 

F = F ( r )- = T + A + F(r) 

(III-18) 
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The three components of the angular momentum and its 
square are represented by the operators 

i'x=yp 2 —zpy, ■ L y =zp x — xp z , L z — xp,j — yp x , 

+ + (111-19) 

Let us write L z and L 2 in spherical coordinates. We have 

L z = — ih 

^ = - »* [ W W ( si " 6 TS )+iiP9^J 

( 111 - 20 ) 

If we define the variance of the distribution of X about the 
expectation value (X) as 

(AX 2 ) = ((X - (X)) 2 ) = j i|>* (L — (X )) 2 y di 

and then use the relationship (III-15) for L — (X), we 
can show that 

( AX 2 )= j \(L — (X.»ij)| 2 dT 

Thus, if the variance of the distribution of A. in a state with 
the wave function i|) is zero, i.e. if <AA 2 } = 0, the condition 

Z 4 = (X) ^ (111-21) 

holds true. 

Hence, the state with the wave function must be described 
by an eigenfunction of L which satisfies condition (III-21) 
and is finite, single-valued, and continuous. 

The scalars X n , for which \J)„ satisfy the above mentioned 
conditions, are called eigenvalues of L. A specific eigenvalue 
X n is nondegenerate or a-fold degenerate depending on 
whether one or a linearly independent eigenfunctions cor¬ 
respond to it. 

The capability of operators to commute has important 
physical significance. If LM — ML = 0, i.e. if the result 
of LM — ML acting on an arbitrary function v|) is zero, 
operators L and M have common eigenvalues and, hence, 
the corresponding observables X and p, can simultaneously 

6 * 
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assume exact values. Otherwise, if LM — ML ^ 0, we 
have the uncertainty relations for X and p. 

For example, if a particle is in a spherically symmetric 
field V (r), the Hamiltonian H commutes with L 2 and L z , 
and its eigenfunctions can be sought in the form 

t|> (r, 0, <p) = R (r) Y (0, <p) (III-22) 

where Y satisfies the following equations: 

-7i 2 A 0(p r = and -i%^- = aY 

<7(p 

(It is easy to see that L 2 and L z always commute.) The solu¬ 
tions of these equations that satisfy all the conditions for 
eigenfunctions are the spherical harmonics 

Y lm (0, q>) = P lm (cos 0) e™* (111-23) 

From this it follows that X ~ (Z -f- 1) and a = hm, where 
1 = 0, 1, 2, ... and tn = 0, -i—1. +2, . . ., H^Z; Pi m (%) 
are the associated Legendre polynomials of degree Z and 
order m. 

For an electron in the Coulomb field of a nucleus with 
a charge Ze, the radial part of function (111-22) assumes the 
form 

(P) = *-*'"/2 \p* (111-24) 

h—0 

where the coefficients b h satisfy the recurrence relations 
b h+i = b h — + + (IH-24a) 

V 

Here the dimensionless variable p = —, where a = , 

and Z assumes the values 0, 1, ..., n — 1. 

Each eigenvalue of the energy of the electron E n = — 

has corresponding to it n 2 eigenfunctions of type (II1-22), 
bearing in mind (III-23) and (III-24), n = 1, 2, ... . 

Integrals of motion. If we find the time derivative of ex¬ 
pression (III-14) and use the time-dependent Schrodinger 

equation IPY — ih — , we can show that the time derivative 
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of an observable X has corresponding to it the operator 

When — 0, X is an integral of motion. If H and L 

commute, L does not depend explicitly on time. 

Applying equation (III-25), we can find the quantum mecha¬ 
nical laws of motion, i.e. the operators ^ and . 

The eigenfunctions of a hermitian operator form a com¬ 
plete and orthonormalized set of functions, i.e. 

\ ifm (r)^n (r) dx = 8 mn 


for a discrete spectrum of eigenvalues, 

| if* (r, X) if (r, X') dx—8(X — X') 

for a continuous spectrum, and an arbitrary wave function 
can be expanded in terms of the eigenfunctions of L: 

Y 

if (r) = S c «ifn ( r ) + \ c (X) 1(3 (r, X) dX (III-26) 
*) 

n X.i 


If we use the above-mentioned orthonormality conditions, 
we find that 


where 


c n = (if* (r) if (r) dx and c(X)= f if* (r, X) if (r) dx 

(III-27) 


Slc„| 2 + J \c(X)\*dX=\ 

n >vi 

From the equation 

X2 

<A> - 2 I c » I 2 K + 1 1 1 c (*•) I 2 dK (111-28) 


it follows that | c n | 2 and | c (A.) | 2 dX are, respectively, Ihe 
probabilities of finding in state if (r) the eigenvalue X = X n 
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(in the discrete spectrum) or the eigenvalue in the limits 
from k to k + dk (in the continuous spectrum). 

Theory of representations. Matrices. Expansion (111-28) 
replaces the wave function tp (r) by the coefficients c n or 
c (k), and value x by value k, i.e. there is a transition to a 
new representation, the ^.-representation. If in the coordi¬ 
nate representation the operator M links functions qp and if, 

cp (r) = A/if (r) 

and if q> (r) = Vj 6„if n and if (r) = 2 c n if n , we find that in 

n n 

the ^-representation 

h = S (* | M | n) c n 

n 

where {k \ M \ n) = j if?Mif n dx are the matrix elements 

of M. In the transition to the ^-representation a matrix has 
replaced the operator. 

An operator L in its own representation reduces to a dia¬ 
gonal matrix since 

(k | L | n) = j iffc£if n dx = k n 8 kn 

with the diagonal elements as the eigenvalues. This holds 
true for an operator with a discrete spectrum of eigenvalues. 
An operator with a continuous spectrum in its own repre¬ 
sentation reduces to a multiplier equal to the independent 
variable (in the momentum representation p equals p). 
It is evident that for a hermitian operator M the matrix 
elements satisfy the following relationship: 

(k | M | n) = (n\M \ k)* 

A particle in an electromagnetic field. In order to gene¬ 
ralize the Schrodinger equation for the motion of a particle 
in an electromagnetic field specified by an electric field 
vector E and a vector} of magnetic induction B, which, 
in turn, can be defined via potentials A (r, t) and q> (r, t ) as 

B = curl A, E = — grad <p —, 

we must replace the momentum operator in the Hamilto¬ 
nian H by the operator p — e\ and write the potential ener- 
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gy as e<p, i.e. in the presence of an electromagnetic field 

(This agrees with the classical case of a particle in a magne¬ 
tic field.) Choosing the vector potential so that div A =0 
and neglecting the term e 2 A 2 as being small, we find the 
wave equation of quantum mechanics: 

- -gr ^ + ifl (A • grad T) + eyV - (III-29) 


Spin. The experiments of Stern and Gerlach and also the 
doubling of the energy levels E n i of an electron in an atom 
show that apart from having an orbital angular momentum 
L = [r X pi (we have mentioned this fact before), it has a 
spin angular momentum, or simply spin. The components of 
this spin momentum, S x , S v , and S z , can assume only two 
distinct values, +h/2 and —hi2 . 

If we introduce the dimensionless spin operators a*, 
0 ^, o z so that S x = 0 *, Sy = Oy , S z = o z and in 

such a way that the operators satisfy the anticommutation 
relations o x o y = —OyO x — io z , (etc. cyclic), we can represent 
these operators by the so-called Pauli matrices. In the a z - 
representation 



- 1 / 


(111-30) 


The wave function will then depend on the spin variable 
o = ±1. This dependence is made explicit by using a two- 
component matrix 


i]) (r, o) = 


/%(r) \ 

W’2 (r)/ 


(the spin variable assumes only two values). The two quan¬ 
tities | % (r) | 2 and | \|> 2 (r) | 2 are interpreted as the proba¬ 
bility densities of finding the electron at point r, with 
o = -j-1 (called “spin up”) or o — —1 (called “spin down”), 
i.e. with S z = -\-hl2 or S z = —hi2 . 

If it is possible to neglect the coupling between the elec¬ 
tron’s orbital angular momentum and the spin, we can 
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separate the position and spin variables, iji (r, o) = 

= 'I’o 0 ) X (<*)• 

Since the electron has an intrinsic magnetic dipole mo¬ 
ment by virtue of its spin, the operator for this moment 

/■» e,Yl a 

being p — the electron interacts with any external 

magnetic field, and the energy operator of this interaction 
is —(p*B), where B is the vector of magnetic induction of 
the field. We thus come to the Pauli equation, which ac¬ 
counts for the electron spin: 

^(p — eA) z W(r, a, t) — (jx-B) ¥ (r, o, t) 

+ ecp'¥ (r, a, t) = ih yF(r ’ f q ’ t} (III-31) 

This equation can be made simpler if we write out the first 
term explicitly and proceed as we did in evaluating 
equation (III-29). 

We can write the time-independent equation in the same 
way. 

Approximate methods of solving quantum mechanical 
problems. When the equation for the eigenfunctions and 
eigenvalues of an operator (for instance, of the Hamilto¬ 
nian) cannot be solved exactly, we can use approximate 
methods. One of these is the time-independent perturbation 
theory. 

Suppose we know the eigenfunctions and the eigenvalues 
for a Hamiltonian H 0 : 

Ho$n = E° n Mf n 

and we ask for the eigenfunctions and eigenvalues for the 
Hamiltonian H = H 0 -f- W: 

Htyh = E h \14 

in the form of an expansion in terms of the eigenfunctions 
of H 0 , i.c. 

= /ll Oin^n 
n 

In the equation for the coefficients c hn 

c m {Ej — E h ) + <Z I W | n) c hn = 0 

71 
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we must express the quantities c h[ and E h as power series in 
a small parameter that enters the perturbation energy ope¬ 
rator: W = eFj, where e is small. Using the method of 
successive approximations, we get the wave function and 
the energy level: 

n^k 

E h = El + {k\W\k)+'% '^ |2 + (HI-32) 

n=£fc 

provided the corresponding energy level of the unperturbed 
system is nondegenerate.J 

If the level E% is a-foldj degenerate, the zeroth-order 
approximation of the wave function of the perturbed system 
is expressed as a linear combination of the degenerate 
eigenfunctions of H 0 , which correspond to the same energy 
level 

a 

% = S C l#fcB 
P=1 * P 

where 

(p = 4, 2, ...,a) 

For the parameters c p we get a system of a homogeneous 
linear equations 

(El-E + (k 9 \W\k fi ))Cfi+ S <^p I IF | k y ) c v = 0 

where (5, y = 1, 2, . . ., a. Nontrivial solutions lor this 
system exist if the system determinant is zero, or 

! (Eh — E) S Pv (&p | IF | /c v > | = 0 (P, 7 = 1,2, ..., a) 

(III-33) 

Generally speaking, this equation defines a values of E, 
and the foregoing equations make it possible to calculate 
the coefficients cp and, hence, the wave functions \lp h . 

Another approximate method of solving the eigenvalue 
equation is the Ritz variational method, based on the varia¬ 
tional principle of quantum mechanics. It can be shown that 
for the eigenfunction of H for the ground state, where 
/ftj- = Xi|) and j | i[' | 2 di = 1, the functional (H) [i|d = 
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= j ip*//ip dr is either maximized or minimized. Whence, 

if we calculate (H) tip] = j y*Hc p dr for a trial function 
ip = (p (r, A , a, . . .) that satisfies the normalization con¬ 
dition ^ | ip | 2 dr = 1, by adjusting parameters A, a, ... 

we can calculate the upper bound of {H) on E 0 (the ground- 
state energy). 

To solve the eigenvalue problem for a system of n particles 
we must use the Schrodinger equation with a Hamiltonian 


/f=-42 


fc=l 


m h 


hF(rj, r 2) .... r„) 


which is the sum of the kinetic energy operators of the par¬ 
ticles and their potential energy operator. For the case of 
a system of identical particles we can state that since the 
permutation of any two particles leaves the expressions of 

type | ip | 2 and j ip*Lip dr unchanged, the wave functions 

ip (rn <T lt r 2 , o 2 ) and *P (r 2 . cr 2 , r 1( aj can differ only by 
a factor e ia . If we permute these particles a second time, we 
find that 

ip ( r 2> o 2l r 1; tij) = ip (r 1( Oj, r 2 , a 2 ) e ia 
= IP ( r 2> <*2. F l- °l) e2i “ 

or e ia — ±1. Thus, a system of identical particles may be 
described either by symmetric functions ( e ia — -fl for 
particles with integral spin) or by antisymmetric functions 
(e ia = —1 for particles] with half-integral spin). This is 
valid for both spatial and spin variables. 

If we introduce the spin wave functions (a (o) and P (a)) 
for a single electron 

a( + l) = l, a (— 1) = 0 
and 

P( + 1) = 0, P(-l)=1 


a 




that is, 
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we find that for a system of two electrons whose spins do 
not interact, the spin wave functions are composed of such 
products as a 1 a 2 , a^- 2 , etc., where a x belongs to one elec¬ 
tron, a 2 to the other, etc. 

For the case of an external perturbation W (r, t) causing 
an unperturbed system (whose Hamiltonian is H 0 ) to make 
a transition from a stationary state \|$ to another stationary 
state ij)?, we must use the time-dependent perturbation theo¬ 
ry (the theory of quantum transitions). 

Denote the eigenfunctions of H 0 by which are the 
solutions to H,$n = En^l ■ The problem is, given the com¬ 
plete set of \|5°, to find the solution of the Schrodinger equa¬ 
tion 

ih d -^ = (H 0 +W)V 

in the form of an expansion 

X c n (t) i|&-«**/» 

11 

As an initial condition at t — 0 we take the system to 
be in a particular state 1 $, so that ¥ (0) = i|)|, that is, 
c n (0) = 6 nk . The differential equation for c n (t ) is 

n 

where W in (t) == j \j f*W (r, t) if?, di is a matrix element of 

the perturbation energy operator, and o) in = ( E°i — E^/h. 

To solve this equation to a first approximation we must 
substitute c n (0) for c n ( t ) in the right-hand side and also 
assume that W (r, /) = 0 for i < 0 and t > T, where T 
is the time of perturbation. Then 

T 

c,(T) = -±-\w lh (t)e i '*ik t dt 

o 

Since at l ^ 0 the system was in a state the probability 
of transition to a state ij)® is | ( T ) | 2 , i.e. 

P h ^ = \ Cl (T)\* = ^\W lh (o> Ih )P 


(III-34) 



92 PROBLEMS IN THEORETICAL PHYSICS 


where W ih (io; ft ) — j W th (t) e 1 ™ 11 * 1 dt is the Fourier trans- 

— oo 

form of a matrix element of the perturbation energy ope¬ 
rator, corresponding to the Bohr frequency to ik . 

If the transition is caused by the radiation of light (either 
absorption or emission) whose wavelength is considerably 
greater than the dimensions of the system (for an atom, 
u B ), the perturbation energy can be written in the form 

W = -(E (*)-D) 

where E ( t ) is the electric field vector, and D = er is the 
dipole moment of the system. And so, in the electric dipole 
approximation, 

Pk-*i — "|pr I (D E )i h | 2 j E (o)( h ) | 2 (III-35) 

From the last relationship we see that under the influence 
of radiation the system passes from a &th state into an Zth 
state only when E (co (fe ) =£ 0 (that is, if in the radiation 
there is a frequency equal to the Bohr frequency of this 
transition), and also when 

(D E ) lk ¥= 0 (II1-36) 

which defines the so-called selection rules. 

When a time-independent perturbation W (r) is “turned 
on” over a period of time 0 ^ t ^ t (the rest of the time it 
is “off’), formula (III-34) takes another form: 

P h ^ = ^-\W lh \*XXXb(E k -E l ) 


PROBLEMS 

Bohr's theory 

Using the Bohr-Sommerfeld quantization rule (III-10), 
solve the following problems. 

1. Determine the energy levels of a particle in a one¬ 
dimensional potential well with walls of infinite height 
at x — 0 and x = a. 
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2. Quantize the motion oi' a one-dimensional harmonic 
oscillator. 

3. Find the energy levels for a particle that performs small 
oscillations in a three-dimensional potential well about its 
position of equilibrium (this position being in the origin 
of coordinates). The potential energy V ( x , y, z) in the 
position of equilibrium is zero. 

4. Find the energy levels of a particle of mass m that 
freely rotates in a plane circle of radius r (a rigid plane 
rotator). 

5. Find the energy levels of an electron moving in an 
elliptical orbit about a nucleus of charge Ze. 

6. Determine the energy levels of a hydrogen atom that 
moves freely in the limits 0 < <C a, 0 <1 y < b, 0 < 
<z <c. 

7. A particle of mass m falls onto a horizontal plane and 
elastically bounces up. Quantize the particle’s motion, 
determine the admissible heights H n , and calculate the 
energy levels of this system. 


Operators 

8. Find the explicit expressions for the following opera¬ 
tors: 

<»> (i+d 2 ; <») (i+T)’; 

< c > ( x -t) 2 ; m (i x f- 

(e) [i/zv + A (r)p; (f) (L-M) (L + M). 

9. Find the commutation relations for the following ope¬ 
rators: 

(a) z and ; (b) i/?V and A (r); (c) and / (r, 0, <p). 

10. Find the translation operators that map (a) if ( x ) into 
if (x + a); (b) if (r) into if (r -j- a). 

Find the operator that rotates space through an angle a. 

11. Find the operators that are hermitian conjugate to 


(a) 


dx ’ 




94 problems in theoretical physics 


12. Chock tho hermiticity of the operators x, i~, and 
of the Laplacian operator. 

13. Find the operator that is hermitian conjugate to the 
operator of space translation by vector a (see Problem 10b). 

14. Find the operator that is hermitian conjugate to 

. d 

e 9tp . 

15. Find the hermitian conjugate to the product of opera¬ 
tors A and B. 

16. Show that if L and M are hermitian, the operators 

P = ±(LM + ML) and f — ^ (LM — ML) 
are also hermitian. 

17. Prove that the expectation value of the square of an 
observable is always positive. 

18. For operators L and M satisfying the condition 
LM — ML = 1, find LM 2, - M 2 L. 

19. For operators L and M satisfying the condition 
LM - ML = 1 (see Problem 18), find f (L) M - Mf (L). 

20. For any two operators A and B that do not commute 
prove the validity of the following relationships (provided 
that A- 1 exists): 

(a) A-WA = (A^BA) 2 ; 

(b) A~ i B n A — {A~ i BA) n if n is an integer; 

(c) A~ l f (B) /= / (A- l BA). 

21. Prove that the relationship e^Be~'^ = B -f Ct, 
holds true provided that AB — BA = C, where C is a scalar 
and £ is a parameter. 

22. Prove that 

eamp (q) e-itp/ft = F (q + £) 

where p and q are the momentum and position operators, 
respectively. 

23. Find the eigenfunctions and eigenvalues for the ope¬ 
rators 4- and i-y-. 
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24. Kind 1 he eigenfunctions and eigenvalues for the opora- 
d 

tor x 4- 3 - . 

' dx 


25. Find the eigenfunctions and eigenvalues for the ope¬ 
rator t- . 

dep 

26. Find the eigenfunctions and eigenvalues for sin — . 

27. Find the eigenfunctions and eigenvalues for cos ( 1 ^) ■ 

. d 
i a — 

28. Find the eigenfunctions and eigenvalues for e dq) . 

<2 2 

29. Find the eigenfunctions and eigenvalues for Tx 5 + 

2_ d_ 

' x dx' 

30. Make the transition from the classical Poisson bracket 
to the quantum Poisson bracket assuming that their pro¬ 
perties are the same. For instance, the relation 


{/. £9/ - g {/. <P) + {/> g } 9 

(where /, g, <p are functions corresponding to observables, 
and { } is the Poisson bracket) holds true for the operators 

/. g, 9 - 

31. Find the commutation relation for the annihilation 

- - ~ | 

and creation operators a and a*, where a = — r = (ayq-\-ip) 

y 2Hco 

and a* = -y|== (c oq — ip). 

y 2 to 

32. Express the Hamiltonian H for the simple harmonic 
oscillator in terms of the annihilation and creation opera¬ 
tors (see Problem 31). 

33. Prove the commutation relation for the operator of 
angular momentum L: [L X L] = ihL. 

34. Prove that the operator L 2 = L% -f~ Ly -f- L\ com¬ 
mutes with all three components of L (use the results obtain¬ 
ed in Problem 33). 

35. Check] the following commutation relations for the 
operator of the dipole moment of a system of N electrons, 
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JV 

( 1 =:- — e 2 j i*i, and the operator of the system’s total angu- 
i= 1 


N 

lar momentum L— ^ L ; : 


i=1 


\L X i d ^\— ^7 dy\ — ihd z , [A 3c , d 2 ]— iHdy, etc., 
x, j/, z cyclic. 

36. Show that 


[L 2 , d] = 2h 2 d + 2 ih [d x L] 


where L a = L% -j- Ly + L\ is the operator of the square 
of the total angular momentum, and d is as defined in Pro¬ 
blem 35. 


Solution of the Schrodinger equation. 

Calculation of expectation values 
and probability currents 

37. Find the^ general solution of the one-dimensional 
time-dependent Schrodinge^ equation for a free particle. 

38. At time t = 0 the state of a free particle is specified 
by a wave function 

W (x, 0 ) = Ae~~^ +ik0X 

Find the factor A and the region where the particle is 
localized. Determine thej probability current density j. 

39. Find the Fourier transform of the wave function of 
Problem 38. Determine the width of the wave packet in 
k- space. 

40. A wave packet is represented at the time t — 0 by 
a function 

'F (x, 0) = Ae~ +ihox 

How will it propagate in time, i.e. what will be the form 
of the wave function ¥ ( x , f)? Also determine the probabi¬ 
lity density p ( x , i) and the probability current density 
j(ar, t). 
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41. Find the expectation values of position and momen¬ 
tum for a particle with a wave function ip ( x) = Ae~ x2/a2+ih ° x . 

42. Calculate (Ax 2 ), and (Ap 2 ) for the particle of Prob¬ 
lem 41 and check the uncertainty relation for these two 
quantities. 

43. A particle is in a one-dimensional potential well 
0 ^ x ^ a, for which V — 0 inside the well, and V = oo 
outside. Solve the time-independent Schrodinger equation 
for this case. 

44. Find the wave function and the allowed energy levels 
for a particle in a potential field V (x) of the form 

V {x) — 0 for 0 ^ x ^ a, 0 ^ y ^ b, 0 ^ z c 

= oo for x < 0, x > a, y < 0, y > b, z <. 0, z > c. 

45. Find the energy levels and the wave functions for 
a particle in a rectangular potential well of finite depth 
(the one-dimensional case). The field V (x) is given in the 
form 

V (x) — 0 for x <; — a (in the first region) 

= — F 0 for — a ^ x ^ a (in the second region) 

= 0 for x > a (in the third region). 

46. Find the energy levels of a three-dimensional harmo¬ 
nic oscillator whose potential energy is 

y k ix 2 | fe 2 y 2 I fe 3 z 2 
2 ' 2 ' 2 ‘ 

47. Find the energy levels and the wave functions of a 
one-dimensional harmonic oscillator that is located in a 
constant electric field E. The electric charge of the oscilla¬ 
tor is e. 

48. Consider a one-dimensional harmonic oscillator that 
is on its nth energy level. Find (x 2 ) and the expectation 
value of potential energy for such a case. 

49. Find the average kinetic energy of a one-dimensional 

7 

harmonic oscillator whose energy is y hw. 


7-01496 
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50. Solve the Schrodinger equation for a particle in 
a potential field V — V 0 ( e~ 2ax — 2e~ ax ). 

51. Find the energy levels and the wave functions of a 
particle in a one-dimensional Coulomb potential well V (x) = 

_ e 2 

i*r 

52. Solve the Schrodinger equation for a three-dimension¬ 

al, spherically symmetric harmonic oscillator with a po¬ 
tential energy V (r) = r 2 . 

53. Solve the two-dimensional Kepler problem, i.e. 
find the energy spectrum and the wave functions of a par- 

tide in a potential field V — -—, where p = x 2 -\-y 2 . 

(All functions are independent of 2 .) 

54. Solve the Schrodinger equation for a particle in an 
infinitely deep, spherically symmetric potential well speci¬ 
fied by the potential 

V (r) = 0 for r <; a 

— 00 for r > a. 


55. The electron of a hydrogen atom is in its ground 
state. Determine (r), (r 2 ), and the most probable value r 0 
for this case. 

56. Normalize the wave functions of the electron in a 
hydrogen atom corresponding to n = 2, where n is the 
principal quantum number. 

57. Consider a particle in a potential field 


V(r) = 



Find the energy levels and the corresponding wave functions 
for the system. 

58. Solve the Schrodinger equation for a particle in a po¬ 
tential field V (r) = Ar 2 + ~ . 

59. Consider a particle that in the yz-plane moves freely 

in a rectangle O^y^a, whereas the rest of 

the plane is inaccessible for the particle. Along the x-axis 
the particle is acted upon by a quasi-elastic force F = —kx. 
Find the energy levels and the corresponding wave functions 
for the particle, and calculate the normalization factor. 
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60. Solve the Schrodinger equation for the electron of a 
hydrogen atom in parabolic coordinates. 

61. Solve the Schrodinger equation for a particle with 
a zero angular momentum (l = 0) in a potential field V = 
= -V 0 e-'/ a . 

62. What is the energy spectrum of a particle in a perio¬ 
dically changing potential field? The field is given by the 
relations 

V (x) — 0 for nl ^ x ^ nl -f- a 

(n = 0 , ± 1 , ± 2 , . . .) 

= V 0 for nl — b ^ x ^ nl 

The quantity l — a -f- b is the period of the potential. 

63. Examine Problem 62 for the case when V = 0 every- 
wuere except at points x — nl. In these points V 0 = oo 
and b -*■ 0 in such a way that 

lim = constant 

(the Kronig-Penney model). Find the dependence of the 
energy E on the wave vector k near the edge of the allowed 
energy bands. 

64. Examine the case of a semi-infinite crystal with a pe¬ 
riodically changing potential when x > 0 , determined as 
in Problem 63. In the region x < 0 the potential V = W 0 . 
Restrict yourself to the case when E < W 0 (the Tamm levels). 

65. Using the uncertainty relations for p and x, estimate 
the energy of the ground state of a one-dimensional harmo¬ 
nic oscillator. 

66 . Two particles that interact by an elastic force F = 
— k (x t — x%) can freely move along the x-axis (one-dimen¬ 
sional motion only). Find the energy spectrum and the 
wave function for this system. 

67. Find the energy spectrum and the wave function of 
the hydrogen atom, taking account of the participation 
of the nucleus in the relative motion about the centre 
of mass. 

68 . Two particles of mass m are able to move along the 
x-axis only and interact with each other by an elastic force. 

7* 
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In addition, each of them interacts with the origin x — 0 
by another elastic force with a force constant different from 
the first. Find the energy levels and the wave functions for 
such a system. 


Theory of representations. Matrices 


69. A particle is in an infinitely deep, one-dimensional 

4 n 2^2 

well (see Problem 43) in a state with an energy E 2 = ~2mcfi ' 
Determine the momentum distribution for this particle. 

70. Find the operator x in the momentum representation. 
Determine its eigenvalues and eigenfunctions. 

71. For a particle in a homogeneous potential field find 
the eigenvalues and eigenfunctions of its Hamiltonian in the 
momentum representation. 

72. Determine the matrix elements of the dipole moment 
operator and of x 2 and p for a particle in an infinitely deep, 


one-dimensional well, 




a 

~2 ' 


73. Find the eigenfunctions for the Hamiltonian of a one¬ 
dimensional harmonic oscillator using the momentum repre¬ 
sentation. 

74. Find the energy eigenvalues and the matrix elements 
of the position and momentum operators in the energy repre¬ 
sentation by using only the commutation relations for p 
and q. 

75. Use the commutation relations for the components 
of angular momentum to find the eigenvalues of the square 
of angular momentum, L 2 , the z-component of angular mo¬ 
mentum, L z , and the matrix elements of L x and L y in the 
(L 2 , L z )-representation. 

76. A wave function i|? = Ax (a — x) specifies the state 
of a particle in an infinitely deep potential well with walls 
at x — 0 and x = a. Find the energy distribution, the 
expectation value { E ), and the variance of the enerev distri¬ 
bution (A E 2 ). 

77. A plane rotator is in a state with a wave function 
ij) = A sin 2 (p. Determine the probability of finding diffo- 
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rent values of the z-component of angular momentum, L z , 
and the expectation values ( L z ) and (L|>. 

78. Find the wave functions in the x- and p-representa- 
tions for a particle localized at point x 0 and for a particle 
with a definite momentum p 0 . 

1 

79. Find the expression for the operator — in the momen¬ 
tum representation. 

80. Calculate the angular part of the matrix elements of 
the dipole moment for a particle in a spherically symmetric 
field. 


Time dependence of operators. 
Potential barriers. Integrals of motion 


81. Check whether the following equation for operators 
holds true: 


82. Construct the operators ^ and 

83. Find the formula for the expectation value for cur¬ 
rent density if the operator j is defined by the classical 
formula, j = p8 (r — r 0 ) v. 

84. Determine under what conditions the square of angu¬ 
lar momentum, L 2 , and the z-component of angular momen¬ 
tum, L z , can be integrals of motion. 

85. For a particle whose potential energy is y construct 

an operator that is the quantum analog of the following 
quantity in classical mechanics: 

K=[vxLl + ^ 

Show that K x , Ky, and K z are integrals of motion (compare 
the results with those of Problem 34, Section I). 

8 f>. Construct the time derivatives ^ and for the 

at at 

operators a and a* of Problem 31. 
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87. Find the equations of motion for a system with a 
Hamiltonian 

H = -^^~ + e (p(T 1 f ), where A = A(r, t). 

88 . Find and (p t — eA t ) if the Hamiltonian of 

the particle under consideration is of the form 

3 

H = S ca h (p k — eA k ) + m 0 c 2 a 4 + ecp (x u x 2 , x 3 ) 

fc=l! 

where A = A (x lt x 2 , x a , t ) and a k , a 4 are matrices that 
satisfy the following conditions: a,a h + a h oc t = 28 ife . 

89. Use the definitions of Problem 88 and its solution 

-A ) —J-L- if Aeven = yt (eA+Ae), 

' even Pirel ^ 

+> jj A 

where e = j-gq (E is an eigenvalue of H). 

90. Show that for a system of N particles the total momen¬ 
tum is an integral of motion, provided there are no external 
forces acting on the system. 

91. A particle’ moving in the positive direction of the 
ar-axis meets a potential step, the form of the potential being 

V (x) — 0 for x < 0 

= V 0 for x > 0 

Determine the wave function for E > V n and for E •< F„, 
then for both cases calculate the probability current densi¬ 
ties for the incident, reflected, and transmitted waves and 
also the reflectance and the transmittance. 

92. Calculate the reflectance and the transmittance when 
a flux of particles strikes a rectangular potential barrier 
of width a: 


V (x) = 0 

for 

i <0 

= Fo 

for 

0 x a 

= 0 

for 

x > a 


Both quantities are ratios of the corresponding current 
densities to the current density of the incident wave. 
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93. Examine the behaviour of a particle in the following 
potential field: 


V (x) — oo 

for 

x < 0 

= 0 

for 


= Vo 

for 

a ^ x ^ b 

= 0 

for 

b < x 


Restrict yourself to the case when E *< F 0 . Study the wave 
function in the case wlien its amplitude in the inner region 
(0 ^ x ^ a) is considerably smaller than in the outer region 
(x >b). 

94. Calculate the transmittance and the electric current 
density caused by the emission of electrons from a metal 
due to an electric field E. The surface of the metal is in 
plane x — 0 . 

95. Find the decay constant X if for alpha-decay the 
transmittance of the potential barrier D and X are related as 
X — nD and if the potential is of the form 

V = —V 0 for r < r 0 

and for r ^ r 0 , the alpha-particle interacts with the nucleus 
via the Coulomb law. The electric charge of the nucleus is 

Ze, and r 0 . The factor n cc — , where vi is the partic- 

Ej 7*q 

le’s velocity inside the nucleus and r„ is the radius of the 
nucleus, is proportional to the number of collisions with 
the “wall” of the nucleus per unit time. 

A particle in a magnetic field. Spin 

96. Determine the energy levels of a free electron in 
a uniform magnetic field, with the vector of magnetic induc¬ 
tion B directed along the z-axis. 

97. Show that if we substitute the vector potential 

A' = A -f- grad / for A and <p' = <p-for q? in the 

time-dependent Schrodinger equation, this leads to a change 
in the wave function that has no physical consequences. 

98. Construct the probability current density for a par¬ 
ticle in a magnetic field. 
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99. Prove that the probability current density of Prob¬ 
lem 98 is invariant under the transformations specified in 
Problem 97. 

100. Perform a canonical transformation i|3 = iSq>, where 
^ = exp [r2 e ft r fc A (*- °)]> in the equation 

k 

h 

Expand the vector potential in a series 

A (t , r) = A (t, 0) + (r-V) A (t, 0) + . . . 

and obtain an equation for <p, assuming that the dimensions 
of the system under consideration (an atom, for instance) 
are considerably smaller than the wavelength of the elec¬ 
tromagnetic radiation. 

101. Prove that the operators o x , o y , o z defined as fol¬ 
lows: 

a x a = p, Gy a = ip, o z a — a 

g x P = a, Oyp = — ia, o z P = — P 

satisfy the same relationships as the Pauli matrices. 

102. Construct the operator ^ with the help of the 

Hamiltonian H for a particle with spin 1/2 in a magnetic 
field with induction B. 

103. Find the eigenfunctions and eigenvectors for the 
operators 

s -~(i j) “ d s ’=a “ci- ■ 

104. What is the projection of the square of spin hi2 on 
a given direction? 

105. Check the relationship 

(a»A) (o-B) = (A-B) + io [A x B] 

where a is a vector whose components are the Pauli mat¬ 
rices Ox, Gy, G z . 
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A 1 A A A 1 A A 

106. Prove that o + = -g-(o x ~f io y ) and a_—{a x ~io y ) 
are conjugate operators. Find the commutation relations for 
them, and also the commutation relations between a± and 
each of the Pauli matrices <j x , a y , a z . Determine o±. 

107. Given the operators o x , o y , a z (the Pauli matrices), 
prove the following relationships: 

(a) sin (o*<p) = a x sin cp; 

(b) cos(o 2 <|)) = cosip; 

(c) e ia v (e = cos <p + io y sin cp; 

(d) e i ° z<f o y e~ i ° z<f — e Zi ° z<(l o y . 

108. Prove that for the operators cr + and o_ defined in 
Problem 106 the following relationship holds true: 

(o + a_) n = 0 + o_ 
where n is an integer. 

109. Assume that the transformation to a new represents- 

a, 

- —i —5 <p 

tion is carried out by an operator S = e 2 , so that i|/ = 
= <Si|). Find the operators A' and B' if in the old represen¬ 
tation 

A = 0 * sin <p-f Oj, cos q> and B = a x cos cp — a y sin 9 . 

110. What are the eigenfunctions of S z and S 2 for a system 
of two weakly interacting particles n and p of spin hi 2 if 
S = o„ + 0 P ? Determine the corresponding eigenvalues 
of 5 Z and S 2 . 

111. Calculate the scalar product of the spin vector opera¬ 
tors of two particles in the triplet and singlet states. The 
spin of both particles is hi 2 . 

112. Show that the operator ( 0 n *a p ) ft can be linearly 
expressed by ( a n -a p ). 

113. Determine the energy levels and the wave functions 
of a particle with spin S — 1 (in units of h) if the 
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Hamiltonian 

H = AS* X +BSZ + CS! 
where A, B, C are constants. 

114. Let an electron pass in y direction through a homo¬ 
geneous magnetic field with induction B parallel to the 
z-axis. The spin of the electron points in the positive direc¬ 
tion. When passing the point y — 0 at the time t = 0, 
the electron enters an additional homogeneous field with 
induction B' parallel to the z-axis. It leaves this auxiliary 
field at y — l and t = f n . What is the probability of a spin 
flip during this time interval?] 

Approximate methods 

of solving quantum mechanical problems 

115. Approximate the energy levels and wave functions of 
the anharmonic oscillator 

V (x) = ni(i) 2 x 2 -f- £j.z 3 4- e 2 z 4 

by the time-independent, perturbation theory, in the first 
and second orders of the approximation. 

116. A spinless particle is exposed to a spherically sym¬ 
metric field, and its energy levels are Em (for the unpertur¬ 
bed system). Find the energy levels and the corresponding 
wave functions in the first approximation of the time-inde¬ 
pendent perturbation theory if the particle is acted upon 
by a magnetic field parallel to the z-axis. 

117. A rigid plane rotator is placed in a weak electric 
field E directed along the x-axis. The charge of the particle 
is e , and it is at a distance a from the centre. Calculate 
the energy corrections in the first and second approximations. 

118. Find the corrections to the energy and to the wave 
function of an electron in a periodic potential V (r), this 
being the perturbation. The lattice constanf is a. Consider 
the case when two energy levels are equal: E k = i?k+ 2 ng» 
where g is the vector of the reciprocal lattice, (ga) = n. 

119. A hydrogen atom is placed in a homogeneous electric 
field E directed along the z-axis. Find the splitting of the 
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energy level that corresponds to n = 2 (n is the principal 
quantum number). 

120. Show that there is no linear Stark effect in the 
atoms of group I of the Periodic Table since the energy levels 
of these atoms, E n i, are determined only by n and l. (The 
Stark effect is the splitting of energy levels in an external 
homogeneous electric field.) 

121. Analyze the Stark effect in a hydrogen atom (calcu¬ 
late the splitting of the nth energy level in an electric field 
E directed along the z-axis) by using the solution of the 
unperturbed problem in parabolic coordinates. 

122. Consider a hydrogenlike atom (with the charge of 
the nucleus Ze), and assume that the nucleus is a uniformly 
charged sphere of radius r 0 . Calculate the energy shifts 
for the n — 1, l — 0 state, and for the n — 2 states, in the 
first order of approximation of the time-independent pertur¬ 
bation theory. 

123. Suppose a system whose stationary states are % 
and is in the state ¥ 0 . At the time t — 0 a perturbation 
W not depending on time is switched on. Find the time 
dependence of T - (t) for the perturbed system. 

124. Show that if a perturbation W (r) not depending on 
time is switched on over a period of time 0 ^ t ^ x and 
the rest of the time it is off, the probability of transition 
from state n to state k is 

-X-l W nk fxS (E n -E h ). 

125. Calculate the probability of the ionization of a 
hydrogenlike atom by a plane monochromatic wave. The 
vector potential of the wave A has the following components: 

A x — A cos (o it — kr), A y — 0, A z = 0 

Before the perturbation (the wave) is switched on, the 
electron is near the nucleus Ze and is in the n = 1, l = 0 
state. In the final state the electron can be considered free. 

126. Two identical particles are located in an external 
potential field V (r), and the interaction between them is 
H 12 . Assume that the solution of the Schrodinger equation is 
known for a 'single particle, and find the solution for the 
two particles. 
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127. Use the solution of Problem 126 to examine the 
time dependence of the probability that the two particles 
will remain in their original state if at the initial time 
(t = 0) one was in the rth state and the other in the sth state 
of the single-particle Hamiltonian. Determine the time 
that is needed for them to change states. 

128. Using the Ritz variational method, find the ground 
state of a three-dimensional oscillator. Choose the trial 
function in the form 

<p = A (1 -f- ar) e~ ar . 

129. Consider the central-force model of the deuteron 
using the Ritz method. The neutron-proton interaction is 
idealized by the central-force potential V (r) = — Ae~ T l a . 
Choose the trial function in the form 


cp = Be~ ar/Za . 


130. Using the Ritz method with two trial functions, 
<p x = A (1 + ar)e~ ar and <p 2 = /?e~“ r2/2 , find the energy of 
the ground state of the electron in a hydrogen atom and 
compare the results. 

131. Calculate the ionization potential for a helium atom 
using the method of the perturbation theory and varying 
the screening constant s. Assume that in the unperturbed 
system each electron interacts with the nucleus via a poten- 

tial — -- - —, and include the compensating member 

S6 2 S6 2 ■ 

——[- — in the perturbation. 

132. Consider the elastic scattering of particles by a 
centre, assuming that the particles interact with the centre 
via a potential V (r), which is considered a small perturba¬ 
tion. Find the differential scattering cross section, defining 
it as the ratio of the radial flux through an area element dS 
far from the scattering centre to the incident flux: 


I jscat dS I 

0 - \hnT 


133. Use the result obtained in Problem 132 to find the 
differential cross section for Coulomb scattering (the Ruther¬ 
ford formula). 
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134. Determine the differential cross section for the elas¬ 
tic scattering of positively charged particles (each with 
charge e x ) by an atom. Regard the atom as a fixed centre 
with charge Ze surrounded by a charged uniform sphere of 
—ep (r) density. Calculate da for p = p 0 e~ r/a . 

135. Calculate the differential and total cross sections 

for the scattering of particles by a field V = -^e~* r (the 
Yukawa potential). 



SECTION IV 


Statistical Physics 
and Thermodynamics 


Two methods are used to describe the state of systems that 
consist of a great number of particles, the statistical and 
the thermodynamic. The first method enables us not only 
to obtain the general relationships of the second method 
but to calculate the concrete values of the thermodynamic 
observables for the given system. 

Postulates of classical statistical mechanics. Let us 
assume that a system consists of N particles contained in 
volume V. The motion of the particles follows the equations 
(laws) of classical mechanics. The state of this system is 
fully determined by defining generalized coordinates q t , 
q 2 , . . ., q N and momenta p u p 2 , . . ., p N (a point in 
phase space of 2 N dimensions), and the dynamics by the 
Hamiltonian H — H (p t , q t ), which makes it possible to 
find pi, q t at any instant of time by means of the equations 


It is impossible to determine the state of a system with 
a large number of particles ( N ) at any instant of time, and 
there is no need to. A study of these many-particle systems 
usually focusses on some small number of macroscopic variab¬ 
les. For example, suppose we require that the number of 
particles in the system is TV, the volume is V, and that the 
possible values of energy lie in the interval [E, E + A E]. 
Obviously, many states of the system satisfy these require¬ 
ments. Hence, to calculate for a given system the average 
of a macroscopic variable of the type 

T 


F l — lim 

T-*°o 



(IV-2) 


we use the following method. 
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We introduce an infinite number of copies of the given 
system [one Hamiltonian H (p i} q t ) but different initial 
conditions p\, <$] at some time t. Such an “ensemble” of 
systems will be distributed in phase space with a certain 
density p (p it q t , t). If the system is isolated from the 
ambient medium, its energy will be a constant value, i.e. 

H { Pi , qt) = E (IV-3) 

and the phase points of the ensemble will be distributed 
over the hypersurface of constant energy (IV-3). 

The probability density is determined in this case by the 
following relationship known as the microcanonical distribu¬ 
tion: 

P {H)= (IV-4) 

where 8 ( x) is the Dirac delta function (see Appendix 4), and 
fi (E) = , r (E) = j ... j d N pd N q (1V-5) 

The ensemble average for any physical observable will 
now be 

j j P (H)F( Pi , qi )d N pd N q (IV-6) 

Real physical systems are in contact with the ambient 
medium. For example, 

(a) the mechanical interaction with a source of work that 
affects the system. Such a state of the system can be des¬ 
cribed by a Hamiltonian H ( p t , q t , a s ), where a s are the 
generalized coordinates of external bodies viewed as addi- 

dH 

tional variables of the system. Then A s = — will stand 

for the generalized force which the system exerts on the 
ambient medium; 

(b) the thermal contact between the system described by 
a Hamiltonian H (p t , q t , a s ) and a heat bath (another 
system) with a Hamiltonian H 0 (pi, q'i). The total Hamil¬ 
tonian is 

H (Pi, qi , Pi, q%, d^) — H(pi, qi, (Pi, 9i) 

+ H’(p i ,q i ,pl qi) 
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These systems are in equilibrium if the energy H' is small 
and allows the system to exchange energy with the heat 
bath fast enough for any state of the total system to be 
realized after a long period of time with equal probability; 

(c) the material contact between the system and a heat 
bath that consists of an exchange of particles. In a state 
of equilibrium the energy H' must satisfy the previous 
requirements. 

In the case of (b) the probability density for the ensemble 
has the form (the canonical distribution) 

p (H)^Ce- H(p i’ q i- a s )/e (IV-7) 


where C is the normalization constant, and 

1 _ d In Q (E) 

6 ~~ BE 


(IV-8) 


Here 0 is a constant common to both systems in equilibrium. 
Denoting C = e F < e ’ a s )/e , we get 

F(6, a s )— — © In \ .”. \ e~ H(p i' q f a * )/e d N pd N q (IV-9) 

* -oo J 

The quantity 

Z = j - “. j e~ mp i’ "i- a s ),0 d N pd N q (IV-10) 


has come to be known as the classical partition function. It 
is the main quantity when the physical properties of a sys¬ 
tem are evaluated. 

From formula (7) we can show that 


1 = H = F — 0 ( 


( dF \ A - 

( 9F \ 

\ dS las' 

\ da s / 


(1V-11) 


and the entropy is defined as 



where k is Boltzmann’s constant. Since the temperature of 
two systems in equilibrium in contact with each other is the 
same in both systems, this suggests that 0 is a function of 
temperature. We introduce the absolute temperature of a 
system, T , assuming that 0 — kT. The function F, defined 
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by formula (IV-9), can be identified with the Helmholtz free 
energy. 

So, knowing the Hamiltonian of the system H, we can 
find Z according to (IV-10), and then 

F ( T , a s ) = —kT In Z (IV-12) 

All other quantities we find by simple differentiation: 

E = r ~ T (w)„ 

tor instance, P=-(-§r) T . <IV-13) 
elc ' 


Thermodynamic description of a state of a system. From 
the relationships just cited we can obtain the basic laws of 
thermodynamics. 

(1) The first law. The amount of heat obtained by a system 
(decrease in the mean energy of the heat bath) goes to change 
the internal energy of the system and to perform work 
exerted by the system on external bodies: 


dQ = dE -f- 2 j A s da s 

S 

dQ —— — dll 0 (pi , ql) 

(2) The second law. 


dS^^jr-, TdS=dE+^A.da, 

S 


(IV-14) 


(IV-15) 


The equality corresponds to the equilibrium state of the 
system. 

(3) The third law ( Nernst's heat theorem ). As T -*■ 0, 
the entropy of a system, S (T, a s ), ceases to depend on a s , 
i.e. is a permanent quantity for all substances. 

The method of thermodynamics rests on these three laws, 
using the fact that S and E are state functions of the system 
for which 

= §dS = 0 (IV-16) 

i.e. dE and dS are total, or exact, differentials. 


8—01496 



114 PROBLEMS IN THEORETICAL PHYSICS 


The differential dZ — Xdx + Ydy is an exact differen¬ 
tial if 


(dX \ _ 

(dY\ 

\ dy l x 

V dx 1 


Here are the relationships for other functions of state 
(thermodynamic functions). 

(1) The Helmholtz free energy F — E — TS: 


dF — -SdT—^Agda, 



(IV-17) 


(2) Enthalpy Ii = E+ A s a s : 

S 


dH=TdS + %a s dA, 



S 

l \«T \ _ { 

f da, \ 

\ dA, lag 1 

l as ) 


(3) The Gibbs free energy O = F + 2 A,a s : 

S 

dO = — S dT -{- 2 t-b dA a 


1 dS \ _ | 

f da, \ 

\ dA s It 1 

l dT 1 


(IV-18) 


(IV-19) 


If in addition we use the equation of stated* = A s (T, a ,), 
we get a number of relationships that can be checked expe¬ 
rimentally. Thermodynamics does not find the numerical 
values of the quantities entering into these relationships. 
[The line above A s is omitted in formulas (IV-17) to (IV-19).] 
Grand canonical distribution. If there are m kinds of 
particles in a system and the type of contact is (c), we get 

m 

c.,a a )+ 2\^Nj]/hT 

p — Ce *=* (IV-20) 

where C is the normalization constant, 

1 _ d In Q (E, N u ..., N m ) 
kT dE 


(IV-21) 
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and 


__ kj, d Ip Q (E, Nj, .. ■, N m ) 
_ . dNj 


is the chemical potential of the ;'th type of particles. 

Bearing in mind a correct calculation of the number of 
states (the Gibbs paradox), we find that 

m 

2 W* T 

Z = 2 ••• 2 - WT Z 0 


i! N 2 \ ... N m \ 

N i=0 Nm—0 

„ ■ffiP,. 9;. » s > 

Z °^\ 2N -) e ^ dr{Nl) 


(IV-22) 


5(T, a s , tij) 

Defining C = e hT , we get an expression for the 
thermodynamic function S: 

(IV-23) 




s= - 

-MHnZ 


and 

S= — ( — 

) , 

J,= — 1 



V dT 


8 \ 

1 da s ) 


N, 


Hence, 


\ / T,a 


d3= — S dT — 2jA 8 da s — 2 Nj d\ij 

s i=i 

(IV-25) 

m j 

dS = -±-(d£ + 2 2 fi; dN,) 

s i=i 

(IV-26) 

m 

dF — — dT — 2 A s da s + 2 ID dNj 

s j= 1 

(IV-27) 

m 

dO = — 5 dT + 2j cL4 5 + 2j M'j 

s i=i 

(IV-28) 

m 

0 = — S dT -j- 2 ^8 dA s — 2 Nj d^ij 

* 7=1 

(IV-29) 


8* 
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We see from the last relationship that p.,, A s , and T are 
not independent. 

The condition for the equilibrium of two systems has 
the form 

Pi — Pz (mechanical equilibrium) (IV-30a) 

T l = T 2 (thermal equilibrium) (IV-30b) 

Y-~Y~ (equilibrium with respect to the (IV-30c) 
1 2 exchange of particles) 

Quantum statistics. The stationary state of a quantum 
mechanical system of N particles is described by the wave 
function Y fe ( q ) = Y (r lt r 2 , .... r N ), which is determined 
from the time-independent Schrodinger equation 

H'¥ h (q) = E h '¥ h (q) (IV-31) 

where 

W--T-S -5T 4 * + t/ ( r - •••■'»> 

h 

The value of the physical observable / in a state k of a sys¬ 
tem (in quantum mechanics an operator / corresponds to 
this observable) is found by the rule 

</) = j YJ/Y ft dq (IV-32) 

But in statistical physics each state E h is given a definite 
probability of realization depending on the macroscopic 
conditions of the system. It follows from this that the avera¬ 
ge (mean) value in quantum statistics is calculated thus 

<?>=/ = 2 Wk { f )h = 2 Wh j mhkdq 

h h 

— j j 6(7 — q')f(q)P(q, q')dqdq' (IV-33) 


P (7. 7') = 2 w kt ; i (7') % (7) (IV-34) 

k 

is the density matrix in the coordinate representation. 
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By analogy with classical statistical physics w h is chosen 
in the form 



F(a s , T)-E h 

w h — e hT 

(IV-35) 

Hence, 

F = — kT In Z 

(IV-36) 

where the 

partition function 



E h E i 

hT = >] e hT Q(Ej) 

(IV-37) 


ft j 


and Q (Ej) is the degeneracy multiplicity of the system’s 
/th energy level. Summing up over j means summing up 
over the discrete energy levels and integrating over the 
continuous spectrum of the system. All subsequent rela¬ 
tionships are fulty equivalent to the relationships of classi¬ 
cal statistical mechanics. 

When there is material contact, 


oo m 

Z =?j ••• 2 2 ex P[--^(^'"-S tf#j)]( IV -38) 

N 1=0 2Vni=0 n j — l 


where E N , n is the energy of the nth quantum state. The 
thermodynamic function S is determined as in (IV-23) ac¬ 
cording to the formula 


E = -kT In Z (IV-39) 


If the particles are noninteracting, relationship (IV-38) 
is greatly simplified because the state of this system is 
given by the occupation numbers n t owing to the indistin- 
guishability of the particles. Then 

E n = S e i n L, N = 5 (IV-40) 

i i 

where e ; is the energy of the ith single-particle state, and 
the partition function is 

g.-i* \ n i 

e hT ) (IV-41) 

where the summing up is done over the number of particles 
that are in the single-particle state with e*. 
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The general principles of quantum mechanics impose 
strict rules on the occupation numbers n t . Only two cases 
are possible: 

(1) n t = 0 or 1 (particles with a half-integral spin); 

(2) rii = 0, 1, 2, . . . (particles with integral spin). 
Now, using (IV-41), we get the following relationships 

for the average number of particles in a state with energy e: 

— 1 

n — —- (Fermi-Dirac statistics) (IV-42) 

e hT _|_j 

_ A 

n ———- (Bose-Einstein statistics) (IV-43) 

e~^~ — 1 

The energy and the number of particles are determined by 
standard formulas: 

£=2^ (IV-44) 

i 

Hi (the condition for finding p) 
i 

The limit of application of quantum distributions for a 
perfect gas is 

N ^ / 2n mkT \ 3/2 

— >[—) ( IV - 45 ) 

Fluctuations and kinetic theory. Statistical mechanics 
makes it possible to calculate the fluctuations of physical 
quantities because the probability of fluctuation of a macro¬ 
scopic quantity can be expressed in terms of T and a s . The 
probability of fluctuation of a physical quantity x (the equi¬ 
librium value of which is x 0 ) is 

w m m(*o.«) 

p (x) = Ce hT ° (IV-46) 

where W m i n ( x 0 , x) is the minimal amount of work needed 
to shift the system from x 0 to x, and T 0 is the equilibrium 
value of the temperature in the system. 

When the ’deviations from the state of equilibrium are 
small, for the probability of fluctuations of thermodynamic 
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quantities we get 

ApAV— ATAs 

p = Ce 2^ (IV-47) 

With this formula we can find the fluctuations of 5 any 
thermodynamic observable if we choose the independent 
variables in the proper way. 

In studying various kinetic phenomena we must know 
the number of particles that at time t have a radius vector 
lying in the interval [r, r -f- dr] and a velocity in the inter¬ 
val [v, v -f- dv], i.e. know 

/ (r, v, t) dr dv 

For the distribution function / we can obtain an integro- 
differential equation of the type 

[4-+ v ‘ir+^^]'( r ’ v *’*> 

= j dQ j dv 2 o (Q) | v 4 —v 2 1 

X ]/ (r, v;, *)/( r, v;, t) — f(r , v 2 , t) f (r, y it t)] (IV-48) 

Here v x and v 2 are the velocities of the first and second 
particles before collision, vj and v' the same quantities 
after collision, or (Q) is the effective cross section of the 
collision, and dQ is the solid angle differential. 

To get (IV-48) we must (a) consider none but binary colli¬ 
sions, (b) neglect the action of the walls of the vessel 
containing the particles, (c) neglect the influence of external 
forces on the effective cross section, and (d) consider the 
velocities being independent from the position of the par¬ 
ticles in the vessel. 

Function / defined in (IV-48) makes it possible to calcu¬ 
late a variety of kinetic coefficients: the tensor of electrical 
conductivity, the coefficients of thermal conductivity, vis¬ 
cosity, diffusion, etc. 

PROBLEMS 

1. A certain system can with equal probability be in 
any of its N states. What is the probability of the system 
being in one of its states? 
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2. A simple pendulum performs harmonic oscillations 
according to the law 

<P = <Pocos-y -1 (t = 2jt]X y) 

Determine the probability that in a random measurement 
of the angle of deviation its value lies in the interval 
[<p» <p + dq>]. 

3. The probability that for a certain system the values 
of x and y lie in the intervals lx, x -f dx] and ly, y + dy] 
is 

dW (x, y) = Ce~ a( - x2 +v 2 '> dx dy (a > 0) 

Assuming that the range of values of x and y is [— oo, oo], 
find the normalization constant C. 

4. Determine for the previous case the probability that 
the value of x lies in [x, x + dx], 

5. During thermionic emission electrons leave the surface 
of a metal or a semiconductor. Assuming that (1) emission 
of electrons are statistically independent events and (2) 
the probability of emission of an electron in a small time 
interval dt is Xdt (X being a constant), determine the proba¬ 
bility of emission of n electrons in a time interval t. 

6. For the previous case determine 

A n 2 = (n —re) 2 

if on the average n Q electrons are emitted every second. 

7. A perfect gas consisting of N molecules is contained 
in a vessel with a volume V. What is the probability that 
there will be n molecules at any given time in a volume 
V 0 (F 0 is much less than F)? Examine the extreme cases: 
(a) n is much less than N, and (b) n is much greater than unity 
and An — n — n<^ n. 

8. Prove that for a random variable x the probability 
of an event in which x becomes greater than a certain value 
a satisfies the Chebyshev inequality 

9. A particle that at the initial time is at the origin of 
coordinates jumps the next instant by one unit to the right 
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or left with the probability of 1/2. Determine the probabi¬ 
lity P t ( l ) that after t steps the particle will be at point l of 
the one-dimensional grating (Fig. 44). 

10. Determine the probability P t ( l) of a similar random 
walk of a particle across a two-dimensional (square) and a 
three-dimensional (cubic) grating if the particle can move 


' i_i_i_i_I_i_i_i_i_i_' - 

-4 -3 -2 -1 0 1 2 3 4 

Fig. 44 

to any adjacent point (4 points for the square and 6 for 
the cubic) with the probabilities of 1/4 and 1/6, respectively 
(Fig. 45). 

11. The following question (first raised by G. Polya) 
arises in considering Problem 9: Can a particle always return 



Fig. 45 

to its initial point if it moves at random to adjacent points 
of the grating? If it cannot, what is the probability of its 
not returning to the initial point for the cases examined 
in Problems 9 and 10? 

12. In space p, q draw the phase trajectory of a particle 
that moves with constant velocity in a direction perpendi¬ 
cular to the mirror-reflecting walls of a box. The size of the 
box in the direction of motion is 2a. 
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13. Determine the phase trajectory of a body of mass m 
that moves with an initial velocity v 0 in a constant gravi¬ 
tational field from point z 0 in a vertically upward direction. 
Draw the trajectory. 

14. Determine and draw the phase trajectory for a par¬ 
ticle of mass m with an electric charge — e that moves under 
the influence of a Coulomb force of attraction toward a fixed 
charge -j-e 1 . The initial distance between the charges is r 0 , 
and the initial velocity of the negative charge is v 0 — 0. 

15. Determine and draw the phase trajectory for a linear 
harmonic oscillator described by the equation 

x + yx + ulx = Q (w 0 = jX -^) 

where y co„. Find the change in the phase volume with 
the passage of time. 

16. Determine and draw the phase trajectory for a com¬ 
pound (physical) pendulum of mass m whose moment of 
inertia is / and whose equivalent length is L. Consider 
three cases: 

(1) H o > 2 mgL; 

(2) H 0 = 2 mgL; 

(3) H n < 2 mgL (H b is the initial energy of the pendulum). 

17. Verify whether Liouville’s theorem holds for the 
following cases: 

(1) an elastic collision of two spheres (central impact); 

(2) the motion of three particles in a constant gravitatio¬ 
nal field, the initial states of the particles being determined 
by the phase points 

A (p 0 , z 0 ), B ( p„, Zq -f a), C ( p„ +'b, z 0 ). 

18. Determine the normalization divisor of the micro- 
canonical distribution for the following systems: (1) N 
molecules of perfect'monatomic 7 gas; (2) N independent 
linear oscillators. r - 

19. Derive the canonical distribution using the examples 
in Problem 18 as the model of a heat bath. 

20. We can represent the Hamiltonian of a perfect gas 
in the form 

i 

where H t is the Hamiltonian of an individual molecule. 



SECTION IV. STATISTICAL PHYSICS AND THERMODYNAMICS 123 


Express the classical partition function of the gas in terms 
of the partition function of an individual molecule. Deter¬ 
mine the average energy E , the entropy S and the pressure p. 

21. Determine E, S, p, and C v (C v is the molar heat 
capacity at constant volume) for the following systems 
consisting of N noninteracting particles contained in 
volume V: 

(1) a monatomic gas; 

(2) a diatomic gas with hindered oscillations of the atoms 
(a rigid rotator); 

(3) a diatomic perfect gas allowing for the vibrations 
of atoms in the molecule (consider the case of low tempera¬ 
tures). 

22. Determine the energy and pressure for a perfect gas 
that consists of N particles and is contained in a vessel 
with a volume V when the energy of an individual particle 
depends on momentum p in the following way: 

(a) H = ap l , a > 0 and l > 0; 

(b) H = c (mW -f- p 2 ) 1 / 2 , where c is the velocity of 
light. 

23. The classical partition function of a system is expres¬ 
sed as 

z (P) = -jpr • where P = w 

Determine £2 ( E ). 

24. A system as a whole revolves with an angular velocity 
£2. Find the canonical distribution in the revolving sys¬ 
tem of coordinates. 

25. A cylinder of height h and base radius R is filled with 
a perfect gas. The cylinder rotates with an angular velocity 
£2 about an axis perpendicular to the base and passing through 
its centre. Determine the pressure of the gas on the surface 
of the cylinder if the number of particles in the gas is N and 
the mass of an individual particle is m. 

26. Derive the virial theorem for a system of interacting 
particles contained in a volume V. The potential energy of 
interaction is a homogeneous function of coordinates of 
degree n. 

27. Determine the average value H n (n > 0) for a mon¬ 
atomic perfect gas consisting of N particles. Use the result 



124 PROBLEMS IN THEORETICAL PHYSICS 


to find the mean square fluctuation in energy A H 2 = 

= (H — H ) 2 and the mean square value 6 2 of the fractional 
fluctuation (H — H)IH, i.e. 6 2 = AH 2 /H 2 . 

28. Using the canonical distribution, find the following 
distributions (the various forms of the Maxwell distribution): 

(1) the probability that the velocity of any particle of 
a system lies in the intervals [v x , v x + dv x \, [v y , v y + dv y ], 
[v z , v z + dv z ]\ 

(2) the probability that the speed of any particle lies 
in the interval [u, v -j- dv]; 

(3) the probability that the kinetic energy of any particle 
lies in the interval [e, e + dz\. 

29. Using the results of Problem 28, find the following 
values: 

(a) the mean of the nth power of! the velocity v n for 

n > —2; _ " _ 

(b) the mean speed v and the mean of the square of speed v 2 ; 

(c) the most probable speed of the particles v 0 . 

30. Find the average energy e and the most probable 
kinetic energy e n of a system of particles of Problem 28. 
Explain why they do not coincide. 

31. The energy of a particle in a relativistic gas is linked 
with the momentum of the particle by the relationship e = 
= c ( m 2 c 2 -f- P*) 1/a - Find the Maxwell distribution for this 
case. 

32. How will the Maxwell distribution change if the 
system as a whole moves with a velocity u? 

33. Find the probability that two particles will have 
the absolute value of the relative velocity v' = v a — v 2 
in the interval W , v' -j- dv']. Also find v'. 

34. Find the total number of collisions of one molecule 
with the other ones in the system. Consider the molecules 
as being elastic spherrr >f radius R 0 . Determine the mean 
free path X. 

35. Determine the ratio of the number of particles that 
have an energy greater than e! to that with an energy less 
than 6! (ej = kT). 

36. Determine the total scattering cross section as a 
function of temperature if the potential energy of interac- 
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tion is 

U — oo for r^R 0 , 

= — ~^r ■ for r> i? 0 (n>2, a>0). 

37. Determine the mean number of collisions experienced 
by a single molecule with other molecules in one second in 
the two-dimensional case (i.e. for a surface). 

38. Each atom of a gas radiates monochromatic light of 
wavelength X 0 and intensity J 0 . Find the radiation intensity 
of the gas as a whole as a function of X, the gas consisting 
of N atoms. 

39. Assuming that the potential energy of an electron 
inside a metal is less than its energy outside the metal by 
W = eq>, determine the current density of thermionic emis¬ 
sion. The concentration of electrons in the metal is n 0 , and 
the electron mass is m. 

40. Prove that for a perfect gas with the known law 
e = e (p) the pressure is given by the formula 

oo 

^Trlw | Pl^ (p) ' i l p| 

0 

where / (p) is the momentum distribution function [i.e. / (p) 
is the probability that the particle has momentum p], 

41. Using the canonical distribution, find for a perfect 
gas contained in an external potential force field u (x , y, z) 
the probability that the coordinates of any particle of the 
gas will lie in the intervals [x, x dx\, [ y , y + dy], 
[z, z + dz]. 

42. Find the centre of gravity of a column of perfect gas 
in a homogeneous gravitational field if the acceleration of 
gravity is g, the mass of one molecule is m, and the tem¬ 
perature is T. 

43. A mixture of l perfect gases consisting of equal num¬ 
bers of particles but with different masses of atoms m 1 , . . ., 
m h , . . ., mi is contained in a cylinder of height h and radius 
R and is placed in the earth’s gravitational field. Deter¬ 
mine the centre of gravity of the mixture. 

44. Let the quantity 4 nv 2 f ( v 2 ) dv represent the probabi¬ 
lity that the velocity of a molecule lies in the interval 
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[; v , v + dv\, with / (u 2 ) being a differentiable function of 
unknown form. Find the Maxwell velocity distribution as¬ 
suming that the probability distributions for the three 
Cartesian components of velocity are (1) independent; (2) 
identical. 

45. Two vessels in which pressures and temperatures arc 
maintained at p lt T x and p 2 , T 2 , respectively, are connected 
by a short pipe with a cross section S. Determine the mass 



of a gas flowing from one vessel into the other if the mass 
of the gas molecules is m and if p x = 2 p 2 and T 1 = 2T 2 . 

46. A sphere of radius R moves with a velocity u in greatly 
rarefied gas (i.e. the mean free path of a particle in the gas 
is considerably greater than R). The temperature of the gas 
is T and its density is n 0 . Assuming that the collisions of 
the particles of gas with the sphere are elastic, determine 
the force of resistance experienced by the sphere as it moves. 
Compare the result with Stokes’ law for the force of resist¬ 
ance experienced by a similar sphere moving in viscous 
liquid. 

47. A small round aperture with a cross section S has 
been made in a vessel containing perfect gas. Find the num¬ 
ber of particles that fall on a round disc of radius R situated 
at a distance h from the aperture. The plane of the disc is 
parallel to the plane of the aperture (Fig. 46). The centres 
of S and the disc lie on a straight line perpendicular to the 
plane of the aperture. The molecules of gas are governed 
by the Maxwell velocity distribution. 

48. A rarefied gas is contained in a vessel at a pressure p. 
Determine the velocity of outflow v of the gas into a vacuum 
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through a small aperture S 0 if the molecules of gas are 
governed by the Maxwell velocity distribution. 

49. Determine the permittivity of a perfect gas consisting 
of N molecules with a dipole moment p„ each. The gas is 
located in an external homogeneous electric field E. 

50. Make the same calculations as in Problem 49 but 
take into account the polarizability a of the molecules, 
which does not depend on the magnitude of the external 
field. 

51. Prove that a system of interacting electric charges 
(the problem is considered classical) cannot be in equili¬ 
brium in an external magnetic field. 

52. A body with a potential cp 0 is placed into a plasma 
consisting of electrons (— e) and ions (-fe). Determine the 
Debye screening distance assuming that the temperature 
of the electrons T e differs from the temperature of the ions 
T i and the plasma is quasi-neutral. The number of particles 
in unit volume is n 8 . 

53. A perfect gas is contained in a vessel that is closed 
by a movable piston loaded with mass M. Find the equation 
of state of the gas. 

54. Derive the Dalton law for a mixture of n perfect gases: 

n 

p= 2] Pi 

t=i 

where pi is the partial pressure of the ith component. 

55. Prove that for any system with a Hamiltonian H, 

C v = -±z(H-H)\ 

56. Prove that for any physical quantity / (q lt . . ., q N , 
Pn • • •» Pk)i 



57. Particles of a rarefied gas interact according to the 
law (Fig. 47) 

U—oo for r^r 0 

= —U 0 ("T-) 6 for r>r 0 
Find the heat capacity for the gas. 
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58. Show that the van der Waals equation can be writ¬ 
ten as 

(the reduced van der Waals equation), where 



(Per. T cr , Vci are the critical pressure, temperature and 
volume, respectively). 

59. Determine the average energy and the heat capacity 
C v of a perfect gas consisting of N diatomic molecules, 

taking account of the anharmo- 
nicity of atomic vibrations in 
the molecules. Examine the 
case of low temperatures. 

60. Atoms in a diatomic mol¬ 
ecule interact according to the 
law 

= {A,B> 0) 

(the so-called Lennard-Jones 
“12-6” potential). Find the co¬ 
efficient of linear expansion for 
such a molecule. 

61. For a system [consisting of 
a large number of particles the heat capacity is 

C v = aT n (a >0, n > 1) 

Find Q ( E ) for such a system. 

62. Entropy is sometimes defined as S = k In T ( E) or 
as S = k In Q ( E ). Prove the equivalence of these defini¬ 
tions for systems with a large number of particles. 

63. Using the general properties of entropy and proba¬ 
bility and assuming that there is a functional dependence 
between entropy and probability, prove the Boltzmann 
relationship 

S = k In w. 

64. Find the work that has to be spent to polarize a unit 
volume of an isotropic dielectric. 
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65. If each of the three variables A, B, C is a differen¬ 
tiable function of the other two, regarded as independent, 
prove that 


<*> (f)c(Hh (£).~“ 
< b > (#).“ */(&)»• 


66. Establish the connection between the thermal coef¬ 
ficients 




/JL\ v= 

_J_| 

dp \ 

\ dp )t' ^ 

Po 

dT ) 


where F 0 and p 0 are, respectively, the mean volume and 
mean pressure in an arbitrary thermodynamic system. 

67. Write the Dieterici equation of state for a real gas 
in reduced variables (see Problem 58): 

RT 1 a \ 

P ~ T-T& exp (--RTV) 

Do the same for the equation of state 


68. Determine the Boyle temperature for real gases 
(i.e. the temperature at which the second virial coefficient 
is zero) if a and b are given on the basis of the van der Waals 
and Dieterici equations of state. 

69. Determine the velocity of a sound wave propagating 
in a real gas that satisfies the van der Waals equation of 
state. 

70. Find the adiabatic equation for an ideal paramag¬ 
netic substance (see Problem 49). 

71. Find the adiabatic equation for a real gas. 

72. Calculate the difference between the heat capacities 
of a dielectric with a constant E (the electric field intensity) 
and with a constant D (the electric displacement), i.e. 
Cj E — Cj). 

73. Show that (i^) r= 7-(-gi) r . 


9-01496 
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74. Determine the efficiency of two thermodynamic en¬ 
gines working in cyclic processes depicted in Figs. 48 and 49 

if the parameters of the cycle e = ^ and p = ^ are given 

and the working fluid is a perfect gas. 



P 



Fig. 49 


75. Using the first and second laws of thermodynamics, 
prove the following relationships 


c p _ 1 


z = JL c v - 

TV 0 a 2 6 ^ 

TV 0 a 2 

Cy | 

i dV ) 

{ dp I 

| 8 ’ v 
's 

- (p_ 6) p > ^P~ 

' P-6 


where a — is the coefficient of volume expan¬ 

sion, P= —"p - ( ~^r) T * s the isothermal compressibility, 

and 8= —~ (-§^) s is the adiabatic compressibility. 

76. Determine the temperature dependence of the e.m.f. 
of a galvanic cell in the differential form. 

77. Prove the relationship [see formula (25) of Appen¬ 
dix 4] 

dT \ P ~ T ( )v 


(*L) =. 

\ dV )e 


Cy 


78. Find the average energy of a rarefied plasma that 
occupies a volume V. The plasma is a system of two kinds of 
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oppositely charged particles (N particles of each kind with 
charges -\-e and — e). 

79. Use the result of Problem 78 to^ determine p, S, 
and C v for the plasma. 

80. Find C v — C v in (a) V, T- and (b) p, ^-variables. 

81. Show that 

c l -c r = [v-(^ r ) T ](!f) v 

where H = E + pV is the enthalpy of the system. 

82. Prove that for an isotropic dielectric in an external 
electric field E, 

dF = — S dT — p dV — (P-dE) 

where P is the polarization vector for the dielectric. 

83. Find C p — C v for a van der Waals gas. 

84. What amount of heat must be transferred to one mole 
of a real gas for it to expand from volume F x to volume V 2 
if pressure p is constant. The equation of state is 

(p + -~)(V~b) = RT. 

85. A process in a system is called polytropic if it 
does not change the system’s heat capacity C = dQ/dT. 
Using this definition, find the equation of such a process for 
a monatomic perfect gas. 

86. Determine the entropy of a gas whose equations of 
state are 

V — V 0 [\-\-a(T — T 0 )\, (-^r) T ~ 0 '’ Cp = constant. 

87. Find the adiabatic equation of a gas whose equation 
of state is 

P = Po (1 — PF); C v = constant. 

88. Determine the difference between the energy release 
of the reaction of formation of one gram-mole of water va¬ 
pour at constant pressure and the energy release of the same 
reaction if it takes place without the performance of external 
work. 

89. Determine the efficiency of a thermodynamic engine 
working along the Carnot cycle if the state of the working 


9* 
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fluid is given by the equations 

F=F„[l + a(7’ —r 0 )], (-0-) r = O. 

90. Show that when heat is transferred from a heated 
body to a less heated one, the entropy increases. Assume 
that the temperatures of the bodies equalize and the heat 
capacities do not depend on temperature. 

91. Find the change in the entropy of a body when it 
expands isobarically. 

92. Prove that an isotherm cannot intersect an adiabat 
twice. 

93. In the temperature interval from 0 to 4 °C the coef¬ 
ficient of volume expansion of water is negative. Show that 
in this interval water cools under adiabatic compression. 

94. Can the relationship C p — C v hold for water? 

95. The main reason for the fall in temperature in the 
atmosphere with growing altitude is the adiabatic expansion 
of the upcurrent. Using the adiabatic equation of a perfect 
gas, find the change in temperature with altitude. 

96. Use the first law of thermodynamics to show that 
atmospheric air with a temperature gradient less or greater 
than the gradient found in Problem 95 will be, respectively, 
stable or unstable in relation to convection. 

97. Determine the energy release in the polarization of 
a unit volume of a dielectric, neglecting the change in its 
specific volume and assuming that 


P = 


e(r)-i 

4 n 


E. 


98. Show that for a magnetic sample placed in an external 
magnetic field H, given the condition that E 0 is independent 
of H (E o is the internal energy of the sample in a vacuum 
neglecting the energy of the field there), the following rela¬ 
tion holds for magnetization: 


Af = 



99. Find the entropy and internal energy of a substance 
in an electric field using the following expression for the 
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Helmholtz free energy 

100. Determine the expressions for C v , F , S, H, <f), C p 
for equilibrium radiation. 

101. Using the grand canonical distribution, find the 
expressions for p, p, and S for a monatomic perfect gas. 

102. Using the grand canonical distribution, show that 
the Poisson distribution describes a system of N noninterac¬ 
ting particles. 

103. Find the chemical potential of a perfect gas in an 
external potential field U — U (x, y, z). 

104. Particles with spin are in an external homogeneous 
magnetic field B. What is the ratio of the number of particles 
with spins along the field to the number of particles with 
spins in the opposite direction? 

105. Using the properties of the grand canonical distribu¬ 
tion, show that 

pV = kT In Z 


where Z is the grand partition function. 

106. Prove that N = V (-—■) and p=(4rr) = 

\ dp. It, v r \ ON Is, v 

= (JIL\ 

\ dN ls,p‘ 


107. Find C v expressed in terms of T, p, and V. 

108. Assume that the latent heat X is constant and deter¬ 
mine the temperature dependence of the saturated vapour 
pressure if the vapour is in equilibrium with the solid 
phase. 

109. A solution contains N molecules of solvent and 
n molecules of the solute (n N). Determine the chemical 
potentials of the solution p and the solute p x if the chemical 
potential of the solvent is p 0 . 

110. A solution with a concentration c 1 of the solute 
is in a homogeneous gravitational field. Determine the 
change in the concentration c with altitude. 

111. Show that the chemical potential of black-body 
radiation is zero. 

112. Using the conditions of stability of equilibrium, 
prove that when a constraint is applied to a dynamic sys- 
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tem in equilibrium, a change takes place within the sys¬ 
tem, opposing the constraint and tending to restore equi¬ 
librium (the Le Chatelier-Braun principle). 

113. Determine the condition for mechanical equilib¬ 
rium of an isolated system consisting of a spherical liquid 
drop of radius R and its surrounding vapour. 

114. In the following reaction of gases, 

H 2 0 -{- CO CO 2 + H 2 

the equilibrium set in when the temperature was T n and the 
proportions were: for C0 2 , m x , for CO, m 2 ; for H 2 0, 
and for H 2 , to 4 (the proportions are given in moles). Deter¬ 
mine the affinity constant K ( p , T ). 

115. Calculate the critical value of the radius of a drop 
of liquid when steam condenses. 

116. Prove that a charged drop of liquid will grow even 
in an unsaturated vapour. 

117. An equilibrium reaction A ^ I + -f- e~ (thermal 
ionization) takes place in a system. Assuming the tempera¬ 
tures of the ions and electrons to be the same, determine 
the degree of single ionization as a function of T and p. 
The gases are considered perfect and the energy of ioniza¬ 
tion is e 0 . 

118. Calculate the amount of heat given off during a 
chemical reaction in which p and T are constant. The af¬ 
finity constant K is known. 

119. Determine K and A Q per particle (see Problem 118) 
for the dissociation of diatomic hydrogen 

H 2 ^H + H 

The dissociation energy for a hydrogen molecule is Ae = 
= 2e« — 8«*. 

120. Find the osmotic pressure between solutions of 
different concentrations that are separated by a semiper- 
meable membrane. 

2 

121. Prove that the relationship S = — -g E holds for 

free particles with energy e = p 2 /2m that obey the Fermi- 
Dirac or Bose-Einstein statistics. 

122. A system can be in two quantum states with ener¬ 
gies 0 and e. The degeneracy multiplicities of the states are g x 
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and g 2 . Find the dependence of S on E and analyze this 
dependence. 

123. Determine the heat capacity of a system of N inde¬ 
pendent. two-dimensional harmonic oscillators each of 
which has (n + l)-fold degenerate energy levels 

e n = ( n + 1) (ra = 0, 1, . . .). 

124. A system has a nondegenerate energy spectrum 
e; — h (l — 0, 1, 2, . . n — 1). Determine the average 
energy of such a system. 

125. Represent the elastic vibrations of a solid in the 
Debye model as a phonon gas that obeys the Bose-Einstein 
statistics and find its energy. The volume of the body is V, 
and the velocity of propagation of transverse and longitud¬ 
inal waves is c\ and ci, respectively. Examine the case of 
low temperatures. 

126. Determine the heat capacity of an ultrarelativistic 
degenerate electron gas (e = cp). 

127. Find the thermionic emission current provided the 
electrons obey the Fermi-Dirac statistics and the work 
function for an electron escaping from the metal is W. 
Assume that W — p kT, where p is the chemical poten¬ 
tial level. 

128. Find the pressure in an electron gas at T = 0 using 
the Fermi distribution. 

129. Determine the pressure in a degenerate electron gas 
. kT . , 

for — <1. 

p ^ 

130. Using the grand canonical distribution, find the 
dependence of entropy S on n t for an ideal gas that obeys (1) 
the Fermi-Dirac statistics; (2) the Bose-Einstein statistics. 

131. Let g (e) be the single-particle density of states. 
Show that the heat capacity of a gas that obeys the Fermi- 
Dirac statistics for kT p 0 is given as 

Cv = -y- k 2 Tg (p 0 ). 

132. Denoting the energy of a system as E = 2 n i e i > 

i 

where^e* is the energy level of the ith state of the system 
and rii is the mean population of the zth state, explain the 
meaning of dA and dQ in reversible processes. 
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133. In the simplest case the spin waves in ferromagnetic 
substances satisfy a dispersion equation © = Ak 2 , where 
k is the wave vector in the spin wave, and A is a constant. 
Determine what these excitations contribute to the heat 
capacity of crystals at low temperatures. 

134. Prove that for crystals the Mie-Griineisen relation 
holds true, i.e. 



Cy 


where — I s the coefficient of linear expan¬ 

sion, [3 = —i s °thermal compressibility, and 
d In \j 

y — - —j—is assumed to have the same value for all 

1 a In V 

normal modes v ; -. 

135. Determine Q ( E ) for a solid at f ^ 


136. Find the Fermi level in an intrinsic nondegenerate 
semiconductor if the width of the forbidden band has a tem¬ 
perature dependence of the form 


E g = E% - IT a >0). 


137. Determine the concentration of electrons in ger¬ 
manium if the dependence of energy on the wave vector 
(the dispersion equation) has the form 


Ea (k) = E c 


h*(k x -ky h 2 (k y -tf) 2 

2 mt ‘ 2mi 


K 2 (k z — fc“) 2 

2m j 


where a — 1, 2, 3, 4 is the number of equivalent minimums 
in the conduction band, and mt and m\ are, respectively, 
the transverse and longitudinal masses of the electron. 

138. In the conduction band of gallium arsenide the 
dispersion equation is of the form shown in Fig. 50. Find 
the Fermi level for two extreme cases: 

(a) a nondegenerate electron gas; 

(b) a highly degenerate electron gas. 

139. Find the concentration of electrons in a semicon¬ 
ductor if it is known that, when the magnitude of the wave 
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vector k is small, the dispersion equation has the form 

£ < k > =-S'" 

where y is a constant. 

140. Determine the concentration of electrons in a semi¬ 
conductor of the ra-type with a narrow forbidden band (in- 



Fig. 50 

dium antimonide). The dispersion equation for this case is 

B{k)=E.+^(±V El + ^-E,) 

where Eg is the width of the forbidden band, and m (0) 
is the effective mass of the electron near the edge of the 
band [m (0) m 0 ]. 

141. Consider a semiconductor with a width of the for¬ 
bidden band E g and the donor and acceptor levels lying at 
a distance of E 1 and E 2 from the lower edge of the conduc¬ 
tion band. Assuming that the electrons in the conduc¬ 
tion band and the holes in the valence band obey classical 
statistics, find the chemical potential for this semicon¬ 
ductor. The acceptor concentration is n 2 , and the donor 
concentration is n 1 . The effective mass of the electron is m n , 
and that of the hole is m p . Consider the case of a donor semi¬ 
conductor (re 2 = 0, E g E x ). 

142. Prove that for an extrinsic semiconductor the pro¬ 
duct of the hole concentration to the electron concentration 
is proportional to the square of the electron (or hole) con¬ 
centration in an intrinsic semiconductor. 

143. Determine the heat capacities of electrons and 
holes for an intrinsic nondegenerate semiconductor with 
the width of the forbidden band being E 0 . 
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144. Find the equation of state for a completely dege¬ 
nerate relativistic electron gas 1 with an energy e = 

= e ( m\ 2 + 

145. What is the equilibrium ratio of the concentrations 

of ortho- and parahydrogen at a temperature of T T c = 

%2 

= 8n 2 Ik , where I is the moment of inertia of a hydrogen 
molecule? 

146. Derive the Fermi-Dirac distribution from an exami¬ 
nation of particle collision, allowing for the Pauli exclusion 
principle. 

147. For a crystal in the Debye model determine the 
mean square displacement of the atoms of the lattice. 
A unit cell of the crystal contains one atom. 

148. How do the thermodynamic variables, density and 
temperature, for instance, transform in passing from one 
inertial frame of reference, K, to another frame, K'7 

149. Derive the Planck formula for thermal radiation 
in a medium with dispersion n — n (y) ( n is the index of 
refraction). 

150. Find the spin paramagnetic susceptibility of a 
system of free electrons if the single-electron density of states 
per unit volume is g (E). Consider the case of a weak 
field. 

151. Determine the magnetic susceptibility of a non- 
degenerate electron gas. The energy levels of an electron 
moving in a magnetic field B = B z are given by the formula 

e = ! ^P z + ^*B(l + i/2)±ii B B (1 = 0, 1, ...) 

cfi 

where m n is the effective mass of the electron, and p B = 
is the Bohr magneton. 

152. Determine the orbital magnetic susceptibility of 
a degenerate electron gas in a weak magnetic field (p B B 

< kT). 

153. Determine the sensitivity limit of a mirror-type 
galvanometer. The torsion constant of the suspension is a. 

154. Find the^fluctuations of pressure in a homogeneous 
system that is placed in a heat bath and show that for the 
system to be in stable equilibrium the following condition 
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must hold: 



155. Determine the decrease in entropy that develops 
during free oscillations of a simple pendulum. 

156. Find the c orrel ations ATAp and ASAV. 

157. Show that AS 2 = kC p and ASAp = 0. 

158. Find the energy fluctuations for a system with two 
energy levels. 

159. Determine the fluctuations of the number of par¬ 
ticles in perfect gases that obey (a) the Boltzmann distribu¬ 
tion; (b) the Fermi-Dirac distribution; and (c) the Bose- 
Einstein distribution. Analyze the results obtained. 

160. Show that the following relationship holds for the 
grand canonical ensemble: 

Isr - k (w-)- K +' sm (w)l- 

161. Calculate the fluctuations of the position of the 
centre of mass for a homogeneous perfect gas contained in 
a spherical vessel of radius R 0 . 

162. Let qt and q h be the generalized coordinates of par¬ 
ticles and (Xj and a h the additional generalized forces switch¬ 
ed on at the initial time and acting along the directions q t 
and q h . Prove that 

163. Calculate the mean square displacement of a Brow¬ 
nian particle of mass m and radius a , moving in a viscous 
medium with a coefficient of viscosity p. 

164. Find the value of the Avogadro number Na if the 
mean square displacement for a Brownian particle of mass m 
and radius a in time t is Ax 2 . 

165. Find (z — z 0 ) 2 for a Brownian particle in the gravita¬ 
tional field of the earth. 

166. Particles diffuse through a one-dimensional poten¬ 
tial barrier U (x) in a stationary flow. Find the flux density 
if the densities of the number of particles in cross sections Xj 
and x 2 are known (the Kramers formula). 
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167. Assuming that the Boltzmann equation for a highly 
degenerate gas is 


dt 


v _^L_ e E It _ 

+ V dr ^ dp 


f-fo 

T 


where t is the relaxation time, find the electric conductivity 
of metals at low temperatures. 

168. For a nondegenerate electron gas find the electrical 
and thermal conductivities assuming that along the x-axis 

dT 

there is a constant temperature gradient, k-^ = constant, 

an electric field E is applied to the system, and that x = Av l 
(A > 0, l > -7). 

169. Determine the tensor of electrical conductivity 
for the electrons in a metal that is placed in homogeneous 
electric and magnetic fields. Consider the electron gas to be 
degenerate. 

170. Find the coefficient of viscosity for a gas flow with 
a. velocity gradient [5 along the x-axis. The gas obeys classic¬ 
al statistics. 

171. Particles of mass m are distributed with a constant 
density inside a sphere of radius R. The temperature inside 
the sphere is T. At time t — 0 the sphere disappears and 
the particles fly in all directions. Neglecting the collisions 
between the particles, find the density of the cloud of par¬ 
ticles as a function of time and position. 



Answers 


SECTION I 


1. A parabola with the parameter 


2. T = 


2mv 0 

~eE~ 


eE 


e\ipH 


is the 


3. A circle of radius v 0 /(o Hl where w H = 
cyclotron frequency. 

4 eE 0 VI. (Ox \ . I (ox , oxr \ , 

. z = —v (1 — cos- cos (ot 0 — (-sin —) x 

mco 2 L \ t>o / \ v 0 v 0 I 

X sin (ot 0 J ; the z-axis is directed along the field, and t 0 is 

the instant of time when the particle enters the field. 

5. In a system of coordinates with the y-axis parallel 

to H and the :r-axis perpendicular to the plane containing 

vectors E and H, the path is 


sin a 


x— — V °L (1 — cos (o H t) + (_ s in a ) sina> H £ 

(0 H v “H / 


eEt 


eEfl 

“2^~ cos a + v o u t 


m(0ff 


z= sin (o H t + ( i^-4- eE r sin « ) • (1 —cos u> H t) 

(at t — 0 the particle was in the origin of coordinates). 

6. Put a = 0, Vqjj — Vq z — 0, Vq x = Vq in the solution of 
Problem 5, and find x — ~~ sin (o H t. By setting x=Z, we 

can determine T from the relationship - = sin m h T « 
« w h T ^ since 1) . Substituting T = l/v 0 for t in the 
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expressions for y and z and eliminating v 0 , we find that 

eE 

y — 2 pz 2 , where p — —s-^- • 

7. (1) Z^ -r-^-r- |A:os 2 a sin 2 B + sin 2 a +-^2-cos a sinB. 
y ’ \<»h\ v r K 

Hints to questions (2) and (3): the equation of the projec¬ 
tion of the path on the a;i/-plane has the form 


(»■ 


”0 


% 


sin a 


)*+(*- 


<4> 

% 


cos a sin 




(sin 2 a + cos 2 a sin 2 |J) 

H 


Using this equation, we can find the points where the 
particle comes out of the magnetic wall and construct the 
tangents to the path at these points. 

8. Hint. First find the coordinates of a specific electron 
as a function of time t and of the instant t 0 when the elec¬ 
tron enters the space between the plates. Next find the 
instant when the electron hits screen S and the electron’s 
coordinates at that instant as functions of t 0 . This gives 
the equation of the path of the beam of electrons on the 
screen in the following form: 


x = 


la i 


(OUq 


j^cosfi) ^Z 0 +— 2 cos coZ 0 J 


—bk [ s * n 63 (to + j — sin coZ 0 J = A cos coZ 0 + B sin o>Z 0 . 

y = [ sin “ ( 4 + v) ~ 2 sin at °] 

—ok [ cos — cos «*o] = c sin®Z 0 + cos (ot 0 


eVi eV<> 

where , a 2 -- ; d is the distance between the 

plates. 

The path on the screen is the ellipse 

(Ay — Dxf + (By - Cx) 2 = (AC - BDf. 
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9. x — Ae i0) ‘‘ -f Be ia 2 ' + Ce~ i(i>lt + De~ ia ^ 

J/== ^0-f)_ jBe ^0+T) +Ce - i 


-De- ia>2 ('-£) 

z — A cos (g ) 0 2 -f- q>) 

where o > 0 is the natural frequency of the oscillator w ii2 — 
( 0 2 

o)„ + (the z-axis is directed along the mag¬ 
netic field), and m H = e ‘ laH ■ — — (jj , 0 is the permeability 
of empty space). 

10. x — C v C 2 e 


-X, 

m _ 


eE 


y = C 3 + C^e~™ 


.it 

z — C 5 -J- C$e m 

where the constants of integration C lt . . ., C 8 are determin¬ 
ed from the initial conditions. The z-axis is directed along 
the electric field. 

_JL, 

11. x — C t + Ae m cos((o H t + a) 

-JLt 

y = C 2 — Ae m sin (<d h £ -f a) 
z = C,+ C*e“' 


The z-axis is directed along the magnetic field. 

12. T h T-%- +arc tan— y - . - A -- .-..... . 1. 

y2g(H+h) L 2 2y h (H+h)J 

13. y= 1/ -^-tanhl /"—t, z = —In cosh] /~—t, 

r y rm y V m ' 

v -*■ ]/ (t ->• 00 ). 

y y ' 

14. x = -|-coso)£, where to = S ■ 
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15 - T=-irV s w L (V Rh 


, H -\-h JR — h 

+ ____ arccos 


. „ , mvn sin a m 2 g , / . . yvn . \ 

16. h = —--— ~ In (1 4- -J-2- sin a) 

y V 2 \ mg / 

x== m 1 co i 0 L( i_ e _ 7t / m) 

y==J V~ ( y o sina + ‘Y‘) ( 1 —— 

__ Vo sin 2a _ 

2<? ( 1+ 7T 3ina ) 

17. F = — mupT. 

18. *« = 0 , F y =-^~. 

19. x = be~ at cos (coi-f-<p) 


where 6 = 


tan cp — — 


V K + “ 2 — 0)2 —2aco) 2 + 4co 2 (to—a) 2 ’ 

2m (to — a) 


Cl>o — M 2 -j-a 2 —2aM ’ 


20. The product x Q x x 0 must be less than zero, i.e. the 

initial velocity x 0 must be directed opposite to the initial 
displacement x 0 . In addition, the following conditions 
must hold: 

>y—V’f— ®o> y> “o- 

21. 9 = R l° t2 j/~ - Jfv . t where I — 2pdlR 3 is the mo¬ 
ment of inertia of the vanes (for d<^l). 

22. The space charge can be taken into account by 
using the Langmuir-Boguslavski formula (for our case the 
result was obtained by G. D. Child in 1911). This formula 
is also known as the “three halves power law”. (1) The 

reaction force is F = - 4 ^- v, where M = — Q is the total 
dt e 
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mass of the particles, Q the total charge corresponding 
to that mass, and v — (- -- -) h . Then F= — ( 2e ^ ■) /2 x 

— /2 jS, where S is the area of plane K. 

Substituting the Langmuir-Boguslavski formula j = 

8 I e \ 1 h F 3 ^ 2 

= "9" e ° \~ 2 m I ~~<P- —’ we f^e final result: F — 

= -|-e 0 F 2 5/d 2 . (2) The power requirement is JP = /F = 

23. On the midline of the capacitor the following con¬ 
dition must hold: 


4 T 

ri + r 2 


2eV 

( r l + r 2 ) In 




26. T [/ f;l ; E nGmM K j /'. ( | , -2n^^ ]/2 , 

where Me is the mass of the earth, Z?£ is its radius, and 
m is the mass of the satellite. 

27. The equation of the path in polar coordinates is 


f 1 + e cos CT0 

where p = -* 2 ~ - - , e = 1 + -|f-(l 2 — 2p), and o = 

= Y i — 2(5/Z 2 (1 is the ratio of the angular momentum 
to the mass). 

(1) The particle will “fall” on the centre if 2|3 > Z 2 , i.e. 
if o is imaginary. The equation of the path is 

p = _Lib!_ 

(2) The particle will scatter if e ^ 1. 

(3) The particle will be in alternating motion if o — m/n , 
where m and n are integers. 

28. ® = jt -— arc cos f—— 1 , 1 — sOoo. These formulas 

together with the definition of e, e = 1 + -^f-(Z 2 — 2f5), 


10-01496 
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give the relation between the impact parameter s and the 
scattering angle O. 

*2 

29. T = V 2m [ — dx ; the motion takes place 
J ]/E-U(x) 

X\ 

between the points x { and x 2 (“points of retrogression”) 
which are the solution of the equation U(x)~E. 

ril ft 2.1X1 

1 == ~a V JO ]' 

rj. ft 2x71 


30. 

31. 


a Y bj-\-U o 

32. -*-=/- 


2/xiE 


■cosocp, where 


a =/' 


S 2 E 


L 2 -1- 2xaa 

(L is the angular momentum and s= LlY 2mE the impact 
parameter). 

1 “I an 2 


33. 0 = 


1 


/ 


1 + 


s 2 E 


0 ( 0 ) = - 


E 


X 


ft — 0 


35. n = n 0 4-n 1 ln 


m 0 

XXI ( t) 


0 2 (2ft —0) sin 0 ' 
where m 0 and v 0 are respectively 


the take-off mass and velocity. 

36. For the earth v t = ]/g/? E « 8 km/s, v 2 — v l Y‘2 = 

— Y2gRE « 11 km/s; 

for the moon v t = Y^ m m/#m~ 1-7 km/s, v 2 — 

— Vi Y2 sk 2.4 km/s, where m M = 7.33 X 10 25 g is the moon’s 
mass, /?m = 1738 km its radius, and G = 6.67 x 10~ 8 cm 3 g _1 s _2 
is the gravitational constant. 


37. (1) A = 


2 F 0 


sin 


o)2* 


xxiTax 3 2 ’ 

(3) A = Y oi 2 r 2 - 2(0f sin ©J + 2 (1 - cos co T ); 

nf 0 


//.\ A 
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38. tan0 =— sir \ 0 —A E- - 4 "^ m2 „■■ £jsin 2 -^-, 

m ll m 2 + COS Q* l'»l + m 2) 2 1 2 ’ 

mjm z — 1. 

39. (x/r 0 ) 2 — k(y/v 0 )= 1: a hyperbola if the external force 
is repulsive (&;>0); an ellipse if the force is attractive 
(*< 0 ). 


40. x = \ j/~ e ~ at s in iV W — o 2 i + <p) if /c>o; 

**=4- + -^, « = t.n<p=/^ 


A 2 — 0 2 


A/ 


At 


2M 


a 2 


43. £ = ^2 


2/It 


i= 1 


i= 1 i j 


n-1 n 

44. T = -^-/? 2 + 2 where M — 2 m i and ~ = 


1 


2 

;=i 

45. X 


m j+i 


AtR 2 


j=l 


ml 2 


i=l 


— (<p 2 -f 0 2 sin 2 0) — £dcos0, where 0 


is the angle between the external electric field and the 
the dipol 
mvl cos 2 a 


direction of the dipole moment, d — el, and m — . 


46. R = 


■n, where n is a unit vector normal 


to the surface of the cylinder, and r the radius of the 
cylinder. 


! Vn cos a ,\ 

47. z^rcosl- 2 -^- 1 \ 

/ Vn cos a \ 

y = r sin —*) 
z = -~- + v 0 f sin a. 

48> ^ ^ ) COsh Sin a ) + 


geos a 
to 2 sin 2 a 


10 * 
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49. cp = arccos 


3 g 3g 

2w2 1 ' 


< 1 , R 


McoV 


|/l 


7^2 


4£ 2 g> 4 1 


50. 2: 


a — 6 
rc + 1 


^_ h (m\ cos a+"i 2 sin a) 

m 4 w l4 m 2 

52. (t) £ = cos tot ; 

(2) R = (M 4- 2m) leu 2 ; 

p> »>/f 

53. The decay is possible if E l -\-E 2 does not exceed Z?. 


54. £ = 0, y- 


= g(0 c ° s ^ Z 3 , and z=—if the time 

of fall satisfies the inequality t x 2w sin if 1, where if is 
the latitude. 


55. X = 


ml 2 


(p 2 4 mgl cos (p — mx ( t ) Z cos cp — my (t) l sin cp. 


56. (p +to 2 ( 14 -a cos co i) sin (p = 0, where co 2 = -f- and 


a ——jr I for <p <C 1’ T + c^o (1 4 occos oiZ) cp = 0. 


57. X = mia 2 (0 2 + co 2 sin 2 0) 4- 2m 2 a 2 0 2 sin 2 0 + 2(m 1 4- 
4-m 2 )gacos0, where 0 < 0 < n/2; the positions of equilib¬ 
rium are 

0 o = Oand cos 0 O = —— — 1 m2 1. 

u u aco 2 m\ 

58. If cos 0 O = ———I—1, the system is in stable 

equilibrium when 0 o = O. If cos0 o -<l, the system is in 
stable equilibrium when cos 0 O = m i + m 2 


mi 


59. toj 


= }/ < 


1 ml 2 ’ 

where 


to. 


.= /" <*>0- 


ml 2 


ca* 


<Pj= -y- (cosco 1 Z4-cos(o 2 Z), (p 2 = -y- (COSdljZ — COSO) 2 Z). 


ml 2 
<Po 
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60. Hint. TheKirchhoff law for an electric circuit with 
an e.m.f. states that 


Rq-\--£r-\-% = 0, q — 1 


( 1 ) 


where q is the capacitor’s charge. 

Since Eq. (1) coincides in form with the equation for 
a mechanical oscillator that is under the action of a 
constant force and also damped by friction, we can write 
the Lagrangian in the following form: 




Lq 2 


2 C ( x) 


tq- 


c (x — l ) 2 


2 


( 2 ) 


where l is the length of the spring in the unstretched posi¬ 
tion. We can then obtain an equation of type (1) through 
the Lagrangian (2) if we use the Lagrange equation of the 

second kind in the presence of dissipative forces Q' = — Rq. 

i 2 


61. C 0 1> 2 


l 


(Cob) -1 + e/m , 1 [ 

7_Lj 

lJL \ 

2 ± 2 L 

\C 0 L 1 

h m) 


r+ 


4<Zo 2 -jl/21 1/2 

mC$l*L J J 


The state of equilibrium -|^-=0 and -^- = 0 can 


be 


found if we use Eq. (2) from the solution of Problem 


60 and set V -- 


62. a) = ]/"■ 

63. o) = |/ r - 


q 2 


2 C(x) 


2ca 2 | 

g 

ml 2 ' 

l 

2ca 2 

~g 


%q- 


C ( X — l) z 


ml 2 


The ball is in a state of stable equilibrium if 


2 ca 2 
ml 2 


64. The frequencies can be found from the equation 

(|}2 t -^- o 

L M ^ l M \ ^ M l 



150 PROBLEMS IN THEORETICAL PHYSICS 


65. In an inertial frame of reference the position of 
mass m is 

x — x (t) -f l sin ip, y = l cos cp 
and the Lagrangian is 

ml 2 


X- 


cp 2 -j- mgl cos 9 — mxl sin <p. 


66 . cp + o> 2 cp = a cos yt, where co 2 = ~ , a 


ay i 


67. i? c = ^-sin2a, R B = P (l — sin a sin 2a j , T — 


PI , 

= -rrr cos 2 a sin a. 
lh 


68 . R B = P, T b = 

= ~ cos p cot a. 

p . 
-|-cot a, 

Ra = 

69. 

T — mu 1 

N — mg- 

r 

g d+r ’ 

d-\-r 

70. 

0 2 — iS 

/ b 2 

d 2 

2 (63 — a 3) 

\ sin 9 

cos q> 


T A = 


71. 


b + d 


— , P w = — P. 

c a 


72. F = ~~P. 

el 

73. tancp = -£- 


P*-Pi 


b P 2 +P 1 + p(4a + 6)' 

74. The state of equilibrium can be found from the condi¬ 
tion tan <p = 3; stable equilibrium is obtained when 
cos cp > 0. 

75. {L x , Py} = - p z , {Ly, p z } — Pxi {L Z , Px} P D' 

{L x , Px) = 0, {Ry, Py) == {Pz, Pz) 

{Px, Pz) — P yi {Py, p x ) — Pi, {L z , Py) = Px, 

{L x , p} = [i X p], { L y , p} = lj X p], 

{ L z , p} = [k X p]. 

76. {P x , L y ) = — L z , {L y , L z ) = — L x , {L z , L x ) = 

= -Ly 



ANSWERS 151 


77. Hint. Since 9 is a scalar function, it can depend 
only on the scalar combinations of r and p, i.e. r 2 , p 2 , and 
(p-r). Thus 


grad 9 


<9<p 
dr 2 


2 r 


d<p 

3(P-r) 


P 


grad 9 = 


d<p 

dp z 


2 p 


d(p 


d{p-r) 


The required relation can then be proved by straight¬ 
forward calculations. 

78. ad — be = 1. 

79. Hint. A vector f (r, p) can be written in the form 

f = T9 j + P9 2 + [r X p] 9 3 


where 9 ^ 9 2 , and 93 are scalar functions. The required 
relation can then be proved by straightforward calcula¬ 
tions. 

80. If B does not depend on coordinates, the vector poten- 
tial can be written as A = y [r X Bl; so 


X 


r 2 

T 


co 2 r 2 

T~ 


e 

2m 


r [r x B], 


m 



w 2 r 2 
~ 2 ~ ' 


81. X = 


AfR 2 . pr 2 a 


and <38 = 


P 2 


r»2 


a 


2 M 1 2u 1 r 
m the 


where M — + is the total mass and p — M 

reduced mass. 

82.«=S-^-^ r S^~S«i9(r,.0 

i=l ij=l i = l 


+ 2 e i r iA- ( r ii 0. 
i=1 


<^=2 

»=j 


[Pi —e,A (r,-, «)J 2 , 1 2-22 


2m 1 


81X60 


2 «« < p( r i» *)• 


ihi 


i=l 
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83. Hint. Represent the vector potential in the form 
A - [H X r]/2, turn to the coordinates of the centre of 
mass and the separation coordinates, and add the total deri- 

eH 

vative of the function ^-IrX R]. We then get 


2 = 


MR 2 . pr 2 e 2 
2 ‘ 2 + t 


e (m 2 — m t ) 
2 Me 


(H-[r x r]) 


84. se = -^-[ P i- 


(Pt|) —P<pCOS0) 2 

sin 2 0 


2 /, 


+ -l(H.[rxR]). 

,2 

-Mgl cos0. 


85. [I + p, (x 2 -f z/ 2 )] cp + f i(xy — yx) = n (x 0 y 0 — y 0 x 0 ), where 
I is the moment of inertia of the disc. 


86. cp — 


flap 


and ii = 


t MR 

2 (7 + pfl 2 ) t ’ M C0S 

MR 


flap "1 


2fl 1 2 (I + pfl 2 ) J 1,2 ’ 

M Sln [^-+ 2(/+ a pfl 2 ) V' Where * iS the 

angular displacement of the disc and £ and r| are the Carte¬ 
sian coordinates of the disc’s centre of mass relative to the 
centre of mass of the system. 

87. (1) / 1 = / 2 = / 3 = -|-mHa 2 ; 

(2) 11 = 2 y° -a 2 cos 2 «, / 2 = 2mHa 2 sin 2 a, 
h = Ii + / 2 ; 


(3) h 


h = 


3m N m H ^2_ 


m H a 2 


M 


, 1 3 = m H a 2 , 


where Af is the total mass of the molecule. 
88 . The inertia tensor will have the form 


Iu = 


pia 2 0 0 

0 pia 2 0 

0 0 0 


in the coordinate system whose z-axis passes through both 
atoms. 


89. a — 0.8 A- 
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1 2 

90. The moments'of inertia are related as -jr-g-rl, 

and the frequencies of vibrations as 2 : 3/2 : 1 . 

91. (1) hr =4-( fc2 + C2 )’ '** = 12-(“* + **), I W = 

= iL(a*4-& 2 ); 

( 2 ) l xx =l yy =I zz =™-R*; 

(3) /« = / w =4£-(JP+-£-), I zz = ^-R 2 -, 

(4) /„ = 4-(^ + « 2 ). /„ = ^-(a 2 + c 2 ), 

/« = ^-(« 2 + 6 2 ); 

/cx r r r 2M #5-<J5 

(hi *JCX- i zz g X 2)3_^3 » 

(6) I xx = I yy = (i? 2 4- r 2 ); 

(7) /» = -^-(/? 2 + r 2 ), /«c = /™ = -^P+j (** + **); 

( 8 ) I zz -^Ma\ I xx = I yy = ^l* + ^a*-, 

(9) / zz = A M a 2 , 1 2 + -|^« 2 . 

92. h^- = N; ©3 = ^/+ ® 0 , 

© 2 = 4cos©[(if + -^-) 2 + <P ] 

©j = 4sin© [(f + -^) 2 +<p] 
where © = ^ 3 ~/^ ^ and © 0 , <p, 4 are constants of integra- 

Zi i3 

tion. 

93. In securing the body in such a way the angle 0 equals 
n/2. Then, by the kinematic equations of Euler (1-24), we 
have 

©! = tj) sin q>, © 2=4 cos tp, © 3 = <p 
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In our case we can write formula (1-31) for the kinetic 
energy of rotation: 

K == y (It sin 2 <p + 1 2 cos 2 <p) ip 2 -f- y / 3 cp 2 ( 1 ) 

From the fact that \) is a cyclic (ignorable) coordinate it 
follows that 

= (/ t sin 2 cp + 1 2 cos 2 cp) ip = c = constant ( 2 ) 

dip dip 

Since K is constant, we find cp and \p from (1) and (2) as 
functions of angle <p, the parameters of the system, and the 
two integrals of motion K and c. 

94. K = y Zip 2 sin 2 a + y I 3 (cp -f- ip cos a) 2 . 

95. X = jM (R - a ) 2 (p 2 - Mg (R - a) cos <p. The mo¬ 
tion is the same as that of a simple pendulum of length l = 
= y(fl - a). 

96. Since a = 0 and <p = 0, it follows from the kinema¬ 
tic equations of Euler (1-24) that 

w* = 0, coj = 0 

(Oy — 0 , (02 = 1)1 sin a 

co i = ip=(o, co 3 = ipcosa 

The dynamic equations of Euler (1-32) yield 

N ' x = 1 i 5 L + ( / 3- / ) «>2®3 = (h~I) -f- si n 2a 

Using formula (1-21) for the rotation matrix, we get 
N x = Li cosip, Ny = L' v sin ty 

Since the moment of forces is the sum of the moments of 
the equal forces of inertia that are applied to points 0 
and B , we have 

Nx = —hFy, N y = — hF x 
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Whence 

„ Afco2 . 0 / l 2 R z \ 

F * = - 2iT sin 2a ( 'IT ~ —) cos at 

„ Ma> 2 . / 1 2 i? 2 \ . 

^ = -2^ Sina (l2--—) Sm(0i 

if for the moments of inertia we use the answer to Prob¬ 
lem 91. 

97. I ~~ -f (1 3 — /) 0)20)3 = mgl sin 0 cos 9 

/ -^- + (/ — 1 3 ) 0)10)3 = — mgl sin 0 sin cp 



where l is the distance from the point of support to the centre 
of mass. 

98. Using the answer to Problem 97 (we set l = 0), we get 
I + (1 3 — /) o) 2 o) 0 = 0, 0) 3 = o) 0 = constant 

/ ^T + ( / - / 3) “i“o = 0 

whence 

G)i = A cos (0)< 4- a) 

(o 2 = A sin ( a>t -f- a), where a> = l3 y J © 0 

The angular momentum L is constant since there are no 
external forces. To find the Euler angles as functions of time 
it is convenient to use a system of coordinates whose z-axis 
coincides with vector L. Using formula (1-21), we get 

L sin 0 sin 9 = L x = 1 04 = IA cos (coi -f- a) 

L sin 0 cos 9 = L 2 — /o) 2 = I A sin (of -{- a) 

L cos 0 = L 3 — 1 3 co 0 
From the last equality it follows that 
0 = arc cos 

M 
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From the first two equalities we find that 

L 2 sin 2 0 = PA 2 , A = J r VL 2 -P 3 a>l 
cp = a>£ + a, i|? = ((i ) 0 — to cos 0 ) i + i|>o- 

99. x = cos ip cos <p x' — sin cp cos iji y' -f- sin i|) z' 
y = (cos 0 sin cp — sin 0 sin tp cos cp) x' 

+ (cos 0 cos q> -[-sin 0 sin sin q>) y ' -f sin 0 cosiji z' 
z = (—sin 0 sin q> — cos 0 cos \|) cos cp) x’ 

+ (— sin 0 cos cp -f cos 0 sin i|) sin q>) y' +cos 0 cos if z'. 

100. In the system of coordinates attached to the body 

co v ' = if sin <p — 0 cos cj) cos q> 

= if cos cp + 9 °os ij) sin q) 
co z » = cp — 0 sin ip 

101. The kinetic energy of the body of the coach is 


where V is the body’s moment of inertia about an axis pas¬ 
sing through point 0 perpendicular to the drawing; the kine¬ 
tic energy of the flywheel 

K 2 = M 2 /if0 2 + ~ (c[) 2 -(- 0 2 cos 2 cj?) + (cp — 0 sin iji) 2 

the kinetic energy of the counterbalance 

K 3 = -^ 2 . ( X l + yl + zl) = " 2 . [hfr + (h t + h 2 cos q ,) 2 0 2 ] 

where x 3 = h 2 sin if , y 3 = (/i x -f- h 2 cos ip) sin 0 , z 3 = 

= (h t -f- h 2 cos q>) cos 0 are the coordinates of the counter¬ 
balance’s centre of mass in an inertial frame of reference 
with 0 as the origin. 

The potential energy of the body in the earth’s gravita¬ 
tional field is 

Fj = M x gl cos 0 



ANSWERS 157 


The potential energy of the flywheel is 
V 2 = M 2 gh 1 cos 0 

The potential energy of the counterbalance is 

V 3 — M 3 g -f- ^2 cos if)) cos 0 

If we construct the Lagrangian and then write the Lagrange 
equation, we see that q> = o ) 0 t and 0 = 9 = 0 are its solu¬ 
tion. To see whether this solution is stable we construct the 
Lagrangian of small deviations: 

X = -j- a ti e 2 + a 22 \p 2 — & 21 0ip + Cn0 2 + -y c 22 ip 2 

where 

«ii = I' + M 2 h\ +1 + M 3 (h 1 + h 2 ) 2 

a 22 = I M 3 h 2 , b 2 i - L3CO0 

c n — g [M-J. + M 2 h 1 -f- M 3 (h t -f- ^ 2 )1, c 22 = M 3 h 2 g 

The solution 9 = oo 0 i, 0 = 9 = 0 will be stable if the 
following inequality holds: 

> V C il a 22 + V C 22 a ll- 


102. The centre of gravity is located at a distance l from 
point 0 : 


7 Pi —p 2 

3n P1 + P2 


cr a 


The state of equilibrium can be found from the equation 


cot 2 9 


e 4 — ct 2 
a 2 (1 —e 2 ) 


where e is the eccentricity of the ellipse. The equation has 
a solution if e 2 ^ a. Besides, there is always one stable 

state of equilibrium 9 = and one unstable state 9 = ^y • 
103. In spherical coordinates (r, 0, cp) 


u 


rr 


du r 
~dr~ ’ 


W 00 


1 dug . u r 
r dQ ' r 


p 


1 du v 
r sin 0 d<p 


— cot 0-f 

r 1 r 
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2 U, 


r 0 : 


duo u 0 


1 I OUq 

= ~ \“ao 

1 du r 


i+cot0 j -f • 


8uq 


dr r ' r dO ' 2u%r = 

In cylindrical coordinates (r, cp, z) 


r sin 0 dcp 
1 du r . dUq 


r sin 0 dtp 


dr 


7/ — 

du r 


M'tpqp — 

1 du ( p 

, u r 


u rr — 

dr ' 


r dq> 




du z 


Ojy - 

1 du z 

du v 


u zz — 

dz ' 



r d(f 

dz 


< 2ii rZ = 

du r 

du z 

9 u — 

du q . 

Uq 

L JL 

du T 


dz 

dr ’ 

'LU'r (p — 

dr 

r 

r 

d(p 


104. Into Eq. (1-50) we must introduce an additional 
term, the centrifugal force of inertia pco 2 r. This force will 
obviously cause the displacement of the particles only in the 
radial direction, i.e. along r. Projecting the equation onto 
the unit vector e r (see formulas (3-4), (3-18), (3-25) and (3-27) 
of Appendix 3), we obtain the equation 


E(l — g) d 
(1 + a) (1 —2a) dr 


[t^)J 


— pco 2 r 


which has a solution that satisfies the condition a rr = 0 
for r = R: 


u r 


pw 2 (l + o) (1 —2o) 
8 E (l-o) 


r[(3 —2o) R 2 — r 2 ] 


where E is the Young modulus and a is the Poisson ratio; 
both are related to the elastic constants by the equalities 


j? _ (i (3X + 2[i) _ X 

X + p ’ 2(X+p) 


105. One transverse wave with a phase velocity of x — 
— ^ and two transverse-longitudinal waves whose pha¬ 

se velocities satisfy the equation 


* 4 — ~-(cu + c u )x 2 

H —^2 [ c n c 44 — (c 12 —- Cn + 2c 44 ) sin 2 20J = 0 
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where c n , c 12 , and c 44 are the elastic constants of the cubic 
lattice and 0 is the angle between the wave vector and the 

4-fold axis of symmetry. For 0 = 0 or 0 = -j the waves 
propagate parallel to the faces of the cube. 

106. 0] = 0 O , sin 0 t = —sin 0 oj 

C l 


/?! = 


cl sin 2©t sin 20 q- 


cf cos 2 20t 


n t = 


c | sin 20 t sin 20o+ cf cos 2 20t 
2cict sin 20o cos 20t 


cl sin 20t sin 20 o -)- cj* cos 2 20 t 


2 x c t cos 9 t 
Cl COS 00 


where 0[ is the reflection angle of the longitudinal wave, 
0t is the reflection angle of the transverse wave, c z and ct are 
the respective velocities, and R\ + R t = l. 

Hint. The boundary conditions are of the form (1-51). 

107. 0i = 0 o , sin0i = —sin0 o , 


/?* = 




c 2 t sin 20) sin 20 o — cf cos 2 20o 
c| sin 20j sin 20o+ c ( 2 cos 2 20o 
2ctcj sin 40 o 


cj sin 20i sin 20 q + c\ cos 2 20 o 


2 C) cos 0] 
^ ct cos 0 O 


where, as in Problem 106, 7?i-[-7?t=l. 

—— = constant and v y = —^ z 2 — ) , 

where Ap/l is the pressure drop per unit length. 


108. = 

dy 


109. (1) /=(-^) 


A/? \2 d 3 


24r) 


, r=r 0 


I / A P \ 2 1 ( di _, 4 \ . 

l I 12r)x \ 16 ) ’ 


< 2 > Mw) T = T ’+(-r) 


12r)x 
A p \2 5d 4 


96xr) 


/ Ap \ 2 d3 z 

/ \ 

\ l ) 12xr] 

V z i 


2 1 
6r|x' 
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Hint. Show that in our case ds/dt~ 0 and use Eq. 
(1-38). 

110. (!) £_pi, TfV (r—f) ^ 

(2) 


(3) r + 

'l r 2 


((0 2 —(0i) rfrj 1 


r 2_ r 2 

r l r 2 


and v z = v r = 0. 


in. r=r 0 +A^_^_ ln ^ xln _^. 

112. In cylindrical coordinates 
/ dv \ _ 1 

l dt ) e r p dr 

, r d z v r _1_ d 2 u r . d 2 p,. , 1 dv r 2 ^ v <p v r "j 

V L dr 2 "p" r 2 dtp 2 ' dz 2 ' r dr r 2 dip r 2 J 

/ dv \ 1 1 dp 

\ dt / e(J) — p r dip 

r 1 d 2 ^ d 2 !),, j da, p 2 da r _»*_"] 

^ L dr 2 ' r 2 dip 2 ~p" dz 2 ■ r dr r 2 dtp r 2 -I 

/ dv \ 1 dp . r d 2 i) z |_1 d 2 i; 2 . d 2 v z . 1 d^ z ~1 

\ dt ) e, p dz ""p" V L dr 2 ** r 2 dq> 2 ""P~ dz 2 ”p" r dr J 


In spherical coordinates 

l*L) = _±iL + v r±. 

\ dt )e r p dr ^ V L r 


1 d 2 (rv r ) , 1 d 2 y r 

r dr 2 ^ r 2 d0 2 


r 2 sin 2 0 dq) 2 


d 2 y r . cot 0 dv T 2 dug 

dip 2 "P" r 2 d0 r 2 d0 


r 2 sin 0 dq) 
2i) r 2 ctg 0 


(*L) = -±±JL + v [ 

\ dt Jen p r 90 r L 


1 d 2 (rve) |_1_ d 2 i)0 

r dr 2 ~p" r 2 d0 2 


r 2 sin 2 0 dip 2 


. cot 0 di)Q 1 cot 0 dify 

' r 2 d0 r 2 sin 0 d0 

I_2_ dv r 

+ r 2 d0 


ve 

r 2 sin 2 0 
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1 1 dp . I" 1 d 2 {rv<p) _1 d 2 v v 

p r sin 0 5q> ' ^ L r dr 2 ' r 2 502 

1 cot 0 2 5p r 

r 2 sin z 0 5<f>2 ‘ r 2 50 r 2 sin0 5(p 


2 cos 0 5i>g 


~ r 2 sin 2 0 5<p r 2 sin 2 0 J' 

113. The frequencies can be found from the equation 

ad. . cpi 
= i - J - L - 
C|P 


tan 


( 1 ) 


where p x c is the product of the liquid’s density and the 
velocity of the waves in it, pci is the same quantity for 
the plate. Since usually cp x is considerably smaller than 
cip, we can write Eq. (1) approximately in the form 


co n 


nnc\ 


-j_ji£L ) where n— 1, 2, 


These frequencies are complex quantities due to sound 
attenuation in solids. The physical meaning of this is that 
the energy of the sound wave is radiated into an unbounded 
medium (the liquid). 

114. co = xctk, where x is a real root of the equation 

? 6 — 8£ 4 + 8| 2 (3 — 2-1) — 16(l-^-) = 0 

The Rayleigh wave has two parts—the longitudinal part 
and the transverse part. The ratio between them is 

uz 2—j 

“* 21/T=T 2 

radial vibrations are longitudinal, 
u can be represented as u = grad q>. 

In this case cp satisfies the equation <p = cfAq). For radial 
monochromatic vibrations the equation takes the form: 


115. Since the 
curl u = 0. Thus 


_l__d_ / 2 \ _ _ 

r 2 dr \ dr ) 


■«P 


The solution of this equation is 


<p = 


, sin kr 

■- A - e 


■ia>t 


11-01496 
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The boundary condition o rr (/?) = 0 yields 
(oR 

C[_1 


tan 


Cl 


/ o )R 

\“&T/ 


The solutions of this equation are the natural frequencies of 
vibrations of the elastic sphere. 

116. We seek the solution in the form of an outgoing 
spherical wave 


By the boundary condition wc get 


<0 = 


L 

Cl H 



cf) 


The vibrations are damped since the energy dissipates in 
the form of sound waves. 

117. co 2 = c 2 ji 2 + 7 T +^ 2)1 where n, m , and l are 

integers that change from 1 to 00 , and c is the velocity of 
sound in the gas. 

118. Hint. We must pass over to the frame of reference 
where the sound source is fixed. In this frame the field of 
velocities has the form v = v 0 v'. We can now obtain 
the wave equation using the motion equation 


dx' 

dt 


+ (v„-V)v' = 


grad p' 
Po 


the equation of continuity 


+ (v 0 • grad p') + Po div v' = 0 


and the thermodynamic equation p = p (p), which relates 
the density and the pressure. 

The dispersion equation has the form (to — kv 0 ) 2 = c 2 k 2 

where c 2 = is the square of the velocity of sound. 



ANSWERS 103 


The frequency registered by the receiver is 
co' = co (1 + ~ cos 0) 

where 0 is the angle between the vectors k and v 0 , and co is 
the frequency of the sound waves generated by the source. 


In — 


119. 

ft/ = CO ( 1 

- ^ cose). i 

as in Problem 118. 

120. 

A p 

17 - 

r r 2 r 2 

r 2 r 2 I r 2 r l 

2 4r ]l 

' 2 '1 r 
ln-^ 

r i 

121. 

A p 

Vz ~ 2x]l 

a 2 b 2 / . x 2 

a 2 -f 62 ^ 1 a 2 



?=o^fx: 


r 2 


fl3&3 


a 2 -j-b 2 

where a and b are the semiaxes of the ellipse. 
122. T = T 


/ Ap 

** r 

i_f — v* 

\ 1 . 

/ 64xr) L 

1 \ R ) J 


SECTION II 

1. grad / (r) = -T-. 

2. divr = 3, curlr=0, curl cp (r) r = 0. 

3. grad (Pr) = P, grad — 3( *' r) r , (P-V)r = 

= P, div [P x r] = 0, curl [r x P] = — 2P. 

4. grad A(r)B(r)= T-(AB -f BA), divcp(r)A(r) = 

= 4*( r ' A ) + 7'( r '^)’ curl c P(r) A ( r ) = -ftrxA] + 7-[r X 
XA], where A = -^-, B = and cp = -§-. 


11* 
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5. We multiply the sought integral by a constant vec¬ 
tor p: 

(p. I) = p (| r (A • n) dS = (p • r) A n dS 
, = j div (p-r) A dV ~ j A grad (p-r) dV 

= j (A • p) dF = (A • p) F 
Since p is arbitrary, 

I = AF 

In a similar way we can show that 

(A • r) n dS — AV. 

8. «p = —--)-h. 

9. In solving this problem make use of Appendix 3. 
In cylindrical coordinates the Maxwell equations are: 


1 dH z 


dH v 

- 7 + 9£>r 

r d<f 


dz 

~ lr 1 dt 

8H r 


dH z 

i dDv . 

dz 


dr 

W ‘ dt 

(rH ^ — 

1 

dH r 

= i + 9Dz 

,z 1 dt 

\ rn v) 

r 

d<p 

1 dE z 


dE v 

dB r 

r dtp 


dz 

dt 

dE r 


dE z 

dB v 

dz 


dr 

dt 

(rEif) 

J_ 

dE r 

dB z 

r 

dq> 

~~ dt 


1 d / n \ i 1 5£><p i „ 

r dr ( r ^r) + T dqp + dz ~ P 

±J_/ r £)+—= o 

r dr ' r) ^ r 9qp ' dz 
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In spherical coordinates: 
1 


r sin 0 


{ (sin 6#<p) - 

dH r d 


dH e 

dtp 


}-’■ 


i_ r 1 _ 

r \ sin 0 5q> 

r \ dr 


r sin 


H 


dr 

(rHe) - 

w{~k( sinQE ^- 


dn r j = 
} = 


50 

dEg 


dE r 


5q> 

('■£,]}=-- 


sin 0 5(p 

d 


h - 

+ dt 

7e- 

i dD e 

1 dt 

7<p' 

, ^<P 

1 dt 


dB r 


dt 


dB e 


dt 


dBy 


_1 _ 

r 2 dr 


-irW) 


dt 


■w-i-W) 


r sin 
1 


9 qq (sin0Z7 e ) + r2sin2e 


dD m 


r sin 


0 50 ( sm95 e)+ r 2 sin 2 0 


5(f 

dBm 


5(p 


= P 

= 0 . 


10. E = 


^-pr for r<R 
"577 P ~7T r for r > R - 


11. From the superposition principle for fields it follows 
that the sought electric field is equal to the difference be¬ 
tween the electric field intensity of a solid sphere and that 
of the charges that in this case are inside the cavity. 

The electric field intensity inside the cavity is E = 


inside - the sphere but outside the cavity E=-^-pr — 

1 R' 3 

| r-a|3 ( r—a ) ; 

outside the sphere E = -^- p [-ff-r-- [r ^air ( r ~ a )]’ 

where a is the radius vector connecting the centres of the 
sphere and cavity. 
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12. E = 


13. E = 


a r» 

-rr r 

8o R + 3 

a R n+3 

e 0 (re+3) r 3 

x 


for r<R 
r for r > R. 


2neojR 2 


2xe 0 r 2 


r for r<C.R 
r for r> R 


where r is the distance from the cylinder’s axis to the 
observation point. 

14. Let us direct the z-axis normally to the layer and 
select the origin of coordinates in the middle of the layer. 
Then 

E = — inside the layer 
f'o 


E — -A- outside the layer. 

2e 0 |z| J 


15. (a) C = 4 ,? Efll p 2 , where R 1 and R 2 are the radiuses 

/t 2 — 

of the capacitor plates (R 2 > R\); 

(b) C = , where S is the area of one capacitor pla¬ 

te, and d the distance between the plates; 


(c) C 


4xei 



where l is the length of the capacitor, 


and Ri and i? 2 are the radiuses of the plates. 

16. Let us assume that the charge per unit length for 
the first conductor is x and for the second —x. The poten¬ 
tial of each conductor is composed of the potential 
created by the conductor’s charges and the potential <p 2 
created by the charges of the other conductor. This second 
term can be considered to be the same at every point of the 
conductor provided the distance between the conductors 
is large. For the first conductor we then have 


X 

2ne 0 


In fl, 


x 

2xe 0 


In d 


<Pi = 
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for the second 

•P*= 2^- ln/?2 ~ 2^ lnd 

The capacitance per unit length of this system is 
X 2neo 


c=- 


<Pl — ?2 


In 


dP 


= ne 0 (ln-j^-) * 




where R = l f R X R 2 is the geometric mean of the radiuses 
of the conductors. 

17. In cylindrical coordinates with the z-axis directed 
along the line that connects the two charges, the equation of 
the lines of force is 

dr __ rdtp 
E r Eq, 

In our case 

er 


dz 

~e7 


(1) 




E v == 0 


E, 


4neo [r2 + (z-d/2)2] 3/2 
e(z — d/2) 


4jte 0 [r 2 + (z + d/2)2] 


e(z-\-d/2) 


3/2 


( 2 ) 


'4jie 0 [r2-t-(z-rf/2)2] 3/2 43te 0 [r2 + (z+d/2)2] 3/2 


Substitute the components of the electric field (2) into (1). 
Now go over to new variables u and v instead of r and z 
in the following manner: 


d u-\-v 

z = -75- 

2 u — v 

We come to the equation 

dv 


du 


(1 + (,2)3/2 (l + u 2) 

Integrating Eq. (4), we obtain' 

V U 


3/2 


(3) 


(4) 


or 


(1 + U 2 ) 1/2 

: — d/2 


( 1+« 2 ) 1/2 
z -f- d/2 


[r2+(z-d/2)2] 


1/2 


[r2 + (z+d/2)2] 


1/2 


■ C 


The pattern of the lines of force is given in Fig. 51. 
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18. Let the x-axis be directed along the field. Then 

W — — | E | (x + iy) = <p + i¥, 

where cp = — | E | x and ¥ = — | E | y. Such a field is 
created by a uniformly charged surface y = 0, for instance. 
In this case | E | — cr/(2e 0 ) . 

19. Let us use a conformal mapping W = Az 2 i to trans¬ 
form the angle into a half-plane, for which we have the solu¬ 
tion from Problem 18. The 



Fig. 51 Fig. 52 


The equipotential surfaces and the lines of force are de¬ 
picted in Fig. 52. 

20. The complex-valued potential W = q> -j- PF = Vz. 
Hence 

x -|- iy — <p 2 — ¥ 2 -f- 

2(p¥ = y 

Excluding <p and we obtain the following equations: 


- = x + Y 2 
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Let us find the lines 9 — constant. If 9 = C, we come 
to the parabola 

y 2 = 4 C 2 ( C 2 - x) 

which is turned in the negative direction of the x-axis and 
whose vertex is at point x = C. If C = 0 , the parabola turns 
into a straight line (semiaxis) 

y — 0, x < 0 

Thus the function 9 = Re V z gives the potential near a 
grounded half-line y = 0 , x < 0 . The equipotential surfaces 
are a system of parabolas. 

21. Writing z in the form z = re ie , we find that 9 = In r. 
The equipotential surfaces are a system of circles with 
radiuses r = constant. In the three-dimensional case such 
a potential is created by a charged straight line that lies 
along the z-axis. 

22. Let us write the equation of the parabola in parame¬ 
tric form 

x = ap 2 — a, y = 2 ap 

where p changes from —00 to According to Eq. ( 11 - 38 ), 
z = aW 2 — a + 2 aiW = (W + i) 2 a 

Hence 

W = Y z l a — i 

The potential is determined by the imaginary part of this 
function. 

23. Writing the equation of the ellipse in parametric 
form x — a cos 0, y = b sin 0 and assuming that a — 
= C cosh a, b = C sinli a (a 2 — b 2 = C 2 ), we obtain 

z = a eos W + ib sin W = C cos [T f -(- i (9 — a)] 

This suggests that 

x = C cos ¥ cosh (9 — a) 

( 1 ) 

y = C sin ¥ sinh (9 — a) 

Eliminating ¥ and setting 9 = constant, we come to the 
equation of the equipotential surfaces: 

- - -1- 1 _ = 1 

C 2 cosh 2 ( 9 — a) ' C 2 sinh 2 (9 — a) 
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This is a system of ellipses whose focuses coincide with the 
focuses of the grounded ellipse. 

Eliminating tp from (1) and setting ¥ — constant, we 
come to the equation of the lines of force 

* 2 _ t. _i 

C2 C os 2'F (72 sins'? 


This is a system of hyperbolas whose focal distances are the 
same as for the ellipses. When a = b, 

z = a (cos W -f- i sin W) — ae i(V+i ^ 
x — ae-^> cos ¥ 
y — ae~v sin ¥ 

«2 I 7,2 

whence e~v — ——- , cp= —21 nr/a. 

25. Using Eq. (11-39) for the potential of charges on a 
surface in cylindrical coordinates, we have 


cp = 



Or dr 

4jxe 0 ]/"r 2 + z 2 


r\ + z*-Y B\ + z*) 


where z is the coordinate of the observation point on the 
axis. The components of the electric field intensity vector 
are 

£,= £ » = 0. 

For the limiting cases we have: 


<» £ >=ir( 

a 


(b) E z = , 


i z i y ri+zz 




2e 0 | z | 


26. For a system possessing spherical symmetry the poten 
tial is 


<p (r) = -^ j p (r’) r' 2 dr' + -i- j r'p (r') dr' 

0 r 
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Substituting the known charge density, we obtain 

ffi = -7-^-(1 — g-2r/o) _ e _ . e -2r/a_ 

27. The potential of a point charge is given by the solu¬ 
tion of the equation 

A(p=—^5(r) (1) 

Let us represent (p (r) and 8 (r) in the form of Fourier ex¬ 
pansions: 

<p (r) = ^ qj (k) e ikr dk 

8 W = wJ eikrrfk 

Substituting integrals (2) into Eq. (1) and equating in the 
integrands the coefficients of e ikr , we obtain the expression 
for the Fourier transform of the potential: 

^ e 0 (2n)3 k* ' 

28 ‘ <P= T^fb^+^ S[naXSinbySinCZ - 

29. The solution which satisfies the Laplace equation 
and the boundary condition (ip = 0 on the conducting 
plane) is 


4ne 0 r 4jie 0 r' 


4 jtE {)/‘ 3 4 n 8 0 r '3 

where r = Y(x — d) 2 + y z + z 2 and r' — Y( x + d) 2 -f y z -j- z 2 . 

We assume that the grounded plane is plane x = 0. The 
radius vector r is drawn from the charge to the observation 
point, and r' from the charge’s image, i.e. from point x = 
= —d, y = z — 0, to the observation point. 

The surface density of the induced charge 

ed 



O = 


2n]/ (if2-M 2 4- d2)3 
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The total induced charge is 


ed dx dy 


■— — e. 


30. cp = 


4 Jte 0 


OO 

i 1 2jilA(j» 2 + * 2 + d 2 ) 3 

— OO 

where ri is the 


the distance from the observation point P to the charge 
(Fig. 53). 

31. The potential inside the sphere and on it is zero. 



Fig. 53 


Outside the sphere it must satisfy the equation 

A< P=— 

The origin of coordinates coincides with the position of the 
point charge. The solution of this equation is sought in the 
form 

e e' 

<P = 


4jte a r 4 jieq r' 


( 1 ) 
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Vector r' is drawn from the observation point to a point 
inside the sphere. The position of the second point is deter¬ 
mined from the boundary condition (p = 0 on the sphere. 



The second member in the right-hand side of (1) may be 
thought of as the potential of a charge e' (the image) inside 
the sphere. Actually there is no such charge. But the real 
charge induced on the surface of the sphere acts in the 
same way as a certain charge would without the sphere. 
The symmetry of the problem implies that charge e' must 
lie on the line that connects the centre of the sphere with 
charge e placed at a distance from the centre. From the 
boundary conditions it follows that (Fig. 54) 

e 2 r 2 R2+(P—2dR cos Q 

e ’2 — r '2 — R 2 + (22 — 2^# cos 0 

This condition holds for any angle 0 if 
R i = dd l , and e' — eYdJd 
where d 1 determines the position of e'. 

32. < iP = 4 ^(“ — ~p + —] ’ where r and r' have the 

same meaning as in Problem 31, and r 0 is the distance 
from the centre of the sphere to the observation point. 
If we consider only the first two members in the parentheses, 
the potential on the surface of the sphere is zero. The third 
member yields a constant value to the potential on the 
surface. The sphere remains neutral. The potential may 
be interpreted as having three terms: one from charge e, 
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another from charge —e' in the conjugate point, and the 
third from e' in the centre of the sphere. 


33. 


•p=44r(i-v+-?r"i)< Fi8 - 55 > ; 

e' — eYdild and d t = /f 2 /d 


here 


In Fig. 55, P is the observation point. 

34. Each charge of the dipole induces an image charge. 
Since the distances from the charges to the sphere are di¬ 
fferent, the magnitudes of 
the image charges will al¬ 
so be different. For this rea¬ 
son we must place a dipole 
p', oriented in the same way 
as p, and a charge e' at a 
point that lies at a distan¬ 
ce d' = R 2 /d from the sphe¬ 
re. We must also require 
that the potential 



<P : 


pr 


P r 


4.TEnr 3 


4jTEor' 3 


4Jieor' 


( 1 ) 


of the system be zero on the 
surface of the sphere. We 
must remember (see Problem 31) that on the surface of the 
sphere 

r = l/i? 2 -M 2 - 2 dif cos 0 
r' = ]/ i ? 2 -f- d ' 2 — 2d'R cos 0 
pr — p (d — R cos 0) 
p'r' = p' (d' — R cos 0) 


From the condition that cp = 0 when r = R we find that 
p(d — R cos 0) —^ 3 - p' ( R cos 0 — ) 

+ ~(R 2 + d 2 -2Rdcos 0) = O 
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This condition must hold for any 0. Hence 

P rf +T^ + T^ + (i2 ) = 0 
pi? + -g-p' + 2c'd 2 = 0 

Solving these equations for e' and p' we have 
e = - w p and p= —p 


These relations together with (1) give the potential of the 
system. 

35. In the medium with the charge the solution will be 
sought in tire form 

6 6 / 1 v 

~ 4jiEit' 0 r 4jtei8or' ' ' 

Vector r' is drawn from a point that is the mirror image 
of the coordinate of the charge in the interface of the two 
media. 

In the other medium 


< ^ 2 4jl62Eor 


( 2 ) 


The electric displacement vectors in the two media are 
determined by the relations 


4ixD! = 


r3 




( 3 ) 


From the continuity of the potential (qq = q) 2 when 
r = r') and the normal components of the electric displace¬ 
ment vectors ( D ni = Z)„ 2 when r = r') we find that 


Whence 


e — e r e" 

ei 82 


and 


e' + e = e" 


e' = 


8*2 — 8 j 
61+62 


e 


and e" = 


2 e 2 

f l + e 2 


By substituting e and e" into Eqs. (l)-(3) we can find 
the potential and the electric displacement vector in any 
point of space. 
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36. We seek the potential in the form 

a 

<P = — 


which satisfies the boundary conditions cp 1 — (p 2 and 
El = (^a) on i nter ^ ace the two dielec¬ 

trics. The constant quantity a can be related to the charge 
of the sphere 


e = ^ a dS= — ( 


ee o dS 


Here e = ej in medium 1 and e = e 2 in medium 2. 
After integrating the last expression we find that 


a = 


whence 

4itD, 


2n (ei+e 2 ) 


26 ! 


0 .= 


El + 82 r 3 
8ie 


4jiDo = 


2 s 2 


2ji (ei -)- e 2 ) R 2 




6 i + 8 2 r 3 

__ 

2n (e! + e 2 ) R 2 


37. Let us place the coordinate origin in the centre of the 
sphere and direct the polar axis along the straight line 
that connects the charge and the centre of the sphere. The 
equation 


A<P= —— 8(r- 
e 0 


d) 


(d is the radius vector of the charge) has a solution that 
vanishes at infinity: 


'P< r ' q -saifrr i T +S 


(i) 


1=0 


where Pi (cos 0) are Legendre polynomials, and are num¬ 
bers that can be found from the boundary conditions. 

We now use the expansion 


I r— r' 


1=0 


(r' 


, 1+1 


Pi (cos 0) for r < r' 


where 0 is the angle between r and r'. 


( 2 ) 
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From the boundary condition (cp = 0 when r = R) it 
follows that 


2 ( 


e R l i bj \ 

4iteo d l+i " T " Rl +i I 


Pi (cos 0) = 0 


Since Legendre polynomials are orthogonal functions, the 
last expression is valid only if the coefficients of the poly¬ 
nomials are zero, or 

e R u +1 

O, = — - 

1 4ne 0 l 


_ e 

^ — 4ixeo | r — d | 


eR yi / 7? 2 W Pi (cos 8) 

4ne 0 d I \ d / r i+i 


( 3 ) 


Using the expansion (2), we can write the last member 
in the right-hand side of (3) as the potential of a point 
charge e' = —eRld placed on the line connecting this charge 
and the centre of the sphere, at a distance d 1 = R 2 ld from 
the centre. Thus 

e | e' | 

(0 =- - -'- 

T 43te 0 | r— d| 4ne 0 |r—di | 

which coincides with the solution of Problem 31 (found by 
the method of images). 

The charge density on the surface of the sphere 
o(R, 0)=—J-2 (2Z + l)^Pi(cos0) 

The total charge induced on the sphere is e' = — 

38. cp = « 

T 4jte 0 | r — d | r 4 ji e Q d \ d f r i +1 

1=0 

oo 

“ 6 >=TOT -TT 2 < 2! + f )-sr <co 5 e). 

1=0 


12-01496 
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39. The potential may be represented as follows: 

oo 

inside the sphere q>i—2 ^i rl Pi( cos0), 


1=0 


outside the sphere q) 2 =^j B t r (l+1} Pi (cos 0) 

;=o 

On the sphere the boundary conditions (11-31) and 
(11-32) are 

Tt = <P2i 

Sqq d<p 2 a 

dr dr e 0 

Substituting qq and cp 2 , we obtain 
. Ai = Bi — 0 for l 1 


Thus 


On n On R 3 n 

(p ‘ = '3^ rCOS0 ’ ( P2=^ r -^cos0. 


3e 0 r 2 


40. Knowing polarization P , we can find the densities 
of the bound surface (o') and bound body (p') charges. 
For a uniformly polarized ball p' = 0 and o' — P cos 8. 
According to the solution of Problem 39, 

<Pj = Pr cos 0 for r < R 




Ei = 

E 2 = 


R 3 


cos 0 for r > R 


3 so 
R 3 (P-r)r 


P for r < R 
R 3 P 


e 0 r 5 


3e 0 r 3 


for r>i?. 


41. When there is no sphere, the potential of an external 
field in a region without charges satisfies the Laplace equa¬ 
tion, i.e. 


Text : 


2i -Alm^Plm (COS 0) e ima 


1=0 m = -1 


(i) 
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where r, 0, a are the spherical coordinates of the observa¬ 
tion point, and P lm (cos 0) are associated Legendre func¬ 
tions. 

For a given field the Ai m ' s are considered known. If we 
place a conducting sphere in the field, the potential of the 
sphere 

9 = ^sphere 9ext (2) 

where <p S phere = 2 j B lm r- l - l Pi m (cos 0) e ima is the poten- 

l, m 

tial of the charges induced on the sphere by the external 
field. We can determine the B /m ’s from the boundary condi¬ 
tions 9 = 0 when r = R: 

Bim= — A lm R zl+i (3) 

Equations (l)-(3) fully determine the potential in the 
vicinity of the sphere. 

42. Inside the sphere and on its surface 9=0. Outside 
the sphere the potential can be sought in the form 

9 = b l r~ l ~ i P l (cos0) — E 0 rPi (cos 0) 

1 

Imposing the boundary conditions on the potential, we get 
bj, = E 0 R 3 
bi — 0 for I*/* 1 

Whence 

E 

9 = — E 0 r cos 0 -)—jh— cos 0, a = 3e 0 E 0 cos 0. 

43. Inside the sphere 

00 

9i= 2 a f l Pi (cos 0); 

1=0 

outside the sphere 

00 

92 = + a i r Pi ( cos 6) -F 2 b i r- l - l P l (cos 0) 

1 =0 

The conditions of the problem imply that at large dis¬ 
tances from the sphere 

92 lr-00 -»— E 0 z — — E 0 r cos 0 = — E^rPi (cos 0) 


12* 
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Whence 


n 0 — 0* c l — E 


Imposing the boundary conditions for the surface of the 
sphere (r = R), we get 

oo oo 

'X, a i R l P l (cos 0) = biR~ l ~ l Pi (cos 0) — E 0 RPi (cos 0) 


1=0 




e 2 atlR^Pt (cos 0) = — IS b t (l + 1) R^Pi (cos 0) - 

;=o !=o 

— E 0 P l (cos 0) 

From the two expressions it follows that 


a t = 


3^o 




e + 2 ’ e + 2 

a, = bt = 0 for l ^ 1 


Finally 


SEq q 

<Pi = —7q^ rcos0 


r, n . e —1 EnR 3 A 

<P 2 = — E 0 r cosQ + j-^--^- COS0 

A polarized sphere creates a potential that can be inter¬ 
preted as the potential of a dipole (11-42) with a moment 

p = 4ite 0 E 0 R 3 . 

44. Inside the sphere 


cpi= 2 j air l P t (cos 0); 
i-o 

outside the sphere 

oo 

<p 2 = ^ b l r~ l ~ i P l (cos 0) 
1=0 

We can see that <p x = <p 2 yields 
b t = aiR 2l+l 
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From the condition that 

a =- e «(^— jt) for r - R 

we find the relationship between the charge density a and 
the unknown a{ s: 

oo 

a — e 0 2 a i (2i +1 ) j R l ~ l Pi (cos 0) 

;=o 

We multiply this equation by P m (cos 0) sin 0 and then 
integrate from 0 to jt. Since o = 0 for 0 < 0 < a, 

JC 

a, = — - - f p t (cos 0) sin 0 dQ 

2 Soft* -1 J 


or 


a r - 


(21 + 1) 1 [Phi ( cos °0 ~ Pi -1 ( cos a )l 


2e 0 R l ~ i 

where P [+1 is the Legendre polynomials, and iVi (cos a) = 
= —1 for 1 = 0. 

45. This problem can be solved by separating the vari¬ 
ables in Cartesian coordinates: 

<P (D = X (x) Y ( y) Z (z) (1) 

Substituting (1) in the Laplace equation, we get 


1 

d*X 

X 

dx 2 

1 

d 2 Y 

Y 

dy 2 

1 

d?Z 




Z dz 2 


( 2 ) 


) 


where a 2 + p 2 = y 2 . 

Let a, b, and c be the lengths of the parallelepiped’s 
edges. We assume that face z = c is the one with the non¬ 
zero potential. Then the particular solution that satisfies 
the boundary conditions (i.e. all faces except z = c have 
a zero potential) takes the form 

<P nm = sin a n x sin p m y sinh y nm z 


i nn a nm / n 2 , 

where a n , p m — —, y nm = ji y 

are integers. 


62 


n and m 
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The general solution can be found as a linear combination 
of particular solutions 

oo 

q>(r)= 2 sin a n a: sin p m y sinh y nm z (3) 

ti, m— 1 

The coefficients A nm can be found from the condition 
that <p (r) = V when z — c: 

a b 

I dx J dy sin sin ^ 


167 


, —-. ,-for n and m odd 

_ j n 2 mn sinh y nm c 

( 0 for n or m even 

Substituting A nm into (3), we can find the potential 
at any point inside the parallelepiped. 

oo 

46. <p (r) = 2 sin a n x sin $ m y [A nm sinh y nm z 

n, m= 1 

+ B nm cosh v„ m z] 

where 

, { —=■—-Z? nm coth YnmC for n and m odd 

A„„=l n 2 nm sinh y nm c nm inm 


1 


0 


for n or m even 


B mn = 


f ^ Vi - for n and m °dd 

l n z nm 


0 


for n or m even 


nn a nm /" n 2 . m 2 

a n —— » Pm —“J-. Vnm — ny ~a?'T'W' 

47. In cylindrical coordinates the solution of the Laplace 
equation can be represented in the following form: 

<p (p, z) = R (p) Z (z) 

where R (p) and Z (z) satisfy the equations 

cPZ 
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A particular solution of these equations is 

i(Zc/p) for z< 0 
i ( k t p ) for z > 0 


, , / e hl *Jo(k 

* (P ' 8) “W, 


where /„ is the Bessel function of the first kind, and ki is 
determined from the condition that on the surface of the 
cylinder the potential is zero, or 

Jo {kfo) = 0 

The general solution can be found as a linear combina¬ 
tion of particular solutions: 

oo 

<Pi = S Aie klZ Jo (%) for z < 0 

i=i 

oo 

<p 2 = H ^ie~ hlZ Jo(hp) for z> 0 

i=i 

The coefficients A t can be found from the boundary 
condition on the surface of the disc. Using the condition 
(11-32) and the property of orthogonality of Bessel func¬ 
tions, we come to the relation 

R 

l QJ o (*ZP) dP 

1 2 e 0 *i r » 

$p/$(fc jP )dp 

0 

To find the potential of the point charge inside the cy¬ 
linder we use the conditions for transforming to the limiting 
case: R -*■ 0, nR^a = e — constant. Then 

, eJ 0 (0) 


‘ ro 

ineoki J J% (k t p) p dp 
0 

Using the fact that /„ (0) = 1, we obtain the final ex¬ 
pression for Ait 

a ___£_ 1 

1 ~ 2m 0 k l r$ ISiiktrdP ' 
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48. Let us choose the system of coordinates in such a 
way that the point charge is at the origin of coordinates and 
the z-axis is directed along the normal to the lamina. The 
potential for such a combination of charges and lamina 
consists of the potentials created by the charge and lamina 
separately. The potential of the polarized lamina satisfies 
the Laplace equation. Using its general solution in cylindric¬ 
al coordinates, we can write 

oo 

<Pi = 4^0 (p2+«8)i/2 '+ I Bi W ehzJ o( k 9) dk ( - oo < z < d) 

1 0 

oo 

<P2 = j A 2 ( k ) e~ hz Ja (%>) dk 
o 

oo (1) 

+ j B 2 ( k ) e hz J 0 (Zcp) dk (d<z<d-\-a) 
o 

oo 

cp 3 = [ A 3 (k) e~ hz J 0 (kp) dk (d + a<z< oo) 
o 

The first term in (p t can be represented by an integral of 
a Bessel function 

oo 

(p2_j_ z 2)i/2 ~ \ e k 1 Z ( k P) dk (2) 

0 

Using the boundary conditions for the potential at z — d 
and z = d + a, we find that 

R ... ep( e -2ft(d+a)_ e -2M) 

" 4ne 0 (1 —p 2 c- 2 ho) 

A (k) — e ^ ^ 

2 ' ' ~~ 4rte 0 (1 - Pe- 2 ha) 

z> /7.x ep(l-p) e -2ft«i + a) ( 3 ) 

2 K > ~ 4ne 0 (1—p 2 e - 2 fta) 

A (k\- e(1 ~ g2) 

4ne 0 (1 — P 2 e~ 2 fta) 


where 8 = ^-4-. 
r 8 + 1 
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Formulas (1) and (3) give the solution of the problem. 
If a charge is on the surface of a semi-infinite crystal, we 
must put d -> 0 and a-*- oo. In this case 

B z = 0, A 2 = — - e —~ 

1 4jie 0 2 2 2ne 0 (e-f-l) 

Substituting these expressions in (1) and using the ex¬ 
pansion (2), we obtain 

= 2ne 0 (l+i)r ^ 

where r = (p 2 -f- z 2 ) 1/2 is the distance from the charge to 
the observation point. Formula (4) coincides with the respec¬ 
tive expression in Problem 36. 

49. The symmetry of the problem implies that the axes 
of the ellipsoid are the principal axes of the quadrupole 
moment tensor. In the set of principal axes 

D xy — Dy z = D zx = 0 

Changing the variables, x = x'a, y — y'b , z = z’c, we 
reduce the integration over the volume of the ellipsoid in 
Eq. (11-44) to an integration over the volume of the sphere 
x' 2 + z/' 2 +z' 2 = 1. 

Equation (11-44) yields 

Dyy = (2fr 2 — a 2 — c 2 ) 

D zz = y (2c 2 — a 2 — b 2 ) 

where e = ^ abcp is the charge of the ellipsoid. 

50. Let us solve the equations 

div D = eS (r) 


curl E = 0 

assuming that charge e is at the origin of coordinates. 


(1) 
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We direct the Cartesian axes along the principal axes of 
the permittivity tensor. Then 

Ac — e x B oEx — — e x e o ~^r 

Ey — &y&oEy — e j /80 ( 2 ) 

D z — 8 Z 8 qE z — 8780 

Substitute (2) into (1) and get 


a.r 2 ' 11 


d?q> d z <f e . . 

^ + = - —6(r) 


( 3 ) 


Changing the variables, x' — — y' = , z' — —j=r, 

, ye* V y ej 

we reduce Eq. (3) to the following: 


a 2 <p . 5 2 <p | <9 2 <p e C , /v 

dx ' 2 “C Qy'i I 5z '2 e 0 (8*8^62)1/2 0 V r / 

where we have used a property of 6-function: 


6 ( aa: ) = T 6 ( x ) 


Equation (4) has a solution 


_ e 1 

4 ns 0 (e x e u ez ) i/2 r' 


where r' = 


(f+f+yT 

\ b x by b z / 


( 4 ) 


51. Direct the y-axis along the normal to the lamina. 
From the boundary conditions E lt — E it , D ln — D 2n it 
follows that 

1 ? 17 1 VoEy — ZyxEx — ZyyEy — ZyzEz 

b= b 0 -l---n 

e yy 

where n is the unit normal vector. 

52. W= 

4neoa 


53 . w 


* 1*2 

4neo<i 
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54. If we use the answer to Problem 36, we find that 
C = /?(l + e)j/ ^L^nRSpg-Mg) 


where g is the acceleration due to gravity. 

<Pl—<P2 r, 1 


55. I 


R 


R = 


Ana* 


(---)■ 
\ ri r 2 / 


56. | an — 1 = ^, where' a{ and aj are the angles be- 
tan c&2 cr 2 

tween the lines of current and the normal to the boundary 
in medium 1 and medium 2, respectively. 

57. The potential difference between the electrodes satis¬ 
fies the Poisson equation 

A<p= (1) 

where p = j/v, j is the current density, which in the sta¬ 
tionary case does not depend on x if the ar-axis is directed 
along the motion of charges. Velocity v can be found from 
the law of conservation of energy 

—s—f-e<P = 0 


We can rewrite Eq. (1) in the following form: 

d 2 q> / 1 /" m 

~ e 0 lA2|7|^ 

Solving this equation under the conditions that q> = 0 
for x — 0, <p = — V for] x = d, and ^ — 0 for x — 0 (the 

last condition implies that the electric field near the first 
electrode is zero), we get 

i _ *eo i f 2 | g | , f/13/2 

9d* V in I 1 • 

58. H = y [j x r) for r < R 

7?2 

H = yt [j X r] for r > R 

where r is the^distance from the axis of the cylinder to 
the observation point. 
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59. H = J [j X a], 

60. Let the z-axis be directed along the axis of the con¬ 
ductor. The symmetry of the problem yields 

A x = A y = 0 
&A lz = —}i 0 ; for p < R 
&A 2z = 0 for p > R 


The A 2 -component depends only on the distance from the 
axis. In cylindrical coordinates 


1 d / 
p dp V 
J_ d_ / 
P dp V 


dA 


\Z 


dp 

dA^z 

dp 


)■ 

j = 0 for p > R 


p 0 - for p- 


R 


Solving these equations, we get 

A lz — —po#p -j- C x In p -j- C (1) 
A 2z — C3 P T~ (2) 


Considering that -v oo as p —»- 0 and that in this 

case the magnetic field tends to infinity, we must put C x 

dA 

equal to zero. The continuity of A z and implies (when 
there are no surface currents) that 


C z = — \n a aR, C 4 = —p 0 ai? (1 — In R) -j- C 2 (3) 

The relations (l)-(3) define the vector potential up to 
a constant term. 

The magnetic field strength is defined by the following 
formulas: 

\ 

H lx = — a sin <p, H ly = a cos q>, H lz — 0 or H t = — [a x pi 

where vector a is directed along the axis of the conductor 
and in magnitude is equal to a. The absolute value of H 4 is 
a and is the same everywhere inside the conductor. 
Outside the conductor 

H 2x = — ^sin cp, H 2y = — cos tp, H 2l = 0 or |H 2 | = ^. 

r r 
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61. Let us choose the system of coordinates so that the 
z-axis is directed along the current and the x-axis along the 
normal to the plane. From the boundary condition (11-26) 
we then have 

for x<0, 
for x>0. 

62. (a) H = 0 between the planes, 

H = i outside the planes; 

(b ) H ~ i between the planes, 

H — 0 outside the planes. 

63. Let us place the origin of coordinates on the midline 
of the strip, and direct the z-axis along the strip and the 
x-axis normal to its surface. The magnetic field does not, 
obviously, depend on the z-coordinate. We mentally divide 
the strip into strips parallel to the z-axis. The width of 
these strips must be so small that in eacli one the current 
can be considered linear. Let the position of any such strip 
be y' , and its width dy'. According to Problem 58, at a point 
with coordinates x, y this strip will generate a magnetic 
field of intensity dll that is determined by the following 
expressions: 

Jtr _ i (y — y') dy' 
x 2n[xi + {y-y')*\ 

jit __ dy _ 

un t>~ 2K{xZ + (y-y')*] 

dH z — 0 

Integrating these relations from — a/2 to a/2, we get 

ir _ f l n x 2 +(y-a/2) 2 

x 4 n x2 + (i/ + a/2)2 

H y — ^ — arc tan + arc tan j 



H z = 0 
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As fl-voo (the limiting case of a conducting plane), 


H x = 0 , H u = 


for x <0 


| | for a:>0 

which coincides with the answer to Problem 61. 

64. For linear conductors of finite length l parallel to 
the z-axis 


A z = 


Pc/ 

4ji 



A x = A y — 0 

where p x = (z a + r,) 1/2 and p 2 = (z 2 + r 2 ) 1 ' 2 ; r x and r 2 


'X 



Fig. 56 


are the distances from the observation point to the first 
and second conductors, respectively. 

After evaluating the integrals and passing to the limit as 
l —>- oo, we get 


a — i n 
Az 2 n 1 


IL 

ri 


65. We direct the z-axis along the normal to the plane 
of the ring (Fig. 56). Since the problem is cylindrically 
symmetric, we can assume that the xz-plane passes through 
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the observation point P. The vector potential is directed 
along the y-axis, i.e. has only one nonzero component 

„ 2 rt 

, H 1 £ “V .... Po* f ,Rcos<p'Ap' 

* in y |r —r'l in J (i?2+p2+ z 2 —2flp cos <p') 1/2 

0 

where p is the distance from the observation point P to 
the axis of the ring. If we put q/ = n +20, we find that 

n/2 

, _ f (2 sin 2 0 — 1) d0 

Aq> ~ n J [(i?+p) 2 +z 2 —4i?psi n 2 0]i/2 
0 

If we introduce the variable k 2 — ^ -^ 2 Z z »by using 

straightforward calculations we come to the expression 
for A w : 


*<*>-*«] 

n/2 

JO 

where K (k) — J sin2 9 ^ 1/2 I s an elliptic integral of the 

0 

n/2 

first kind, and E(k) = j (1 — k 2 sin 2 0 ) 1/2 d0 an elliptic integ- 

0 

ral of the second kind. The two integrals are related in 
the following manner: 

dK E K dE E K 

dk ~ k(i—k 2 ) k ’ dk ~ k k 


Using these relationships, we get the final expression for 
the magnetic field strength: 


TT _ _ 2 _ 

P_ 2 « p[(i?+p)2 + Z 2]i/2 


H , = ■ 


211 [(fl + p) 2 + Z 2 l 1/2 


[K(t) + 


R 2 + p2 + Z 2 


p) 2 + Z 2 

R 2 — p 2 — Z 2 


E(k)] 


(i?- P )2 + Z 2 


£(*)] 


H 9 = 0 
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On the axis of the ring p- 
tfp-^0, H z 


-0, and so 
R 2 I 


H*= 0 . 


' 2 {R 2 + z 2 ) 312 ' 

66 . Outside the ball B 2 = p 0 # 2 > curl H 2 = 0, and 
div H 2 = 0. This means that the magnetic field strength 
can be represented by the gradient of a scalar function <p m , 
which satisfies the Laplace equation Aq> m = 0, i.e. 

H 2 = - Vcp m ( 1 ) 

The general solution for a potential that generates a zero 
magnetic field at infinity is then 


Tr 


. = 2 

1=0 


Pi (cos 6) 
rl* i 


( 2 ) 


Inside the ball H x , B x , and M are parallel. Let the z-axis 
be in the direction of these vectors. Using the boundary 
conditions (the continuity of B r and H e at r — R), we 
obtain 


B t cos 0 = p 0 2 

1=0 


(J+l) aiPi (cos 6) 
RP 2 


u o. v a i dPi {cos Q) 

//jSint) Rl+2 M 


Ctd 


1=0 


Whence, the nonzero coefficients a x are those with l — 1. 

Substituting — — M for H x , we find the equations for 
Po 

a x and M 


d _,, R\ _ 

1 X 0 R3 > M [l0 — J{3 


Solving them we get 


a x =4- Mi? 3 , £ X =%M 


(3) 


From relations (1 )-(3) we get the expressions for the 
sought quantities outside the ball 


*-?[ 


R 3 f 3 r (M-r) 


M 


j i — P0H2 
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Thus, outside the ball the magnetic field is the field of 
a dipole that has a magnetic moment 


m — ^~ R 3 M 


Inside the ball 


= H,= 


M. 


67. Since no electrical currents are present, we can in¬ 
troduce a scalar potential qp m which satisfies the relationship 
H = — V<p m and which can be determined from the Laplace 
equation Acp m = 0. The general solution of this equation is 


<Pm ( r) = 



div M (r') 

I r r ' | 



M n 


r — r 


77 dS' 


( 1 ) 


where M (r) is the magnetization vector of the magnet, and S’ 
is any closed surface that contains the magnet. 

In our case M = constant and div M = 0, and M n is 
nonzero only on the bases of the magnet. If we choose the 
z-axis directed along the cylinder’s axis, we get 

_ M 0 P dx dy M 0 f dx dy 

(Pm— 4n J [( z + d/2) 2 -fi2 + y 2 ] 1/2 J [(* — d/2) 2 + x 2 + j/ 2 JJ/2 

( 2 ) 

After integrating (2),we get 


Tm=^[K(2 + ^/2) 2 + fi 2 -|z + ^/2| 


-Y(z-d/2)z + Rz + \z-d/2\\ (3) 

Inside the magnet 




=t( 


d<fm M 0 
dz 


z + d/2 


z —d/2 


68 . M x = M v = 0. 


y (z+d/ 2 ) 2 +fi 2 

Hf,=j R 2 . 


Y (z- d/2) 2 + /? 2 


2 )- 


69. The rotary motion of the sphere generates a surface 
current in it. In spherical coordinates with the polar axis 
directed along the axis of rotation, this current is 

i v — oQR sin 0 


13 - 0)496 


( 1 ) 
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Since there are no currents either inside or outside the 
sphere, we can introduce a magnetic potential, i.e. 

f — V^i when r < R 

H= l - ' 


where 


V ^>2 when r > R 


%= S Air 1 P t (cos 0) 

1=0 

CX) 

i|) 2 = li Bir-V+vPii COS0) 
i =o 


( 2 ) 

(3) 


The boundary conditions (11-25) and (11-26) for our case 
imply that, for r — R, 


d\\n 5^2 dl|3l 9^2 ■ 

dr dr ’ r 90 r 90 l<e 


Substituting expansions (2) and (3) and formula (1) into 
the boundary conditions, and having in mind that 
. Q d (cos 0) dP i (cos 0) 

Sln0= - 90 —=- 90 - 

we obtain 

A t — — B^—aQR^ 

Ai = Bi = Q for I--7^=1 

Thus, 

H = ^-oQ/? for r<R 


(i.e. inside the sphere the field is directed along the z-axis); 


H 


3 (m • r) r m 


4nr s 


4jt r 3 


for r > B 


m = - /? 4 a Q 


i.e. outside the sphere the magnetic field is the field of a 
system with a magnetic moment m. 

70. The force per unit length is 

r, LiPo /1/ 2 



ANSWERS 195 


Here the “plus” sign is used when both currents flow in the 
same direction, and the “minus” when they flow in opposite 
directions. 

71. The symmetry of the problem implies that the force 
is an attractive force. The radial component of the magnetic 
field, which is constant everywhere in the contour, is the 
sole contributor to this force. And so 

2n 

F^ppo/jtfp (R u R z , d) [ R i dQ = 2nmi 0 R l I l H p (R u R z , d) 

'o 


where H p is the radial component of the magnetic field 
strength that the current in contour 2 creates in contour 1. 

Using the conditions of Problem 65, we come to the final 
expression for F : 




where k 2 


[(fl!+i? 2 )2 + d2] 1/2 
4 RiR z 




(Ri + Rtf + d* ■ 

72. The magnetic field between the coaxial conductors is 




I 

2nr 


where I is the current in the conductor. 

On the one hand the energy of the magnetic field is 

W = -J- [ BHdV = ^p¥- ln-J 2 - 

2 J 4ji i?i 

On the other hand, 

W = ~ LI 2 


Comparing the two equations, we find that 


L = 


Woi„ Ri 
2n R t • 


73. 


74. 


L = 


X = 


PiPo | P2P0 1 n Rj 
8n ‘ 2 n R t ’ 

_ p 0 e 2 a 2 „ 

2m 


13 * 
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76. E — aJ 0 ( kr)e~ iat and H= —ai ^ J i (kr)e~ iat , 

where A = o=( —|—V /2 , and J 0 and J< are Bessel 

a ’ \ oxr*no / 

functions. 

77. The time dependence of the magnetization vector is 
given by the following equation: 

f = ^[MxH) (1) 


where g is the gyromagnetic ratio. 

The magnetic field strength for the given system can be 
written in the form 

H = H 0 + he~ i<B< 

Let us look for the solution of (1) in the form 
M = M 0 -f- me~ iv>t 

where m is the additional magnetization induced by the 
variable field. 

Since h H 0 , we conclude that m M 0 . If we ignore 
infinitesimals of order hm, Eq. (1) yields 

—mm x = — ii 0 gM 0 hy -f [i 0 gm y H 0 
— ibirriy = [i 0 gM 0 h x — n 0 gm x H 0 
—iwm z — 0 

After solving these equations we get 
m x = x h x — ivh y 

m y = ivh x + lh y ( 2 ) 

m z = 0 


where % = gM 0 \i 0 , v = gM 0 \i 0 , © 0 =- p 0 gH 0 . 

When © & ©o, the effect of magnetic resonance is observed. 

78. If the wavelength is considerably greater than the 
size of the sample, we can use the magnetostatic approxima¬ 
tion to describe the oscillations of the magnetic moment. 
In this approximation the varying field h and the magnetic 
moment m that are generated by the oscillations satisfy 
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Uie following equations: 

curl h = 0 
div (h -f- m) = 0 

For a sample in the form of a ball these equations are 
solved in Problem 66. The solution implies that inside the 
ball 

. 1 

h=—3 m 

On the other hand, h and m are also linked by the relation¬ 
ship (2) of Problem 77. Because of this 

K = — j (X h x — ivh u ) 
h u = —j{xK + i\h x ) 

The system of equations has a solution if its determinant 
is zero, which places a restriction on the value of the fre¬ 
quency of oscillation co. Non-trivial solutions exist if 

® = ± S (•^o + 'g M 0 j 

where M 0 is static magnetization created in the ball by the 
field H„. 

79. In^the] case of a nonconducting) medium and for a 
slowly varying magnetic field h the system of Eqs. (11-58) 
is of the form 

curl h = 0 (1) 

div (h -f- m) = 0 (2) 

where m is the varying magnetic moment. 

Equation (1) implies that a magnetic potential <p m can be 
introduced, so that h = — V<p m - Substituting the last 
equality into (2) and keeping in mind that, according to 
Problem 77, m is a function of h, we come to the following 
equation for (p m : 



For an infinite medium we seek the solution of (3) in 
the form <p m = <p 0 e ikr . We then have p (k% + ky) + k\ = 0 
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or tan 2 0 k = fx, where 0k is the angle between k and the 
z-axis, i.e. between k and the direction of the constant 
magnetic held H 0 . Using the value of % from Problem 77, 
we get the frequency of natural oscillations as a function of 
the direction of wave vector'k: 

A. 

(o 2 = (o 0 (©o + cos 2 0k), where o) M - —gpop 

Thus the spectrum of possible frequencies is 

o> 0 < © < Y (0 0 (o) 0 + (0 M ) 

We must note that the obtained’result is only valid in the 
domain k y , i.e. when it is possible to use the magneto¬ 
static approximation and when in Maxwell’s equations the 
term ^ can be neglected. 

80. The magnetic potential cp m for the given system 
satisfies Eq. (3) of Problem 79. For an ideally conducting 
covering, the boundary condition is of the form B n = 0, or 

—jr*- — 0 for z = 0 and z = d (1) 

with the z-axis directed along the normal to the surface of 
the covering. 

Let us examine the waves that propagate along the y-axis. 
The solution of Eq. (3) of Problem 79 can be written in the 
form 

(p m = (A cos k z z + B sin k z z) e ih " v 

where 

kl = -\xkl (2) 

From the boundary condition (1) it follows that A = 0 
and k z — nn/d, where n is an integer. By substituting these 
results into (2) and using the dependence of p. on co, we get 
the dispersion equation for magnetostatic waves in the plate 


0) 2 = (i) 0 




81. By analogy with Problem 80 we must also examine the 
solution outside the plate. At the boundary this solution 
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must be fitted to the solution inside the plate: 


^inside __ (poutside 

T 771 M7l ’ 


d<P m 
dz 


linside 


d<Pm 

dz 


loutside 


for z = 0 and z = d. 

For the wave travelling along the y -axis the frequency 
spectrum can be determined from the conditions that 


tan k z d= ’ k z=—^ k v (1) 

The system of equations (1) gives the dependence of © 
on k y . 

o 2 a _ + =F [{kiCy-LyCrf+ACiCzLlv] 112 

12 2 CiC 2 (LiL 2 -L^) 

83. The head of the resultant electric-field vector describes 
an ellipse with the semiaxes 

a — Y cos2 a + # 02 cos2 ( a —<P) 
b = V K sin 2 a + E* n sin 2 , (a — cp) 

where tan 2a = ■ ^'i' 12 s ’ n 2<p _ . The principal axes of the 

^01 I ^02 COS zep 

ellipse are rotated through an angle a in relation to vec¬ 
tors Ei and E 2 . 

84. The relationship between the angle of incidence, 0,, 
and the angle of refraction, 0 2 , is 

sin0 2 =-- (1) 

"12 ' 

where n 12 — V e 2 /e x is the index of refraction of the second 
medium relative to the first. If e 2 is less than e lt relation (1) 
holds true if we choose 0 2 complex. The electromagnetic 
wave in the medium from which total internal reflection 
occurs (when e 2 < is given by the formula 

E 2 = E 02 e’' kr - i “ ( 

where k = Y e 2 /c, and w is the frequency of the wave. 

If we choose the coordinate system in such a way that the 
interface of the two media lies in the xy-plane and the wave 
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vector k in the ;rz-plane, then 

E,- E 02 «-(- 5 -) ( 2 ) 

where u 2 = c/Y e 2 is the phase velocity of the wave. Let 
us express angle 0 2 in terms of angle 0! using the relation¬ 
ship (1): _ 

cos 0 2 = ± Y 1 — sin 2 02 = ± i ]/" si ^ — 1 (3) 


where we must choose the “minus” sign for the field to be 
finite as z —+ oo. Substituting (3) into (2), we get 


E 2 — E 02 e 


02 c 


- ico^ < — 


x sin 0i v 

- -)-KZ 

vi ! 


, (0 / Sill 2 01 j \ 1/2 

where x = — I-r- 2 — 1 

v 2 \ n ,2 / 

Thus, the wave in the medium from which total internal 
reflection occurs is a wave that travels along the interface 
and that is also damped in the reflecting media with a loga¬ 
rithmic decrement x. The^depth ofj penetration is 

d = JL_ -El ( sin2 °i | \ -i/2 

x (0 \ nf 2 ) 


85. R 


(1 —n) 2 + x 2 


Here 


(l + n)2 + x2 

*-VW i + (^) a+ 1 1 

and *= |/i[ ( /l + (£-) S -l] 


1/2 


In the case of an ideal conductor (s a*/ co), 

86. The electric field can be found from the equation 

TF + W-O (1) 

where k = inside the plate and h = k n = outside 

the plate. The z-axis is directed along the normal to the 
surface of the plate. 
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The solution of Eq. (1) in the region with the incident and 
reflected waves has the form 


Ei = E 0 e ih » z + Ae~ ih » z 

where E 0 is the amplitude of the incident wave, and A that 
of the reflected wave. 

Inside the plate the solution is 

E 2 = E + e ihz + E.e- ihz 

In the region with only the transmitted wave 
E 3 = De ik ° z 

where D is the amplitude of the transmitted wave. 

The boundary conditions, i.e. the continuity of the tan¬ 
gential component of the electric field vector, bring us]to 
the following equations for the electric fields in all three 
regions: 

E 0 -f- A = E+ -f- E _ 

E+e ihd + E„e~ ihd = De ih « d 


E 0 — A = nE+ — nE- 
nE+e ihd — nE.e- ihd = De ih » d 

where n — Y e is the plate’s index of refraction. 
Solving this system of equations, we get 

, l/p?d-« 2iW ) 


E + = 


£_ = 


1 — p 0 e 2i?ld 

2 


Eq 


(1 + *) (1 — poe 2ifcd ) 


Eq 


2po 


D-- 


(1 — n) (e-2ihd- 
-Eq 
4 n 


Po) 


Eq 


1 —p 0 e 2iftd 

where p„ = and 8o = ^ + are ’ res P ect ively, the 

reflectance and transmittance for a semi-infinite medium. 

Using the obtained relationships, we find the reflectance 
of electromagnetic waves from a plane-parallel plate: 

| A | 2 4p 0 sin 2 kd 

9 “ T^l 2 ~ «o 2 + ^Po sin 2 kd 
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There is no reflection if 



where m is an integer, and X the wavelength inside the 
plate. 

87. Choose the z-axis directed along the line of propaga¬ 
tion of the wave, the y- axis along the wave’s magnetic 
field strength, and the zy-plane in the interface of the two 
dielectrics. Suppose the medium with permittivity lies 

in the region z > 0, and the one with permittivity — |e 2 | 

in the region z < 0. The solution of the equation 

AHy + sH y = 0 

which describes a wave that travels along the interface and 
also dissipates far away from the interface has the following 
form: 

H iu — H 0 ie ihx ~~* ,z , where x t — \^k 2 — co 2 e 1 /c 2 for z>0 

__(1) 

If Zu = H 02 e ihx+y - 2 7 , where x 2 = Y k 2 -f- oi 2 1 e 2 |/c 2 for z< 0 

The boundary conditions H ly = H 2tt , E lx = E zx (for z = 0) 
yield 

H oi - - 77qo, Xj/sj = X 2 /IE 2 I (2) 

The last expression holds only if < |e 2 |. Eliminating x 1 
and x, with the help of formula (1), we obtain 

7.2 __ 1 £ 2 I 

(|«S* I —®!) - 


88. The equality of the projections of the wave vectors 
on the interface yields (a) for the ordinary ray 


sin 82 
sin 0i 


(e±) 


1/2 


and (b) for the extraordinary ray 

k t sin 01 = K sine; = k 0 sin 0; ( eiSin2 y 2+ ; i|C o S - 2 - ^ --) 

Here k 0 = io/c and 0" is the angle between the wave vector 
in the crystal, k 2 , and the optic axis. Whence, for the ordi- 
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nary ray 


I/ e., sin 0i 

lane; = —L 11 ... , 

V (8,, — sui 2 0 t ) 


The direction of propagation of the extraordinary ray 0; 
is connected with 0; by the relationship 


and so 


£ I 

tan 0! = — tan 0; 


* n" l/e^sinO, 

tan 0, = , .. 

(/ e,| (e (l — sin 2 Ot) 


89. An electron in a variable electric field E n e~ iwt moves 
according to the following equations: 

• • 

mx = — k x x •- eE 0x e~ iot 
my = — k y y + eE 0y e- ial 
mz = — k z z + eE 0z e~ iu>l 
We seek the solution in the form 

x — x 0 e~ iat , y — y Q e- m , z = z 0 e~ m 


where x 0 , y 0 , and z 0 can be found from the equations 

eE 0x _ e ^0y _ eE 0z 

X ° k x — tow 2 ’ ky — tow 2 ’ Z ° k z — mw 2 

The projections of the polarization vector induced by 
the electric field are 


Ne 2 


x k x — mw 2 


Py 


Ne 2 


■ mw 2 


Eyi P z 


Ne 2 


k, — TOW 2 


E 


T*y - HVMJ— n- 2 

The components of the permittivity tensor are 
Ne 2 . , Ne 2 




e zz = 1 


e 0 (fc*— tow 2 ) ’ 
Ne 2 

' e 0 (ft z —mw 2 ) ’ 


'yy 

e 


= 1 


e 0 (ky — tow 2 ) 


xy — e xz — E yz — 0 . 


92. Choose the z-axis in the direction of the magnetic 
field. An electron in a variable electric field and a constant 
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magnetic field moves according to the following equations: 

* + < x = jz E * + -^vB 0 

y + t%y = ±E v —L'xB 9 

where co 0 is the natural frequency of oscillations of the 
electron. Introducing new variables 

r+ = x -f iy, r_ = x — iy, 

E+ — E x -(- iEy, E- - E x — iE v 

and considering that the light wave is monochromatic 
(E ± oc e iat ), we get 

e E+ e E- 

r+ =- ± -, r_ =- 

m (0q — CD 2 - e — 0)Z?0 m 0)f — 0) 2 + — 0) B 0 

m m 


Maxwell’s equations give the solution for E+ and E _ in 
the form of plane waves: 

E ± Eo ± e~ iat+ik ± z 

where 


7 UJ i 

k ± — — re ± , n ± — 1 


Me* 


e ° m - 0)2 T -1-0 )B 0 

0 mj 


Assume that when z — 0, the electric field vector in the 
medium is directed along the y-axis and in magnitude is 
equal to E 0 . Then 

— iffll+i z — k + 

E x = E 0 e 2 cos —z 

_ _ -ilit+i E±ihz. z _ ^ 

Ey = E 0 e 2 sin —- z 


From this solution we see that vector E rotates. Along 
a path of length l the vector rotates through an angle <p = 

_ fc- / 

2 L 

93. The electric field vector in a monochromatic wave is 
E = E 0 e iat + E 0 e ~ ial (1) 
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The law of motion of an anharmonic oscillator subjected 
to an electric field is 

m m <*i + S $w x i x i = eE i ( 2 ) 

j, i 

Assuming p,,-, to be small, we expand x t in a series 


x i — X T (t) -j- 4 1 ’ (0 + • • • 


where is the first-order term in the expansion of xi 
in powers of P^-,. 

For the zero approximation we exclude the terms with 
P iji in Eq. (2) and get 

eE i 


1 m (tog — cd 2 ) 
In the next approximation 

e z $iji E o) E oi 


(1) 1 vt e Pw ii oiEoi r 1 . cos 2c ot ] 

x ' - 2 2j m3 (cog -CD 2 ) 2 L cog ' cog — 4co 2 J 


j, l 

The polarization vector is 

p_ p<0) _j_p<l) 

where 

Ne z E 


P<°) = 


TO (CDg — CD 2 ) 


P ai = P a> (0) + P U) (2co) 

EojEoi 

TO 2 ” (CDg-CD 2 ) 2 CDg ’ y ’ 2 


i>u* ( o )=—^-2 ^ 


Pi v (2co) = 


Ne 3 

2 2J m 3 (cog — 4cd 2 ) (cd§ — cd 2 ) 2 ' 
j, l 


s 


P iji E 0] E 0l cos 2cot 


94. P a > = P a > (CD, - CD,) + P“> (2(0,) + P a> (cD 2 - cd 2 ) + 
+ P a> (2cd 2 ) + 2P <1) (CD, + cd 2 ) + 2P (1> (CD, - cd 2 ). 


The first four members are just P Q> (0) and P (1) (2cd) of 
the previous problem, and the projections of P (1) (cd, ± cd 2 ) 
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are 

n(1)/ , . Ne 3^ Piil E oi E m cos (®1 ± W 2 ) t 

P\ l) (®1 ± «h)= - 2 - 2^3 - ■ 

i, i 


K 2 —“!) («o — “D ' 

95. Let the z-axis be directed along the length of the 
chains in the direction of propagation of the wave. The nth 
oscillator in a chain has the following law of motion 

• • 

mr n + mrnj r n — q [(r„ +J — r„) + (r n _j — r n )] = eE n 

where q is the elastic constant. 

Multiply this equation by e/u 0 , where v 0 is the volume 
per oscillator. The quantity erjv 0 — P n is the polarization 
vector. The law of motion then takes the form 

mP n + mo* P n - q [(P n+1 - P B ) + (P„-, - P„)] = ^ 

If the wavelength is considerably greater than the chain’s 
period, the polarization vector is a slowly varying function. 
Then the equation can be rewritten in the form 

mP (z) + mo 2 P (z) - go? E (z) (1) 

where a is the period. 

This equation must be solved together with the equation 
for the electric field 

32E _1 d 2 E _ d 2 P 

dz 2 c 2 dt 2 8oc 2 dt 2 ' 

We seek the solution of (1) and (2) in the form 

P= P 0 e iftz_i “ 1 , E = E 0 e iflz “ iMi (3) 


Substituting (3) into (1) and (2), we get 




where 


co|—(0 2 + - 


- k 2 a 2 


Whence 


< o 2 e 2 
8o rnc 2 vo 


( 9 c 2 m 

, / ( (x) 2 a 2 2 ^ 

V \ q c 2 m 

| 2 + 4a^-\ 

' m | 

\ 2qa 2 /m / 
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Thus for a given frequency there are four wave numbers 
^and, consequently, four indexes of refraction, which are 

connected with each & by a relationship n = E k j. Two 

waves move in one direction; two others, with the same 
indexes of refraction as the first two, move in the opposite 
direction. In an isotropic medium it is possible for waves 
with different indexes of refraction and the same frequency 
to move in one direction. This property is inherent in media 
with so-called spatial dispersion, i.e. when permittivity 
depends not) only on the frequency of the wave but on the 
wave vector as well. 

96. Direct the x-axis perpendicular to the plates, and 
let the planes where the plates lie be x = 0 and x — d. 
The z-axis is then directed along the line of propagation of 
the wave. We seek the solution of Maxwell’s equations in 
the form 

E (r, t) = E (x) e ihz ~ ib>t 1 
H (r, £) = H (x) e ikz ~ m J ^ 

Substitution in Maxwell’s equations yields the following 
system of equations: 


kH y = (oee 0 E x , 

kH * ~ i Sr = ~ i<J>ze o E v - 

dH tJ 

—— = — iwee 0 E z , 


kE y — (DfXotf x 

ikE X—^~= i ^Hy 

dE y 

<> H z 


dE x 

dx 


ikE z — 0 




f 


( 2 ) 


The boundary conditions for our case of ideally conducting 
plates are 

Ey = E z = H x = 0 when x = 0 and x = di 

The system of equations (2) separates into two independent 
systems; one for H x , H z and E yi and the other for E x , E z 
and H y . The first describes the propagation of TE waves, 
and the second of TM waves. 
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For TE waves ( E z = 0), 


Ey = 


where 


<9 2 // z 
dx 2 

+ X 2 // 

z = 0 

(3) 

copo 

dH z 

pr ik dH 2 

(4) 

X 2 

dx ’ 

* x 2 dx 

x 2 = 

(o 2 e 
' c 2 

■k 2 

(5) 


dH z 


The boundary conditions are: = 0 for x = 0 and 

x — d. The general solution of (3) is of the form 
H z = H 0 1 sin hx -f- H 0i cos xx 


where the boundary conditions impose the restriction that 
H 02 = 0; x = nl/d, l — 1,2,... 

Thus for TE waves, 

H z (x) = H oi sin^-x (6) 

For each value of l there is a definite type of wave that 
can propagate in the system. The magnitudes of the fields 
for each type can be found from Eqs. (1), (4) and (6), and 
the dispersion equation is simply formula (5). 

For TM waves ( H z = 0), 

-§-+x*2? z = 0 (7) 

tj■ . (DS 80 dE z pi ih dE z 

v 1 x 2 dx ' x x 2 dx 

The boundary conditions are: E z = 0 for x — 0 and x — d. 
The solution of Eq. (7) together with the boundary condi¬ 
tions is of the form 

E z (x) = E 0 cos-^-x, 1 = 0, 1, 2, ... . 

97. Direct the z-axis along the wave guide. For a travel¬ 
ling wave we then have E ex e lhz , H cc e ihz . The magnetic 
field component along the line of propagation of the TE wave 
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is determined from the equation 


d 2 U z 
dx 2 


d 2 H z 

dy 2 


+ y 2 H z = 0 


0)2 

where y 2 —-^. -A; 2 . The boundary conditions are: 

when 2 = 0, x — a, y = 0, and y — b. 

The solution of the equation is of the form 


dH z 

dn 


0 


H 


zmn 


i \ tt jinix 

( x , y) = n 0 cos —-— cos 


nny 

b 


where m and n are integers; 


V 2 


yinn — ^ 2 



) 


For a > b the frequency limit is o> 01 = ncla, for a < b 
it is (Ooi = nc/b. 

For TM waves 


E 


zmn 


( x , y) = E 0 sm ——sin 


nny 

~b~" 


98. The electromagnetic field in a conductor decreases 
sharply at depths below the surface considerably less than 
the wavelength in a vacuum. This is the reason why the wave 
vector is directed perpendicular to the surface. The electric 
and magnetic fields in the conductor are related to each 
other by the equality 


}/" ee o + E t = Y pp 0 [H, X n] 

where E t and H ( are the tangential components of the fields, 
and n is the normal vector. Since E t and H t are continuous, 
we have the same relation outside the conductor. For an 
ideal conductor, 

Ei = £ [Hi x u], where £ = ]/ p©p o /( 0 *i). 

99. Use the conditions of Problem 98. The electric and 
magnetic fields decrease like e~ az , where a = 2s 0 ) X 

, / , m 2 . ra 2 \ f 2 / u 2 2 \ 1/2 | — 1 


14-01496 
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100. For TM waves, 



sin mp 
cos mp 


where J n is the nth Bessel function (n an integer), and 
7 is determined from the condition that J n ( yR ) = 0. 

For TE waves, 



sin nq> 
cos n<p 


where 7 is determined from the condition J’ n ( 7 R) = 0. 

The dispersion equation 
for TE and TM waves is 

H-S-* s P 

101. Solving Maxwell’s 
equations inside and out¬ 
side the guide and fitting 
both solutions on the boun¬ 
dary, we come to the con¬ 
ditions 

J x (yR) , 0 

yJ 0 (yR) 1 P*o(P*) 

( 1 ) 

y 2 + P 2 =(e-l)-g- (2) 

, eo> 2 ,0 9 <o 2 

where -/c 2 = 7 2 , — - 

—/c 2 = — p 2 , and K 0 and 

Fi S- 57 Ki [are modified Hankel 

functions. 

The graphical solution of Eqs. (1) and (2) is given in 
Fig. 57. For frequencies less than a definite value, called 
the frequency limit, curves of ( 1 ) and ( 2 ) do not intersect 
and p is imaginary. In this case the waves do not propagate 
along the guide but are radiated in the surrounding medium. 

102. Direct the z-axis along the common axis of the cy¬ 
linders. For a wave propagating along this axis ( E , H <x 
a e lhz ~ im ) Maxwell’s equations in cylindrical coordinates 
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are 

1 dll z XT ■ V 

- —=—iklL = —ime 0 Er 

r (K p v 

ikll —= — icoee 0 i?(p 
TIT ( r// ») T ~ — me& o E z 

1 dE 

— -g£ - ME* = i(oii 0 H z 

ikE, -= m'^Hy 

1 d , „ . 1 dE r . „ 

--sF(rE v )- T -^-^mioH z 

Also E v = H z = 0 for r = /? x or r = i? 2 . Let us show 
that for a wave guide with a multiply connected cross sec¬ 
tion (which is what our system is) there is a possibility of 

transverse waves with E z = H z = 0, k — — V e - For this 
case it follows from the system of equations (1) that 


j/e E r = #<p V m/fin 
Y z Ey — H-Y p, 0 /eo 


4r(rE,) 

4r(rH,) 


dE r 

3<p 

3H t 

dtp 


0 

0 


( 2 ) 


Using these equations, we can show that rE r , rE v , rH r , 
and rH v must satisfy the two-dimensional Laplace equation 


d , 


■ 1 dW 

dr ' 

\ dr ) 

' r <9<p 2 


0 


(3) 


Since rEy and rll r are zero on the boundary of the region 
and are harmonic functions inside, this implies that E v — 
~ H r — 0 everywhere. Then (2) yields 



d ( tH ,,) 


14 * 
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Whence, having in mind the dependence on z and f, we get 


#„ = — e iftz-icol E r = l/"-H 2 - — e ikz ~ iat 
v r T V e 0 6 r 

For the TM waves we must solve an equation that follows 
from Eq. (1): 


l _ d_ 

r dr 


( 


r 


dE z \ . 1 d 2 E z ■ 
dr ) ' r 2 d(f 2 ' 


X 2 E Z = 0 


The solution is of the form 


(4) 


{ sinrnp 

cosmp (5) 

where /„ (xr) is the nth Bessel function of the first kind, 
and Y n (xr) is the nth Weber’s Bessel function of the second 
kind. 

As distinct from wave guides of a circular cross section, 
we have no need to discard solutions that at r = 0 become 
infinite, since point r = 0 does not belong to the system. 
The boundary conditions yield 

A n Jni*Rl) +B n Y n (xR 1 ) =01 
A„/ n (x/? 2 ) + B n Y n (HR 2 ) = 0/ 

This system of equations has nontrivial solutions if the 
system determinant is zero, i.e. 


Jn (*fli) Y n W - Jn (xA 2 ) Y n (xi? x ) = 0 (7) 

The last equation defines the values of x for a given n: 
>4nn x n 2 > • • • • For the TE waves Eq. (7) contains J’ n and Y„ 
instead of J n and Y n . 

103. E x — E x o cos ax sin py sin yze - i03t 
E v — E u0 sin ax cos (3y sin yze ~ iu>t 
E z = E z o sin ax sin py cos yze ~ m 

"a 2 - 1 “ 

+-^-+• 75 -) l m > 1 integers). 
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The lowest frequency is 

n 

®mln — ® 

where L, is the longer edge of the parallelepiped. 

105. From the condition that E t = 0 at the ends of the 
resonator we come to a solution in the form 

E z = Af (p, q>) cos kz e- iat 
where / (p, cp) satisfies the equation 


1 8 (o df \ I 1 d2f .1 -v 2 / —0 v 2 =— — A? 

p dp V dp / ' p 2 dq > 2 ' ^ ^ c 2 


and k — n ntd (n is an integer). Separation of variables 
brings us to the Bessel equation for the radial component. 
Thus 

E z = E„J m (yip) e im «> cos kz e~ iat 
where J m is the mth Bessel function (m is an integer), and 
Vi is determined from the condition that J m ( y t R) = 0; 
l numbers the different roots of a Bessel function. 

The natural frequencies of the TM waves can be found 
from 



n 2 n 2 

~cP~ 


For TE waves the natural frequencies are determined from 
the condition that J' m (yiR) = 0. 

106. Let the liquid move along the x-axis. The velocity 
at any point in the liquid depends only on the position of 
that point between the plates (on coordinate z). So does the 
magnetic field. 

We must now solve the system of equations (11-74) and 
(11-75) together^with^the boundary conditions: v = 0 and 
H x = 0 when z = ± d/2. Equation div H = 0 yields 

H z = constant = H 0 


For the z-component of Eq. (11-75) we have 



= P{x) 
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and -£r = -^r = constant because of stationary flow. Then 
Eqs. (II-75)-(II-77) yield 

IT dv . c 2 e 0 <PH X _ n 

0 dz "T - a* d x 2 

~ & v I „ V dH x _ dp 
^ dz 2 ■ 0 dz dx 

Solutions of these equations that satisfy the boundary 
conditions have the form 


v=v 0 


cosh -t 4-cosh 4-- 

la o «o 

i d * 

C0Sh ^- 1 


H x — — y 0 4ne 0 or*T] 


2 z . , d . , z 
— 3 -sinh — smh - 3 — 

a, Oq 


where rf 0 — - 77 — q » and u 0 is the velocity of the liquid 

at z = 0 . 

For weak fields (d d 0 ), y = u 0 (l — . This is 

simply the result of ordinary hydrodynamics. 

For strong fields (d d 0 ), v = y 0 (l — e ) do ). 

107. Equation (11-75) for our case is 

PooT/o (E 0 -n 0 H 0 ») (1) 

4^=0 ( 2 ) 


— Fo oH x (E 0 — \i 0 H 0 v) 


Since there is no pressure gradient along the ar-axis, we 
come to the equation for the distribution of velocities: 
<Pv 1 _ 1 E 0 

dz 2 dl V ~ dl tioHo 

Solving this equation and using the boundary conditions 
(v — 0 when z = 0 , and v — v 0 when z = d), we come to 
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the sought distribution 


v(z) 


Vo 


-sinh 


sinh- 


z 

Eo 

d 0 

' Moffo 


sinh d * ■+ sinh - 4 - 

oo do 


sinh 


From Eq. (3) we obtain 


cosh • 


9 J 

H x (z) = H 0 v 0 add 0 - 


-cosh 


2 sinh 


2d n 


For weak fields (d d 0 ), 


_ I’QZ 


y = 


_d_ 

do 


( 2d 0 do ) 


For strong fields (d > ri 0 ), 


Mo^o 




108. We write the continuity equation in terms of the 
concentration of the electrons: 


4r+div«v = 0 


(1) 


The law of motion of an electron in a plasma with no 
pressure gradient is 


t4+(W)v=7 E 


( 2 ) 


Maxwell’s equations yield 

divE = — (n — no) (3) 

8 o 

where n 0 is the ion concentration and also the mean electron 
concentration. 

Let us assume"the motion of charges to be so slow that 
the variation of charge density is considerably less than its 
mean value. In such an approximation Eqs. (l)-(3) trans- 
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form into the following: 

3 A n 


-n 0 div v = 0 


dt 

divE = — An 
eo 

— = —F 

dt m 

We then find the divergence of both sides of the last equa¬ 
tion. Excluding div v and div E with the help of the first 
two equations, we find 

3 2 A n , e 2 . n 

—- n 0 An = 0 

dt 2 1 me o 

The solution of this equation is 

An — An^e-^v 1 

where (o p = j/" * is the plasma frequency. 


e 0 m 

109. Aip =-— and AA- 

e 0 


1 3 2 A 


— Mil where j ± 


c 2 at 2 

is the transverse component of the current density vector: 


ii = 4r curl curl J|7=?T dF '- 

110. The vector potential is equal to 

j( r' )e < ftl r -rM 




■dV' 


I r—r' | 

When the distances from the antenna are great, the vector 
potential is 

d/2 

A (r) = e 3 / e ^°- j sin^-^— k\ z' \ ) e~ ihz ' coe6 dz' 

-d/2 

where 0 is the angle between e 3 and the direction of propaga¬ 
tion of waves. Evaluating the integral, we get 

I kd n \ kd 

r jb. cos -s—cos 6 I —cos 

p\_p M /eihr ' 2 ' 2 

* / - ca n _ _-.o n 


A (r) = e 3 


2 nr, 


sin 2 0 


Cfi 0 


A, sin 0 
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The time average radiation intensity per unit of solid 
angle is 

— = -|-Re (r%.[ExH‘l) 



/ kd 

cos 0 ) 

kd 

/ 2 

COS ( -=r- 

— COS -J7— 

\ 2 

/ 

2 

8n 2 ce 0 

sin 0 


When the antenna length is several half-lengths, 


dJ___ mo I 2 
dQ V t-. 0 8jt 2 


cos 2 cos 0 j 

sin2 0 


(kd = n) 


4 cos 4 ^ cos 0 j 
sin 2 0 


(kd=2n). 


111 . 




113. The magnetic field of the incident wave in cylindri¬ 
cal coordinates can be written as follows: 


H z = H oz e i ( h pe°Bif-e>t) 

The plane wave can be expanded into a Bessel series: 


H z = H 0z 2 J m (kp) 

m=-oo 

The symmetry of the problem implies that the magnetic 
field of the scattered wave will also be directed along the 
cylinder’s axis. Let us look for this field in the form of 
a series of cylindrical functions whose asymptotic behaviour 
for large p is the same as for the field 

H p~ l/2gihp 

These are the Hankel functions H m {kp). For the scattered 
wave we then have 

H z = H 0z 2 
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The boundary condition is: H 2 = 0 on the surface of the 
cylinder. For our problem this is equivalent to E % = 0. 

The equation curl H = e 0 — leads us to the expression 

F __ i dH z 

<fl Eo<D dp 


The boundary conditions yield 
For large p, 


H ' m ( kR ) 


u n \ i /" 2 iftp-(2m+l)-7-i 

H *m~y 

Then we find the magnetic field for large p: 
~T~ 

nkp 


_ OO . / 2 7 / 1 + i \ 

r o 1 1 mq)-— Ji I 

».= b«V isr '"*'-" 0 2 


£ .=/v B 


The time average of the energy flux density in the scat¬ 
tered wave is 

IS| = f He (EJIT) = I 2 

The energy flux through a unit lengtn of the cylinder is 

2jl co 

| |S|pdcp = 2 y -j^-|#oz! 2 X 2 

0 m=—oo 


f' m (kR) 2 
R ' m ( kR ) 


114. The dipole moment of a system of two particles in 
their centre-of-mass system is 

P = e i r i + g 2 r 2 = P ( —■ ~) i 

where m 1 and m 2 are the masses of the particles, p. is their 
reduced mass, and r is their separation. 

For identical particles, e x = e 2 and m x = m 2 ■ And so 
p = 0, which means that there is no dipole radiation, 
i.e. radiation proportional to |p| 8 . 
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115. The intensity of dipole radiation can be calculated 
using formula (11-73), where p = er. With the help of the 
law of motion 

• * e 2 r 

mr— 4jie 0 H> 

we can exclude r. Whence, 

j __e®__ 128 ji6q | E [ 4 

96ji , 8j i c 3 a 4 m 2 3m 2 c 3 e 2 

where E is the particle’s energy. 

116. If in the course of one period of revolution the par¬ 
ticle’s energy changes only slightly, we can use the result 
of Problem 115 and find that 


whence 


dE _ 1 28ne 0 1 E | 4 
dt 3m 2 c 3 e 2 

3 m 2 c 3 e 2 

~ 4jis 0 X 24 | £ I s ' 


117. The time dependence of the electromagnetic field 
can be presented in the form 


E(t) = 


! 


0 for t < 0 
——-iatot . 

E 0 e x for 


t>0 


Let us write E (t) in the form of a Fourier integral 


oo 

E (t) — j E (a) e~ iat da 

— oo 


where the Fourier transform 

oo 

= J E (t) e+ m dt = 


2jx ^ —i (o> 0 — to) J 


The radiation intensity is proportional to the squared 
modulus of the Fourier transform: 


/ (or) = 


+ w) 2 ] 
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where 


foo 



— oo 


The half-width of the radiated line is determined from the 
relationship 

J ( ®o ± = ^J (®o) 

whence 

Aco = —. 

T 

118. We can represent an elliptically polarized wave in 
the form 


E = A cos at + B sin at 

where AlB. Then the differential cross section is 

g 2 \2 [A X n] 2 -j-[B x n] 2 „ tjrt 
4jie 0 mc 2 } [(m 0 2 -oj 2 ) 2 + <o 2 y 2 ] (^ 2 + B 2 ) 

where n is a unit vector in the direction of scatter. 

119. Let us seek the electric and magnetic fields (in the 
form 

E = E ol e iq x x+u, v v ~ ihzZ ~ ie>t 1 
H = H 01 ^ 3 C+ V- i -V-‘“' / for z<0 

and 

E = E 02 e iq =c x+ig ’J v+ih ^ iM 
H = H 02 e i,xX+iv y v+ikzZ ~ ie>t 

where k z = j/~ — q% — ql- 

Choose the y-axis directed along i. Using the boundary 
cpuditions (11-25) and (11-26) and also the relation between E 


^ for z~> 0 
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and H in a plane wave, we obtain 


Hoix = —o"» H oiy — 0, II ol2 — 


9* 


E, 


oix 2e 0 wk z 


2 

i* Egly— 


IxQy . k l + 9l 


2e 0 u)k z 


i, Eoiz — 


# 02 * = -^, #020 = 0 , 


«!/ 


2eo<i) 


2A:» 


■^02* — 


QxQy 

2&Q(okz 


h E 02y — 


k z + 9x 
2&g(Sikz 


i , A, 




02z - 


2eg0> 


Electromagnetic waves are radiated in the ambient space 
if co 2 /c 2 > q% + ql. When this condition is not fulfilled, 
an electromagnetic field exists only near the plane together 
with the current. 

120. The electric field ot the vibrating dipole induces 
a dipole moment in the particle. The particle then radiates 
electromagnetic waves. Provided d X, the electric field 
vector at a point with a radius vector d is 


When p 1 d, 


E, (d) = 


3 (p-d) d 

4jieo d, 5 


P 

Anegcfi 


Ei (d) = 


P 

4jteod 3 


This field induces in the particle a moment 

Pi = e 0 pE x 


The net field is created by both dipole moments, p and p 2 . 
At great distances from the system (r X), 

E = E* + E„ H = H x + H 2 

where 


Ei = 


0)2 [[p x n] X n] 
4nepc 2 r 


<o 2 




E 2 ~ (4ji) 2 c 2 e 0 ni 3 X X n l’ H 2 “ (4jt) 2 frd 3 X ^ 
where n = r/r. 

The radiation intensity of the electromagnetic waves is 


/ = 


,2m* 


p* CD 


6neoc 3 


(i _L\ 2 

l 4jid 3 ) ■ 



222 PROBLEMS IN THEORETICAL PHYSICS 


121. One of the ways in which the damping manifests 
itself is the following. As a consequence of the finiteness 
of the electric conductivity, then, exists a flow of electro¬ 
magnetic energy through the plane, which leads to a loss in 
the energy of vibration. This energy flux is maximal in the 
vicinity of the dipole. Since d X, we can use the quasi¬ 
stationary approximation to find the electromagnetic field 



in the vicinity of the dipole. In this approximation we can 
show that on the plane the dipole induces electric charges 
whose field is the field of a dipole that is a mirror image 
of the original dipole (Fig. 58). And so in the vicinity of 
the dipole (r A), 

E 3 (p-r)r _p_ 3(p 1 -r 1 ) r t _ Pi 

4neo r 5 4lt£or 3 ' 4jie 0 rf 4jie 0 r, 3 

H— i(i> t fX Pl I l r l x Pil 
4n r 3 4ji rj 1 

We can find the density of the energy flux by using the 
solution of Problem 98: 


(a 
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It is seen from Fig. 58 that 

r, = 2d + r, Pl = iE^Ii- Pt t 

Hi is the projection of the magnetic field on the conducting 
plane. That is why on the surface of the plane 

rj 2ict) p cos a /n . 

< 2 > 

Substituting formula (2) into (1) and integrating (1) over 
the surface of the conducting plane, we get the energy ab¬ 
sorbed by the plane in one second: 

d% f o , (o 2 p 2 cos 2 a 

HT~ ~ J ° aS ~ 16ne 0 cd 2 

The energy loss of a dipole in a vacuum is less by a factor 
of about (X/d) 2 than that of the dipole on a conducting 
plane. 

122. Let the dipole be in the origin of coordinates. We 
seek the solution in the following form: 
in medium 1 

H tPXn] [piXn t ] 

1 4ncr ' 4jtcrj 


E _ [[p X »»] X n] tlPi X n]] X m] . 

4jts 0 ]/ t'i c 2 r 4JiEo j/ c 2 ri 

in medium 2 


H 2 = 


[PgXn] 

4rtcr 


E = t[P2 X n] X n] 

4jie 0 ~\f t‘n c 2 r 

where r is the distance from the dipole to the observation 
point, n a unit vector directed towards the point of obser¬ 
vation, ^ = r — 2d, n x = r 1 lr l , and p 2 and p 2 can be found 
from the boundary conditions 

[p X n] t-f [pj xn 1 ]t=[p 2 Xn]t 

ItP X n]Xn] t + [[pi X ni] X nt] t _ [[p 2 Xn] X n] t 

Vh Vh V 62 



224 PROBLEMS IN THEORETICAL PHYSICS 


where t is a unit vector in the plane of the interface. Let the 
latter be the zy-plane. Solving these equations for p x and p 2 , 
we get 


P lx = 


Vm-Vet 

V«i+V«l Px ' 


Ply — 


V ei — V e 2 
Vk+Vh Pv 


V*i+V~ 


P2 


2 f/e 2 

V Bl+V" e 2 


P- 


123. In determining the long-wave part of the radiation 
spectrum we can assume the charged particle to bounce off 
the plane instantly, and so we can use formulas (11-72) and 
(11-73). 

The time dependence of the particle’s velocity is given by 
the following relationships: 

v = v x i + Vyj + y z k for t < 0 
v = v x i + Vyj — v z k for t > 0 

Whence 

p = ev = 2ev z 8 ( t ) k 

where k is the unit vector normal to the plane. According to 
formula (11-72), we find that for great distances from the 
charge 

E ( r > f )=-^r^ [lkxnlxn] 

Now, since 

oo 

— oo 

we find that 

oo 

E < r ’ ®>“sr J E(r ’ ^ emdt -~2S^^ kxn]xn] 


The energy radiated per unit of solid angle per unit of 
frequency interval is 


dJ(u>) 

dii 


4ji 3 c 3 8 0 


sin 2 0 


where 0 is the angle between the direction of propagation of 
waves and k. 
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The radiation maximum lies in the plane of reflection. 
There is no radiation in the plane normal to the plane of 
reflection. 

The energy radiated in all directions per unit of frequency 
interval is 




2e 2 t; 2 

3n 2 c3e 0 


which shows that at low frequencies (long waves) the radiated 
energy does not depend on frequency. 

125. According to the law of addition of velocities in 
special relativity, 


»+- 


u— ■ 


1 + — 
cn 


when v < c, 



126. £ = mc 2 + |L 


1 p 4 

8 m 3 c 2 ’ 


127. Assume that the electric field is directed along the 
x-axis, and choose the y-axis in such a way that the particle 
moves in the .ry-plane when z — 0. The law of motion is 
then written in the form 




d Py 

dt 


= 0 


After integrating we get 

Px = e | E | t, p u = p 0 

The condition v x = p x c 2 !E, where E is the energy of 
the particle, yields 

dx _ e | E | <c 2 _ e | E 1lc 2 

"* ~ [El + e*p 0 * + (ce | E | «) 2 ] 1/3 _ [£ 0 \ + (« I E I <) 2 l‘ /2 

dy __ poc^ _ 

dt l^x + MEI *) 2 ] 1 ' 1 

where E 0 = me 2 , E 01 = c (m 2 c 2 + p 0 2 ) 1/2 - This gives us the 
path of the particle 

x — e | £ | t^oi + ( ce I E10 Z 1 / + £0 

y = ^i ln [ ( +/ i2 + (4 it) 2 ] + 2/0 


15-01496 
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When E 0 ce | E J t. 




129. The law of motion of the particle in cylindrical 
coordinates is 


d ( mr 

\ mri p 2 

eje 2 r 

(1) 

dt V 1/” 1 — l-- 2 /c2 / yi_ y 2/ c 2 

4jie 0 (r 2 + z 2 ) a/2 

— 1 

' mr 2 q> \ A 


(2) 

dt \ 

' Y 1 — v 2 /c 2 ' 


JL( 

' mz \ 

eye^z 

(3) 

dt \ 

I 

N 

O 

c\T 

1 

> 

4ii8o r 3 

jL( 

' me 2 \ 

e\e 2 r 

(4) 

dt \ 

, Y 1 — v 2 jc 2 / 

4neor 2 


We can satisfy Eq. (3) if we put z = 0, which corresponds 
to the motion of the particle in plane z — 0. The remaining 
equations are 

• • 

d / mr \ _ mrcp 2 e\e z 

dt \ y i_j, 2/ c 2 / — Y 1 — v 2 /c 2 4ne 0 r 2 

A ( mr2(f ) = n 

dt \ y i _ v 2 j c z I 

d / me 2 \ ei e 2 r 

l -j/ i — v 2 jc 2 ) ~ 4ne 0 r 2 


Equation (2) gives one integral of motion—the angular 
momentum—and, hence, the law of conservation of angular 
momentum: 


mr 2 cp 

Y 1 — v 2 /c 2 


— L — constant 


Equation (4) gives the law of conservation of energy: 


me 2 

Y 1 — v 2 !c 2 


A 2 - --= E = constant 
4ne 0 r 
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Eliminating t in the first equation, we get 


dtp 2 

where p = -j ei<?2 . 
r 4 ji zqLc 

The solution of this equation is 

P 


4ne<)L, 2 c 2 


r — 


where p- 


L 2 c 2 - 


1 + ecos {]/1 —p 2 (qp— <Po)} 


—, and e and cp 0 are constants 


f I. . uuu \J H 1 • V* 'X.l. uxv VVULJlIUUVkl of 

4ne 0 e l e 2 E ™ 

integration. We can put q> 0 = 0 by choosing an appropriate 
reference point. 

The path of the moving particle is not closed. It can 
be obtained by slowly rotating an ellipse in its plane. 

M 2 -\-m\ — rof £, ^ M 2 — 

—C -STS-. 


2 M 


130. El = c -^ 

131. TV = 4 MeV, r v = 29.8 MeV. 

132. Let the second frame of reference move along the 

E 

z-axis of the first. Since p x , p y , p z , i — are components of 

a 4-vector, we can use the law of transformation of 4-vectors 
(11-79) to find that 

V 


Px = 


P*—C2 E 


Y 1 — v 2 l c 2 

E' 


i Pu — Pv> Pz—Pz 
E — vp x 


Y 1 — v 2 /c 2 

133. Let the decaying particle move along the z-axis, and 
the particle with the energy E x move at an angle 0! to the 
same axis. From the solution to the previous problem it 
follows that 

, 0J = Pix_ = Ei-Epi (l— v 2 /c 2 IY 


COS I 


Pi 


•( 


El 

c 2 


- m x c 2 


,V 2 


where E oi is the energy of particle 1 in the laboratory frame 
of reference, and m x is the mass of the particle. A similar 
expression can be found for angle 0 2 . 


15* 
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134. tan0' = „ sin9 , where 0* and 0 ar6 

angles between the directions of the velocities in the two 
reference frames and the x- and z'-axes, respectively. 

135. cos 0, = ^ 

£ z PoPi 

cos 0 2 = ■ + 

C 2 PoP2 

where p 0 =-i-(£, — mp: 4 ) I/2 . 


136. co = 


Wo 


^“SH 1 - 0030 ) 


where co 0 is the frequency 


of the photon before impact, and h is the Planck constant 
h divided by 2n. 


137. co 


— — I 

~ h \ 


1 


A E 


2 me 2 


139. Consider a reference frame that moves together with 
the mirror. Assume that the x-axis of that system is directed 
along the velocity of the mirror (opposite the normal). For 
such a system the laws of reflection in a stationary medium 
are valid, i.e. the frequency will not change in the course 
of reflection. The laws of reflection are: 


k x — , k y — k z — IP — CO^ 


where k' and co' are the wave vector and frequency of the 
incident wave, and k) and coj are the same quantities for the 

reflected wave. Since the four numbers k x , k y , k z , i — are 

components of a 4-vector, we can use the law of transforma¬ 
tion of 4-vectors to obtain the relationships valid for a re¬ 
ference frame in which the mirror moves: 

k x + k lx = -jp (co + coj) 

ky = k ly 

k z = k\ z 
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Solving these equations, we find that 


Olj = 0) 


1 + 02-20 COS e 
1-02 


COS0j 


20—(1 + 0 2 ) cosG 
1+02-20 COS0 


where 0 and 0 X are the angles between the z-axis and the 
lines of propagation of the incident and reflected waves, 
respectively. 

141. If we find at least one such frame of reference, any 
other frame that moves parallel to E and H will have the 
same property. For this reason we must find one frame of 
reference that moves with a velocity which is normal to E 
or H and directed, say, along the/r-axis. Since in such a frame 
the fields are still parallel, we have H' x = E' x — 0 and 
E'yll'z — E'zH'y = 0. The law of transformation of fields 
brings us to the final result: 

vie [E X H] 

l + e 2 / c 2 g 0 £2 

143. T xx = -j—^r(Txx -T\ x — -^ r T, u) 


T' —T 
1 yy — 1 yyi 


T yz — Tyz 


T 

1 xy 


4x 


ky 


(1 — v 2 /c 2 ) 

i 

1/2 \ 

c (1 — f2/ c 2) l /a 

1 ( 

(1 — v 2 /c 2 )' 

-. 1 .1 

1/2 \ 

f n* 


— i c T\x ( 1 + + 2 ~ ) — V Tu + vTxx 


144. H[, = H|„ 

H—e 0 [v X E] 


E. H [vxli] 


(t — v 2 /c 2 ) 


1/2 ’ 


H', = 


(l-I;2/ C 2) 1 / 3 


Here the symbols || and _L stand for ‘parallel’ and ‘normal’ 
to velocity v. 
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SECTION III 


1. As the particle moves, its momentum p remains con¬ 
stant and is equal to —p after the particle is reflected from 
the wall. Thus 

a 

^ pdx — 2p j dx — nh 
o 

whence 


nh , 

P* = -w and 


E n 


n 2 h 2 
8 ma 2 


2. Using the fact that the energy of the oscillator is an 
integral of motion 

p 2 , ma> 2 x 2 m(S) 2 A 2 

^ ~ lm"i 2 2 

where m = ( klm ) l/2 is the frequency of oscillations and 
A is the amplitude of oscillations, we get 

p = Ym 2 w 2 (A 2 -x 2 ) 

Substituting z = Acos(p, we find that 

& pdx = mA 2 con = nh 


Thus the allowed amplitudes and energies are 
nh 


A 2 


and E„ = 


mA* ( 0 2 

—= n%u>. 


5. The mo lion of the electron can be described by two 
generalized coordinates, r and <p, and two generalized mo¬ 
menta, p r = mr and p<p = mr 2 q>. In a central field there are 
two integrals of motion: the component of angular momen¬ 
tum along the axis of rotation 


p<p = mr 2 <p = L 

and the total energy 

_ mr 2 mr 2 tp 2 Ze 2 


2 


2 


r 
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The last relationship yields 



Since r = 0 at the extremal values of r, it follows that r max 
and r mjn are the roots of the radicand. The Bohr-Sommerfeld 
quantization rule gives 

r max 

<^> p v d(p = L x 2n — n^h and 2 j p r dr — n r h 

r mln 

The second integral is of the form / = ^Y A -f- 2 B/r -f C/r 2 dr, 

_ _ r l _ 

where YA = -\-iY—2mE ( E < 0) and YC = —iL = 
= — in v h. We can calculate it in the following way. As we 
have already mentioned, if for r we substitute r x or r 2 , the 
radicand turns zero; the radicand is positive if r x < r <; r 2 . 
Consequently, A < 0 and C < 0, since 

A i 28 | c A ( r ~ r i) ( r ~~ r 2) 

■r" r > r2 ~ r 2 



/ 2b q 

A + T + i* ’ where z 
is a complex variable. Obviously, z = r 1 and z = r 2 are 
the branch points of this function. 

To calculate I let us cut the complex plane along the 
segment r ± — r 2 . We choose / <; 0 just above the cut and 
/ > 0 just below. We then evaluate the integral around 
a contour consisting of the upper and lower sides of the cut 
(from r x to r 2 along the lower side and from r 2 to r x along 
the upper). We denote the contour by l and have 

7*2 r 1 

j f(z)dz= j \f\dr+ j [ — \f\]dr = 2I 

l r i r 2 

Point z = 0 is the pole of / (z). Hence, l can be distorted 
away from the singularities, so that points z = r x and 
z = r 2 axe inside the contour and z = 0 is outside. If we 



232 PROBLEMS IN THEORETICAL PHYSICS 


consider a contour L in the neighbourhood of z = oo and 
a contour K around z = 0, according to Cauchy’s theorem, 

j f{z)dz = j f(z)dz+ j f(z)dz 

Lit, 

with all the contours by-passed in the positive direction 
(counterclockwise). 

To calculate the integrals along L and X, let us expand 
/ (z) near z = oo and z = 0. 

For z = oo 

«»=^(i+s+^r“^(i+i+"-) 

When we pass from points z <; r 2 on the lower side of the 
cut (where / = ~ Y A (z — r x ) (z — r 2 ) > 0 and arg / = 0 ^ 

to points z > r 2 , the argument of z — r 2 increases by n. 
Consequently, arg / changes from 0 to ji/ 2. Thus in the 
above expression we must take ]/ A = -H I |, since 
fl rg (i + ^ + ...)= °. 

For z — 0 


/(*) = 


1/C 


(*+ 


“+?f « 1 r(‘+*+-) 


Now when we pass from points z >> r x on the lower side of 
the cut to points z < r x , the argument of z — r x decreases 
by it, since we pass in the negative direction (clockwise). 
Hence, ]/C = — i | YC |. 

Using the theory of residues, we have 


j f w dz = V A J (1 + i+ • • •) dz - 2ni yj 

J/(z)<fe~]/C j ^(l + ~+ ...)=2niVC 


and finally 
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If we introduce the quantity n = n T and substitute the 
values of Y A, B, and Y C, we get 

2ni (—■ me + ) = n r h 

\iyZm\E\ * ! 


and 


E n = 


2/(2fl2 • 


6. Let us denote the position and the mass of the nucleus 
by r x and m 1 , and those of the electron by r 2 and m 2 . We 
can then separate the variables by introducing r — r 2 — r 2 


and 


R = 


mir t + m 2 r 2 
m i + m 2 


The centre of mass (with a radius vector R) moves like 
a free particle of mass M = m 1 -|- m 2 in the given limits, 
i.e. 0 <i x < a, 0 <;/<&, 0 < z < c. As for the relative 
motion of the electron, this reduces to the motion of a parti¬ 
cle with mass p (the reduced mass of the system p = 


about a fixed centre (see Problem 5). The centre-of-mass 
momenta, P x , P y , P z , are quantized in the same manner 
as in Problem 1. Thus 


F - p2 4- F - h2 I n 'i I 
c „i«2nan — 2M ‘ ^rel — jjjjj \ cP ~i 


w| I n 3 \ 
62 "T c 2 ) 


pe 4 

2 


7. The particle’s position z and its momentum p enter 
the total energy, which is an integral of motion, in the 
following manner: 

E = £ + mgz mgH 

which yields _ 

p = ± Y2m (E — mgz) 


Using the quantization rule 



h 

j Y 2 m (E — mgz ) dz — nh 
o 


enables us to find //„ and E n : 

„ / 3 nh \ 2 / 3 „ / 31/ m gnh \ 2 / 3 
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8. (a) Applying the operator twice to an arbitrary func¬ 
tion ip, we get (-^ + o;) 2 il 5 =(A + x )(jg. + ^) = 

and) consequently, (i + x ) 2 = 

= 3 P+ 2 a 4 +* , + 1 : 


' ' \ dx ' x ) dx 3 ' x dx 3 ’ 

< c > ( x iY=^^+ x i ■ 

(d) (^*) 2 = ^S + 3^ + l; 


(e) It is obvious that [iftV +A] 2 i|)= (i/zV +A) x 
X (ih grad ip-f Ai|)) = — A 2 Atp-(- ih [(V'A)+ (A-V)] if +A 2 ij). 
Taking into consideration that (V • A) i|> = (A • grad i|))+ 
-fipdivA, we come to the final result: 

(i^V + A) 2 = — h A + 2 ih (A-V) 4-ik div A + A 2 ; 

(f) (L-M)(L + M) = L 2 -M 2 + (LM-ML). 

9. (a) Applying the operator ~x — x to an arbitrary 

function, we get 

or 


(b) ih [(V-A) — (A-V)] = ih div A; 

, , _5_ , c _c>_ df_ 

^ d(f> ^ ‘ d<f dtp 

10. (a) Let .us define the sought operator by the equality 

(x) = ip.(x-f- a) 
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We then express i|)(;r-fa) as a power series in a: 


(* + a) = aM*) + a-g-+-|ig+... = 2 


•^-1 n\ dx n 
n=0 


Noting that 2 “y = ' we S et T a —e dx ; 

71=0 

(b) We define f a as 7V|)(r4-a) and get 7 , a = e( a ' v >. 

*-£ («*)* 4 -**- 

n=0 

11. (a) According to the definition of a hermitian con¬ 
jugate operator, 

[ v*i£ dx = J *[(i) + *r* 

— oo — oo 

oo oo 

provided that j | if>, p dx and j ] ij) 2 p dx exist, which im- 

— OO — oo 

plies that % and % are zero as x-*~dz oo. If in the right- 
hand side of the equality we integrate by parts: 

oo oo oo oo 

5 j ^^S dx = J ^(-itY d x 


we find that ^ —) f = — —. 

(b) In a similar manner we gel 

\ dx n I ' ' dx 11 

13. The operator JT a is defined by the relation 
j Vi ( r ) T a % (0 dx= j \p 2 (r) (r)]* dx 
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In order to find this operator, we introduce a change in 
variables, r + a = r', in the expression defining T a : 

/= j ip* (r)r a ip 2 (r)dT = j (r) % (r + a) dx 

= j iff- (r'-a) if 2 (r')dt' 

The last equality steins from the fact that the integration 
is carried over the entire space and thus the value of the 
integral remains the same. 

But since ifi (r — a) = TLaijy (r), we can write 

/= j (r)]*d% 

i.e. n= t. 

ia JL °° f‘ a T") 

14. By definition, e a0( P:=2 ——. According to 

n-0 

d n 

Problem 11(b), the hermitian conjugate to is 

Consequently, 

is a hermitian operator. Thus the hermiticity of the original 
operator follows: 

( e ia 5(pj _g ia S(p (if 

15. By definition, 

j \p*AB\p 2 dr = j 2 [(AS) + ifi]* dr 

Let us consider the first integral. We denote — ^3 
and introduce A + . We can then write 

j iffiif 3 dT = j % (A + %)* dx 

Introduce a new function if 4 such that \f 4 = -dAfq and then 
return to if 2 . We can rewrite -the last equality,in a form 
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convenient for a transformation via B*: 

j t|) 3 (A + %)* d% = j \p*B\\h dx = j \p 2 (5 + %)* dx 


Tims 


= j ^2 (# + i + %)* dx 
(AB) + = B + A\ 


16. Hint. Use the results obtained in Problem 15. 

17. Hint. Use definitions (III-14) and (III-16). 

18. Adding ±MLM to LM 2 — M 2 L and taking the 
common factor M out of the differences leftwards and right¬ 
wards, we obtain 

LM 2 - M 2 L + MLM - MLM = {LM - ML) M 
+ M (LM-ML) = 2M 
since LM — ML = 1. 

19. Using the results obtained in Problem 18, we prove 
that being valid for n — 2 the relationship is valid for 
n + 1 as well. Suppose 

ML n — L n M = — nL n ~ l 


Now we form the expression 

M L n+i — L n+i M = ML n+i — L(ML n + n£” _1 ) 

= {ML — LM) L n —nL n — ~{n+i)L n 

where we have used the previous'equation. Thus the relation¬ 
ship is proved for any n. By definition, 

/(L) = 2 

71=0 

Consequently, 

oo 

f (L) M — Mf (L) = 2 (L n M - ML n ) 

71=0 

-V / <M) (°) ?n-i 
“Zj (n—1)1 
n~ 1 
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But if we put n — l = n lt we get 


oo 



ni=0 


y(7il+l) 

ni! 




If (Q)] (7ll> 

n 4 ! 


L nl — f (L) 


and in this way 

/ (L) M—Mf (L) = f (£). 


20. In order to prove assertions (a) and (b), we must 
present B 2 in the form BAA ~ l B. As for (c), let us express 

00 i 

/ (B) as a power series in B, f (B) = 2^j/ <n> (0) #"» and 

n 

then use (b). 

21. First expand e~^ A in a series and then, in a way 
similar to that of Problem 19, find the commutator 

oo 

Be^ —e~^B = 2 P" (BA n -A n B) = C&~ tA 

n= 0 

And so 

e'° 1 Be~ lA = e& (e-^fl + Cfr -6 *) = £+C£. 

22. If we introduce the operators A = e^ p/R and A -1 = 
— e -ilp/h an d then use the results obtained in Problem 
20(c), we can write 

e amF (q) e-iW* = F (e^qe-^) (1) 

But since pq — qp— — ih, we have 

q e -iWn = e -iWhQ + Q ( 2 ) 

(by analogy with Problem 19). 

Substituting (2) into (1), we get the required relation¬ 
ship. 

23. We construct the eigenvalue equations for our opera¬ 
tors. For 

ax 

or \|> = e kx 
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The finiteness of \|j {x) as x-*- ±<x> implies that A = ip, 
where p is a real number. In a similar manner, for i-^ , 

where A is a real number (a continuous spectrum). 

24. Separating variables in the standard equation 

x -f- i|) = A\|), we arrive at the equation ~ = (A — x) dx. 

After solving this equation, we get 

= eg ?.*-* 2 / 2 


Such a solution satisfies the requirements of being finite, 
continuous, and single-valued for any A, both real and 
complex (a continuous spectrum). 

25. We seek the solution of ^ — A\j> in the form 

\|) = ce K f 


Because our eigenfunction must be single-valued, the solu¬ 
tion must satisfy the condition 


(cp) = \1) (cp + 2jt) 

Substituting the original solution, we find A from the 
condition^ 2 * = 1. Thus A = im, where m — 0, +1, ±2, . . . . 

26. In order to find the solution of 


Sin ^-1> = M> (i) 

we express the operator sin in a power series: 

„. d d 1 d 3 . 1 (J6 

Sln dq> ~~ dtp 3! dtp 3 ~r 5! d(p5 

_ V (~D fe d2M m 

Zi (2/c + l)! dtp^ti 

h---o 

We seek the solution of (1), having in mind (2), in the form 
ij: = w here a can be found from the single-valuedness 
of the function, a — im (m = 0, ±1, ±2, . . .; see Prob¬ 
lem 25). After substituting this solution into Eq. (1), we 
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get the eigenvalues 


^=2 (2fr+ irr ( im ) h = sin (im). 

fc =0 V 


27. Similarly to Problem 26, i|> = e im(f , X = cos m. 

28. Similarly to Problem 26, rp = e im Q , X = a _am . 

29. Introducing a new function U = we get 


whose solution is 



U i =C i e^ x and U 2 =C 2 e~ Vlx 


For X = —p 2 < 0 both functions will be finite as x -*- ±oo. 
But in order to be finite at x = 0, i|) ( x ) must be a linear 
combination of U x and U 2 divided by x, 

*(*)=——^- 

and the numerator must turn zero together with the deno¬ 
minator (at x = 0). Thus 

C 1 + c a = 0 and i|>(a:)=C^L!!£. 
where p is a real number. 

30. We consider the left member in the Poisson bracket 
as being a product of two operators. Then we do the same 
with the right member. In each case we use the relation 
given in the problem and get 

{/l / 2 > g} = {/i> S} / 2 + fl {/ 2 , g} (1) 

{/, iiia} = {/, gi} gz f g\ (f, g 2 } (2) 

Now in equations (1) and (2) we set / = fj 2 and g = g x g 2 . 
Using the same relation and keeping to a definite order in 
the multiplication of operators, we get the same left-hand 
sides, and the right-hand sides can be expressed in two 
forms:j 

from Eq. (1), 

{hfz, £i£ 2 } = §i {fit g 2 }/ 2 + {/i> £i}# 2 / 2 + /i gi (fz, gz} 

+ /i {/ 2 > £i} gz, 
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from Eq. (2) 

{fi fit h'lfo} = fi {fit S l} Si ^ {fit Si} fiSi^ Sifi {fit S2} 

+ £1 {/i> fe'2}/z 

Subtracting one expression from the other, we get a rela¬ 
tionship that holds true for any set of four operators f x , / 2 , 

Sit 8 i- .. 

{fit £1} 1/2^2 — Sifi) — l fi Si — £1/1] {/21 Si} 

The arbitrariness of the operators implies that for any two 
operators / and g, 

if, 8} = C {f 8 — sf} 

If we require that {/, g} + = {/, g} provided f* = / and 
g + = g (the hermiticity of the quantum Poisson bracket), 
we find that C* = — C, or C = ilh. The dimension of C 
must be the one of the reciprocal value of action by analogy 
with the dimension of the classical Poisson bracket {/, g} = 

n 

= Thus ’ h is an arbitrar y ( i ua,itil y 

i= 1 

having the dimension of action, and the quantum Poisson 
bracket 

(f, 8} fS — Sf)- 

31. a a* — a*a = l. 

32. (a*a + aa*). 

33. We take advantage of the fact that 

xy = yx, p x Py = PuPx, Pxy — yPx^ —ih6 xy 

and prove the sought commutation relation for the x-com- 
ponent, i.e. 


L V L Z —L t L y =(z p x -xp z ) (xp y —yp x )—(xpy — yp x ) (zp x — xp z ) 
= &Py — y Pz) (Px* — * Px) = ifl (yPz —zPv) = i*L x 


16-01496 
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A cyclic permutation of the indices x, y, z enables us to 
obtain the other two components, and in vector form 

[L X I] = ift L. 

34. To find the commutation relation for L 2 and L x we 
write 

l 2 4 - lJj =44 - 44 + 44 - 44 

If we add and subtract L v L x L y and L Z L X L Z , factor out 
common multipliers leftwards and rightwards, and use the 
results obtained in Problem 33, we get the needed result. 

d¥(x t) 

37. We seek the solution of the equation i% —gj 1- = 

fc2 A2W 

= — 3^2 in the form T - ( x , t) = U (x) ip (f) (this is 

a particular solution since the variables may be separated). 
Then 

ih dip h 2 d 2 U 

q> dt 2 mU dx 2 a 

If we want U (x) to be finite as |a:|-»-oo, we must put 
a>0. Denoting = , we get 

_ihk 2_ t 

(p (f) = e 2m , U (x) = e ihx 
where A: is a real number. The general solution is 

oo 

¥( 2 ;, t)= j’ C(k)e ihx - ihhH ' 2m dk. 

— c» 

38. The normalization constant A is determined from the 

oo 

condition that j | T (x, 0) | 2 dx = 1. Substituting the 

— OO 

given wave function, we arrive at an expression for A: 

oo 

|Aj 2 j e~ x2/a *dx = | A fa 4n = 1 



whence 
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In order to determine the region where the particle is 
localized we must find the probability density p: 


p ==| (^, 0) \ 2 =\A\ 2 e~ x2 ' a2 


The peak of this function lies at x = 0 and the function 
rapidly decreases for | x | > a. The width of the wave 
packet represented by this function is of the order of a. 
The probability current density is 


^ (w 
: 2 m\ 


d'V* 

dx 


. ip* 


Ui 

dx ) 1 




02 _ 


■ e a ‘ — . 


hka 


The final expression for j x coincides with the classical for¬ 
mula. The factor p is determined only by the real part of 

the exponent in the wave function, and the quantity ^ 

(the analog of velocity in classical physics) by its imaginary 
part. 

39. Let us express ¥ ( x , 0) in the form of a wave packet 

CO 

(see the solution to Problem 37): ¥ (x, 0) = j C ( k) e lhx dk. 


Whence 

oo oo 

C(/c) = ^ J ¥(*, 0)e~ ihx dx=~ j e Hh0 ~ h)x ~~^dx 


X 2 


We then complete squares in the exponent under the integral 
sign and get 




~ [x -i(h 0 -k)aW ^ 


. aHh 0 -h)t 

Aa 2 

~]/2n 

The function C ( h) is nonzero near k = k 0 , which implies 
that 

| C (k) | 2 dk = e-“ 2 (*«-*)* dk 


is proportional to the probability of finding the particle’s 
momentum in the interval (k, k + dk). The width of the 

wave packet in A-space is Ak — . 


16 * 
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40. If we take the wave function from Problem 37, 

oo 

Y (a;, t)— j C (k) e ihx ~ ihhHI “ m dk and substitute C (k) from 

— oo 

Problem 39 into it, we obtain 


... Aa f I . hk 2 t a 2 k 2 

(x '* )== WJ exp l tA:x ~*^- t 


+ a?kk 0 —) 


By completing squares in the exponent and making use of 


e~ ah ' dk 


-Vir 


we obtain 


V(*. t) = - 


a [ ko+ a 2 ) a 2 a 2 2 

iH exp 

L ^ ma* J 


X exp 


_<A h\/~4 | m k ° + a2 
2 1 V ma 2 r ;r 


/*+S 


exp — 


o o. o 7 , “ 

x 2 — 2ia 2 xkr\ -— i 

m 

( fl2 

V ma2 ) J 


The probability density is, by definition, equal to 


p = 1 1 T| 2 == 


V ,+ - 


exp — 


(*-¥)' 


(<+4SK 
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which implies that we are dealing with a wave packet 
whose peak is traveling with velocity — and whose width 
increases in time as 


a = a 



m 2 a 4 


The probability current density can be represented in 
the form 




_ 


dV \ 
dx / 


ih 
2 m 



-ikn -^ 


iht 


_ _ 


ik 0 - 


x 

o2 


iht 



1 + 
14 


htx 

ma 4 ko 

hW 

m 2 a 4 


oo oo 

41. { x)— j x 1 1 |) \ 2 dx — | A | 2 j xe~* 2/a2 dx — 0 

— oo — oo 

oo oo 

(P>= j ~ ifl it) dx== j ( flk o + ^r) tydx = hk 0 . 

- oo — oo 

42. Since {x} — 0 (see Problem 41), 

Ax — x — (x) = x 

whence 

oo oo 

{Ax 2 ) = j x 2 1 1 |) | 2 dx = | A | 2 j x 2 e~ x2 l a2 dx = Y na ? 

— oo — OO 

It follows from the normalization condition that 14 | 2 = 
= (jta)~ 1/2 and 

<Az 2 >=|- 

To determine (A p 2 ) = h 2 {(k — k 0 ) 2 ) we can use | C ( k ) 1 2 dk 
from the answer to Problem 39, first normalizing it, i.e. we 
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proceed as follows: 

dW (A) = dk 


1 = 


oo __ 

j Be-<**-Wdk=B ]/ 

— oo 


Thus 


5 


|/ n 


oo 

(Ap 2 > = £ft 2 j (k-kofe-^-Wdk 

— oo 

oo 

- w I 

- oo 

_ Pt2 

2a 3 2a 2 

and we immediately arrive at the uncertainty relation 

a 2 h 2 /; 2 


(A.r 2 ) (Ap 2 ) = 


2 2a 2 


43. Let us consider the first (x < 0) and third (a: > a) 
regions, i.e. the regions where V = oo. Taking the Schrodin- 
ger equation in these regions in the form 


1 d 2 tpi 
ipl dx 1 


^(V-E) 


we see that the function % must turn zero when V = oo 
(this can be proved more rigorously if we use the solution 
to Problem 45). 

In the second region (0 ^ x a) the Schrodinger equa¬ 
tion comes down to 


dx 2 


2 mE 

rfl 


'I’ii = 0 


If we denote k 2 = 2 mE/h 2 , we can write its solution as 
ifxi = A sin (kx a). Since the wave function must be 
continuous at all points in space, for one, in the transition 
from the first region to the second, x — 0, and from the 
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second to the third, x — a, we must assume that rf>i (0) = 
= i|)n (0) and (a) = % n (a), i.e. 

A sin a — 0 and A sin (ha + a) = 0 
Hence, a is zero and k can take on none but discrete integ¬ 
ral values: k n = where n — 1, 2, ... . The energy 
levels are 

„ n 2 n 2 fi 2 
En ~ 2m 

The normalization condition 

H oo a a 

j 1| 2 dx = j | | 2 dx = | A | 2 j sin 2 dx — 1 

- oo 0 0 

yields A = V2/a. The wave function is specified at any 
point in space: 

% = 0, %i = j/^—sin, ^m = 0. 

44. In the regions where V — oo the wave function i|) 
is zero (see the solution to Problem 43). But in the regions 
where V is zero the wave function satisfies the equation 

A^+ -p-^ = 0 


in which the variables can be separated: i|) (x, y, z) — 
= \|? t (.r) iJj 2 (y) t |) 3 (z). For all three functions we obtain 
similar equations as in Problem 43 with analogous boundary 
conditions: 

'Ih (0) = (a) - 0 

Ah (0) = ( b ) = 0 
Apa (°) = ts ( c ) = 0 


When we satisfy these conditions and also the normaliza¬ 
tion condition in the regions where V is zero, the wave 
function takes the form 


^ninjng (®i II 




O . 7l\Tlx . 7lony . TIqTIZ 

— t — sin —— sin — sin —— 

abc a b c 


in the rest of the space i|) = 0. 
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The energy corresponding to the wave function is 

p _ h2jlZ Mi i »! i »s \ 

^nin 2 n 3 - 2m ^ a 2 "I" b i ~T c 2 ) ‘ 


45. Let us restrict ourselves to the case when E < 0. 
In the first and third regions, after we denote x 2 = 
= —2 mElfi? > 0, the Schrodinger equation takes the form 


dx 2 


x 2 \j)i = 0 


Consequently, 


ty l = Ae* x + Be~* x , ty ni = Ce~‘» x De* x 


From the requirement that % and ipm be finite asr-> ±oo 
it follows that D = B — 0. Then 


^fi — Ae yx , ifm = Ce~' AX 
In tlie second region we have the equation 

^ + A*|hi = 0 

where /c 2 = 2m (F 0 -|- E)lh 2 . Then 

\J'n = a sin kx -)- p cos kx 

At points x = —a and x = a we require that the func¬ 
tion and its derivative be continuous. (This is possible 
since the discontinuity of the potential energy at these 
points is finite.) Thus, 

'I’i (— o) = Apn (— a), %i (a) — ‘'Pin ( a ) 


<% 

<%I 


dipn 

_ di|)ni 

dx 

x— - a dx 

x= — a 

dx 

x=a dx 


For coefficients A, C, a, P we get four homogeneous 
linear equations: 

Ae ~ m -\-a sin ka — Pcos/ca = 0 \ 

Axe~ ya — ak cos ka — p k sin ka = 0 | 

Ce~ xa — a sin ka —Pcosfta = 0 I 
Cxe~* a A ak cos ka —p/c sin ka — 0 J 




(1) 
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This system has a solution if its determinant is zero, 
that is, if 

x 2 — k 2 + 2kx cot 2ka = 0 (2) 

Solving equation (2) for x, we get two roots: 

(a) x = k tan ka. Substituting this into (1), we get 


<x=0, C = A, p = 


and 


1 ))! = Ae KX , tyu — Ae- 


cos ka 

cos kx 


cos ka 


> %II = 


which implies that ij> is an even function: i|) (x) = \|3 (—x). 
(b) x = — k cot ka. System (1) yields 


a= -A-^~ , B= 0, C=-A 

sin ka ' 

and the solution 

^i = Ae^, vj3 n = -Ae %n =-Ae~** 

is an odd function: $ (— x) = —xp (x). 

Coefficient A is determined by the normalization condi¬ 
tion. For example, the first case gives 

oo 

J Wdx 

— oo 


= \A I 2 


j" ^ e 2ytx fj x __ ^ cos 2 for dr + j e~ 2yix dx j 


= \A\*e~ 2-[i- 


sin 2 ka 


cos 2 ka 2k cos 2 ka 


]- 


If we substitute k tan ka for x, we find the final expres¬ 
sion for A, 

1 , x 2 


I A I 2 = ae~ 2xa (1 


xa 1 k 2 1 A: 2 a 

which holds for the second case as well. 


■H I 
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To determine the energy levels we make use of the fact 
that 


x 2 -f- k 2 = 


2mV 0 _ C\ 
Tfl ~ a 2 


where C l is a dimensionless constant that characterizes the 
depth of the potential well. Whence, 


xa = VC\-(kaf 

and the roots (a) and (b) are reduced to 


V C\-kW . 7 , 

—h-= tan ka and 


ka 


■ = — tan ka 


ka y d — kW 

Specifying different values for C u we can find the solution 
by graphical methods. We start by graphing the functions 

V c\—kw 


1 1 = 


ka 


and / 2 = tan ka 


h 


ka 

yc\—kw 


and / 4 = —tan&a 


Now we can see that for C x < jx/ 2 there is only one energy 
level, which corresponds to the even wave function. (The 
curves y = f x and y = / 2 intersect only at one point, and 
the curves y — f 3 and y = / 4 do not intersect at all.) 

As C x increases in magnitude, the number of levels will 
grow. 

46. The Schrodinger equation for a three-dimensional 
oscillator 


_h 2 

2m 



k 2y 2 

2 




( 1 ) 


permits separating the variables: 

i|j (x, y, z) = Ifj (x) \J3 2 (y) Tj3 a (z) 

If we substitute this function into (1) and divide all 
members by it, we obtain, provided we denote (of = 
== ki/m (i — 1, 2, 3): 



It 2 d 2 1 ) 31 

2m dx 2 



1 h 2 (i 2 ^ 
ip 2 2 m dy 2 
h 2 d^ibi , m<n% 
2m _ dz 2 2T~ 



(2) 
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Since x, y, z are independent variables, each parenthesis 
must be equal to a constant, which we denote E u E 2 , E 3 , 
respectively. The problem then comes down to three equa¬ 
tions for the one-dimensional oscillator 


h 2 (Piju . rawf 
2 m dx 2 ' 2 


= Erfi, 


etc. 


(3) 


and we bear in mind that E = E t -f- E 2 -f- E 3 . In d imen- 
sionless variables g = x Yrmajh, q = y Ynu» 2 lh, £ = 
= zVm<a 3 /h, if we use the known results for the one¬ 
dimensional oscillator, we can get the general solution for 
our case: 

Enw 2 n3— ( Wj-f- y) 7i©i -f- ( R 2+ y) ^©2+ (^3 + y) 

_ |2+ri2+£2 

Unmans (I, q, 0 = Ce 2 //„, (£) (q) H n3 (£) 


Here i/„ . are Hermite polynomials, where /q = 0, 1, 2, . . . 
(i = 1, 2, 3), and C can be determined from the normaliza¬ 
tion condition. 

Let us normalize ty n — C n e-&/ 2 H n (l). If we differentiate 

d - £2 

the identity -|-2|e~» 2 = 0 (re+ 1) times and introduce 

the definition 

h u =(- (4) 


we see that (4) turns Eq. (5) of Appendix 6 into an 
identity. Furthermore, it is clear that H n can be written 
in the form of a series: H n (£) = 2 n £" -f- a n _ 2 g n ~ 2 + . . . . 
Substituting into the normalization integral 


J \y n (t)\ 2 d* = j /^Cl j e-mui)di=i 

— oo — (X) 

the definition (4) for one of the Hermite polynomials and 
integrating n times by parts, we get 


- OO 

oo 



-oo 
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But since ^ n n = 2 n ra!, it follows that 



m.(Oi 

nh 


1 

2 n n! 


It is evident, now, that the normalized solution for the 
three-dimensional oscillator can be obtained in the form 


!|) (x, y, z) = 


_ _ | 2 +T| 2+£2 

V m 3 H)i0) 2 <03 g 2 H ni (I) ff n2 (U ) 11 n3 (£) 

(hn) 3/i X (2 ,11+I12+T ' 3 « 1 ! x n 2 \ X n 3 \) i/2 


47. For this case the Schrodinger equation 


can be reduced to the problem of the harmonic oscillator 
by completing squares in the expression for the potential 
energy. Introducing new variables 


x, = x 


«|E| 
mco 2 ’ 



Ei = E 


e 2 JE | 2 


2mco 2 


we arrive at the equation 

/i 2 d 2 i|) 

2m dx\ 


mco 2 

~2~ 


Xj\l)= 


and we can (see the solution to Problem 46) write the eigen¬ 
functions 


1( n = C n e-WH n {l) 


and eigenvalues 


Er, 



e 2 ] E | 2 
2mo> 2 


of the Hamiltonian. 

48. According to the solution of Problem 46 the oscillator 
in its rath quantum state is characterized by a wave function 

*n = C n e-MH n (|) 



ANSWERS 253 


By definition 

oo CO 

<* 2 >„ = J | 't’n I 2 xZ dx = Cn () ~ 1/2 j 

— oo — oo 

Now we substitute expression (4) from the solution of 
Problem 46 for one of the Hermite polynomials in the above 
integral and integrate by parts n times. We get 


— OO 

Evidently, 

d n (H n \ 2 ) _ d n /_ tn +2 | n tn | \__ ( re + 2)! t2 i _,i _ 

( a nb i ®n-2fc T • • • ) — a n 2| 6 T n * a n- 2 

Here a n = 2" and a„_ 2 = — n ^ n - ^ gfl . Next we substitute 
the values of the following integrals into (x 2 )„: 



j e-l 2 dt = Vn, j gV 

?dZ= V 2 n 

and get 

— oo —oo 


(X 2 ) n = Cl | 

f n \ 3 / 2 Un (n + 2)! Vn 

{ , mw ) L 2 2 

2" n{n ~ l) n\ 

4 



_ h 



ma> 

Hence, 




( b+ t) 


49. Since for the one-dimensional case the kinetic energy 
operator is f = —, it follows that 

oo oo 

(T) = — — [ [ lill 2 dx 

{ ' 2m ) ™ dx* X ~~ 2m ) \ dx\ d 
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In the Igiven instance n— 3 and t|> = \|) 3 = C 3 e - S 2/2 // 3 (£), 
where H 3 = 8l 3 — 12£. We change the variable 2 ' to c, x = 

= £(m£o/fc)- 1 / 2 , substitute C\ — Y m<o/(hn) 0 , * from the 
solution of Problem (46), and get 

W3T 5 

* — oo 

oo 

= —^=r ( e-5 2 (4| 8 -36i« + 93| 4 -54E 2 + 9)^ 

3! 1/ n J 

w — no 


The integrals we have here are done easily if we differentiate 

oo 

with respect to a parameter. Since j e~“£ 2 d^ = Y n/a, 

— oo 


oo oo 

j P B e-«* 2 dg=(-.| r ) n j e -al 2 ^ 


1 X 3 X ... X (2»—1) 
2 n 




2n+l 


and 


<f>3 _ iW" x -T- x = T ft(0 ( 3 + y) • 

50. To solve the equation 

£ “S 1 + F„ (*-*«- 2e-“*) if = ^ 


2m da: 2 


it is convenient to introduce a new variable y — e~ ax . We 
denote 


and 


P 2 


2mV 0 
h 2 a 2 


(1) 


2m£ 

h 2 a 2 


( 2 ) 


and we get an equation of the form 

y 2 ^-+y^f-P 2 (y z - 2 y) r i , + e ^=° 



ANSWERS 255 


Let us first study it at points 

y —>- oo (x -> — oo) and y -*■ 0 (x oo) 


In the first case the equation takes the form 


This has a solution 


d 2 ty oo 
dy 2 


P 2 V|3oo = 0 


\})oo = e~to 


(The second particular solution, ip,* = e + fo, will tend to 
infinity when y tends to infinity.) Near point y — 0 the 
substitution of = y h gives an equation for fc: 


k 2 + e = 0, or k=±V ~ e 


where we leave none but the terms of the lowest order. 

For e >0 both solutions will serve (\|) 0 = y±V e = 
= e ±aT/ = E* remains finite if ]/— e is imaginary); the 
energy spectrum is continuous. 

For e = — k 2 <C 0 only the solution i|) 0 = y l > 0) 
satisfies the requirement of finiteness. 

To find the general solution, we must substitute if = 
= y x e~^> F (y) and then solve the obtained equation for 
F(y): 

y 2 ^ + K 1 + y-2m % + 2fh/ [p- k- 1] F = 0 


Next we express F (y) as a power series, F (y) — 2 0ft*/\ 

ft =0 

and when this is inserted into the equation, we find that 
the coefficients of y h satisfy the recurrence relation 

2 p(fc+X+l-p) 

=a *(*=°> 4 » 2 > • • •) 

Since for large k's the relation becomes and, 

6 “ft k ' 

hence, » « e 2 ^ y , the only solution that will satisfy 
the requirement of finiteness as y -*■ oo is the one represen¬ 
ted by a cut-off series. We can obtain this if for k — n, 
say, P — n — 1/2 = k; k must be nonnegative. Now we 
substitute P and k from (1) and (2) into this condition, and 
we get the discrete energy spectrum E„ = — V 0 X 
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x \}-VSv-A n+ ^)\* with n = 0 * 

The number of levels is restricted by the condition 


n + 4< 



and, apparently, depends on the depth V 0 of the well. 
For instance, there are no discrete levels for (5 <C 1/2. 

51. The equation — ^ if = for E> 0 

will have a continuous spectrum. Let us consider the case 
of E < 0. We denote y 2 = and x = and intro¬ 

duce the new variable £ = 2yx. Now we can write the 
equation in dimensionless variables: 




First let us consider the region 1 > 0. 

When | tends to infinity, the equation transforms into 

— -j'^oo = 0 with a solution that satisfies the condition 

of finiteness, namely \|)oo= e~^ /2 . 

We introduce a new function / (£) and substitute if = 
= e~£ /2 /(£) into Eq. (1). We thus get an equation for 

/(|): |x/ = 0. To study the behaviour of 

/ (£) near £ = 0 we substitute £“ for / and, retaining the 
members of the lowest order, we find that a (a — 1) = 0. 
In other words, there are two solutions: (1) / (£) = 1 and 
(2) / (£) = £. The first solution cannot be used, however, 
since the finiteness of if (£) at point £ = 0 will mean that 

Fif = —^ -> oo and, hence, -*■ oo. Thus, if (£) will 

also be infinite. For this reason, none but the second solu¬ 
tion is suitable. 

oo 

The substitution of / (£) = a ft £ ft leads in the usual 

A=1 

way to a recurrence relation for the coefficients: 


k —x 

flft+i — a h Jk+TjT 


(*= 1 , 2 , ...) 
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Next we take the limit of this formula for k 1, and we 
find that in this case / (|) turns into e%, since their series 
expansions coincide. Hence, for if = e _?/2 / (£) to be finite, 
/ (g) must become a polynomial, and this is possible when 
its series expansion is cut off at the nth member. 

We can see from the recurrence relation that x must 

equal n for a n+1 = 0. If we substitute n — x = x 


X 


h 

V — 2m E ’ 


we get a discrete energy spectrum 


E 


n 


me 4 
2 .'i z n 2 


and the corresponding wave functions are 

fc=0 

To find the solution for g < 0 we introduce q = — g. The 
equation takes on the very same form as for g > 0: 

and its solution, which continues (g) into the region 
l > 0, is 

—e-^\ 2 a h+l ( — l) h . 

ft =0 ft —0 


52. To find the wave function for the spherically sym¬ 
metric oscillator, as for any problem with a central sym¬ 
metry, we must look for it in the form 

\p (r, 0, <p) = / (r) P lm (cos 0) e im<p 


where P ;m (cos 0) is the Legendre polynomial l = 0, 1, 2, 
and m = 0, ±1, . . ., ±Z. 

Then / (r) must satisfy the equation 


rfi r d 2 f . 

2(X L dr 2 ' 


d 2 / , 2 if Z(/ + l) 


r dr 


1 } 


(l(t) Z 


r 2 f=Ef 


If we introduce the new function U = rf and, as in the 
solution to Problem 46, proceed to g = r j/^^ and X = ^ , 


17-01496 
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the equation takes the form 

^ + U = 0 

Obviously, as £ tends to infinity, U x = e~^" 2 . And as | 
tends to zero, if we substitute U 0 — for a, we get the 
equation a (a — 1) = l (l -f- 1). Hence, a x = l -(- 1 and 
<z 2 = — l, and none but a 2 gives the finite function as £ 
tends to zero, i.e. U 0 = £ I+1 . 

We use these results to find U (£) in the form 

U = e-i 2 J 2 l l+i v (l) 

After substituting, we get the equation for v (£): 

- + 2 -[ LH_ 5 j + 2 [,- i - | ]„ =0 

and we look for the solution in the form of a series v — 

oo 

= a fe £ ft . If we equate the coefficients of each power 
of £ with zero, we get a recurrence relation for the coefficients 

2r*+i+4-*i 

ah (* + 2) (k + 2l + S) ( as C 1 ) 

Next we determine the lowest exponent k 0 . It follows from 
k 0 (k 0 -|- 1) — 2 (Z -(- 1) fe 0 = 0 that none but the solutions 
with k 0 = 0 remain finite at zero. From formula (1) it 
follows that as £ -*■ oo this series turns into and U-*- e$‘ /2 . 
To avoid this we must cut off the series, which can only 

3 

be done when A, = p + I -f- - . If we also consider that 

the series can only begin with k 0 = 0, then in this expres¬ 
sion p must be even, i.e. 

p = 2 n, where n — 0, 1, 2 , ... 

Then 

X = 2« -j -1 -f- and £„ = Tico ^ 2n + Z + y ) 

The function that corresponds to an energy level with 
given n and l is 

HW(r, 6, <P ) = C Plm (cos 6) e*"* 
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Obviously, the level is degenerate: when N = 2n -f l 
is even, we get l — 0, 2, 4, . . N\ when N is odd, we 
get l — 1, 3, 5, . . ., N. In addition, i'or given n and l 
the level is (21 l)-fold degenerate in m. 

53. For the two-dimensional problem, 

. j) 2 _ii. JL_|_ 1 ° 2 

dp 2 ' p dp' p 2 < 9 cp 2 


If V = V (p) and does not depend on angle cp, the variables 
can be separated, which means that the wave function can 
be sought in the form 


tJ) (p, q>) = e im< v U (p) 


(H and L z commute in such a field.) For U we get the equa¬ 
tion 


il ( dW i 1 dU m2 

2p \ dp 2 ' p dp p 2 ) 


Ze 2 

P 


U = EU 


Now we consider E <. 0 (for E > 0 the spectrum is 
continuous). Substituting at for p and introducing the new 
function / = V^pf/, we get the equation 

d 2 f . I 2pE 2 2 pZe 2 a m 2 —l/4 \ , _ „ 

*2+1 h 2 + h 2 t t 2 ) 1 ~ U 


We choose a 


h 2 


pZe 2 


and denote 


— 


2p^ a2 


h 2 


(1) 


We thereby simplify this equation and get 


£Lm\jL 

dt 2 ^~\t 


n.2- 


r & 
(0<i<oo) 


/ = o 


As t-+ oo, we find that /«, = e~ v( , and we discard the 
solution e +vt . 

For E > 0, it follows from (1) that y = ip. Then both 
solutions e ±v( = e ±ipp/o are finite and the spectrum of E 
is continuous. 


17* 
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As t -*■ 0, assuming that f 0 = t a , wo get a (a — 1) = 
= m 2 — i.e. = m + y and a 2 = — (m — j. 

Since m = 0, ±1, ±2, . . we must choose a = | m | + y 
and look for the general solution in the form 

/ (t) = e-v'jt 1 m l+ 2y ( f ) 

As a result, for the function v (t) we get the equation 

*^+ 2 [M + 1-y(]^+ 2 [i-(m+4-)y]” = o 

oo 

and look for the solution in the form of a series v = 3 

k—ho 

If we equate the coefficient of the lowest power of t with 
zero, i.e. the coefficient of we get 

fc 0 (fc 0 + 2 |m |) = 0 

whence 

tc 0 = 0 or k 0 = —2 | m | 

The second solution for t 0 gives a function that tends 
to infinity. The coefficients of t h , where A: = 0, 1, . . ., 
being equated with zero, give the recurrence relation 

2[t(* + I»h4H] 

a h+i~ a h (*+ 1 )(* + 1 + 2 |m|) W 

From this for k 1 we get (The function e 2 ^, 

when expanded into a series, satisfies the same relation for 
its coefficients.) To prevent v ( t ) from turning into e 2yl 
as t grows, we must cut off the series at, say, k — n, i.e. so 
that 

Y[ra + l m l + y] — 1 

[see formula (2)]. According to (1) we find that for the two- 
dimensional Kepler problem the energy of a particle takes 
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on the following values: 

- 

2*2 


pe*Z 2 

(» + | m l + y ) 


(re = 0, 1, 2, . . | m | = 0, 1, 2, . . .) 

The function corresponding to an energy level with given 
re and m is 


l 


'IWCP. = “ (£) 2 2 a *(£T- 

v H ft =0 

54. For a particle in a central field, 

$ (r, 0, q>) = <? im(p Pim (cos 0) / (r) 


Its radial part / (r) satisfies the equation 

&f i_2^ / 2pg l (l -f-1) \ ._q 

dr 2 ' r dr ' \ * 2 r 2 R 


for r < i?, and / = 0 for r > /? (see the solution to Prob¬ 
lem 44). Hence, for f which is the solution for the above 
equation the boundary condition will be / (i?) = 0. 

If we introduce k 2 = and X (r) = (r) 1/2 /(r), forX(r) 
we get the Bessel equation 


d 2 l | 1 d'l | 
dr 2 ' r dr ‘ 



X = 0 


Since X ( r ) = / ± / !+ i\ ( kr ) 



as r-*-0, the only solu¬ 


tion that satisfies the requirement of finiteness is 


J j (kr) -»—sin &r (if 1 = 0) 

»+I Vt 

The energy levels corresponding to these functions can 
be derived from the continuity conditions for the function 
at r — R, i.e. J i (kR) = 0. We denote the roots of this 
i+ 2 

Bessel function by bp and write 

nil )_ * a (# ) ) a 
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Evidently, at Z = 0, 

bS'-nn and 

55. When the electron in the hydrogen atom is on the 
lowest energy level, then n = 1, l = 0, and m = 0. Accor¬ 
ding to formula (111-24), the function that corresponds 
to this level is i|) 100 = Ce~ r/n . The constant C is determined 
from the normalization condition 

oo 

j I ^ioo I 2 dx =-- 4nC 2 j e~ Zr/a r 2 _ n c 2 a 3 = 1 
o 

oo 

The integral is of the type ^ e~ x x n dx = n\. Then | \j) 100 1 2 dx 

o 

is the probability of finding the electron in dr. We then 
calculate 

oo oo 

(r)= J r 1 1 |) 100 1 2 4nr 2 dr = j e - 2T ' a r 3 dr = 

o o 

oo oo 

(r 2 ) = j r 2 1 ifijoo | 2 4ixr 2 dr =-- -4j- j e~ 2r/a r 4 dr = 3a 2 
o o 

We find the most probable value r 0 by equating with 
zero the derivative of | \|) 100 | 2 r 2 = C 2 e~ 2r/a r 2 , which deter¬ 
mines the probability of finding the electron at a given 
distance from the origin. Hence, r 0 = a. 

56. To write the required functions, we use formulas 
(III-23), (111-24), and (III-24a). At n = 2, Z can be equal 
to 0 or 1. 

If Z = 0, the sum in formula (III-24) has two members, 
with k = 0 and k—i, and the angular part Y 0 o (0, cp) = 1. 

Thus t|> 200 (r, 6, <p) = V~ r/(2a) (l -j) . where -^-= —y 
[see formula (III-24a)], and the normalization condition 

1 = j j j | il? 2 oo I 2 t 2 dr sin 0 dO dip = 5J8na 3 

yields 

b 0 = ■ ■ ■ —= ■ 

Y 8n«3 
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If l — 1, there is only one member in the sum, k = 1, 
and the functions "are 

ij) 210 = b i e~ T/ ( 2 “) cos 0 

tJ) 2 h = b\ e~ r /( 2a ) T- sin 0 eW, 

= b' i e~ T/( - 2 °) sin 0 e _i< P 

The normalization constants are 

bi = ,L_ and &:• = —i=J. 

2 i/^ 8na3 1 8lAw3 


57. Since the potential energy does not depend on the 
angles 


ij) (r, 0, (p) = U ( r) P lm (cos 0) e im< P 


and the radial part of the function, U (r), satisfies the 
equation 


— 1 

J 

f 

<N 

J 

l(l + \)U 

2p 1 

l dr 2 ^ 

r r dr 

r 2 




Next we turn to the dimensionless coordinate p = r/a, 
where a — —, and energy e = = —V 2 (we will 

examine none but the discrete energy spectrum E < 0). 
We collect in formula (1) the^members of type 1/r 2 and 

denote s (s + 1) = l (l -f-1) -f 2fJ,C 
the equation in the form 

<PU . 2 dU s(s + 1) 


n 2 


Now we can rewrite 


dp 2 1 p dp 




We introduce the function % — rU and get the equation 




dp 2 




*(* + 1 ) 


]x=0 


Using the usual method, we find % x — e~yv and Xo = p* +I 
(the second solution %„ = p~* is not suitable for s > 0). 
The substitution of x (p) = e -vp p ,+t f gives the equation 
for /: 


p^+[ 2 ( S + 1 )-2yp]|—2[v( S +l)-l]7 = ° 
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and we look for the solution in the form of a power series 

/= 2 a h p ft 


ft =0 


By equating the coefficients of p ft with zero, we get 

„ 2 [y(* + »+D-H (k = () , o v 

h+i a h ( A + 1) (& + 2i + 2) ^ ...) 

To prevent / from turning into e 2w as p -*■ oo ^ the possi¬ 
bility can be seen from the asymptotic relation = -r) 

ah k»\ " ' 

we must cut off the series, i.e. we must see that 

v=}/ r - 


2 tpe 

[ie 4 


fe + s+l 


Hence, the energy levels of the particle are determined 
by the formula 


Ehs — 


lie* 


21(2 (* + s+l)2 

where k — 0, 1 , ..., and s— — (z 


& 


Z- 


\iC 


h 2 


(>+t) 




If we introduce the principal quantum number n — k + 
+ 1+1, the energy 

— lie* _ 


E 


nl : 


2ft2 


n -f- 


H C 


T2 




(*+y) 


proves dependent on n and Z, and the functions that corres¬ 
pond to these levels 

ft 

fnim (r, 0, <p) = e-vpp* 2 a p p p P lm (cos 0) e im v 

p —0 

depend on the n imbers n, l , and m. We now see that 
E n i is (2Z-f-l)-fold degenerate (since m = 0, ±1, . . ± Z). 

58. As usual we assume that i|> (r, 0, q>) = [7 (r) /> Im (cos0) X 
X e imv , and for the function F = rU we get a problem 
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similar to Problem 52. Its solution gives us 

£ -= fi Plr[ 4 "+ 2 +/< 2 ‘ + *> s +-% 1 ] 

''-TT? 2 rf 

K 6 ft=0 

where _ 

r V _2 
5 -~ r 

« ft+1 = a ft -7——-pr (* = 0,1,2,...) 

(*+l) (*+ 2 «+y) 

““T+t/ < 2i + 1 )*+-^r. 

59. Using the solutions to Problems 43 and 46, we can 
write the solution in the form 

TlW, (*, y> *) = Ae~W*H n (|) sin » sin^f 2 - 



for 0 sg; i/ ^ a and 0 ^ z ^ b. In the rest of the space 
\p== 0. The energy levels that correspond to the function are 


E. 


nniTi2 ' 


= k(0 


( W + t) 


\ 1 ttnln* , 

h z n In 2 

) 1 8pa2 ' 

r 8[ibz 


The normalization condition yields 



60. We denote the ordinary coordinate as r\ and the 
Laplacian in relation to r' as A'. Next we turn to dimension¬ 
less variables r = r'/a and A = a 2 A' (where a — h 2 l\ie 2 is 
the Bohr radius), and to the dimensionless energy e defined 

by the’relation E = e—= eW and we write the Schr6- 
_ an* 

dinger equation for the hydrogen atom: 

11 

—2"Ai))—— tp = exp 1 
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In parabolic coordinates (see Appendix 3) the equation 
takes the form 

r(-S) 

Evidently, we can separate the variables: 


\f> (u, v, (p) = U ( u) V ( v ) <D (<p) 
Here CD(<p) satisfies the equation 


whence 


1 cP $> 

<p d(p2 


constant — — m 2 


(J> girrup 


where m = 0, ±1. ±2, .... 

We substitute ^ = —m \|> into the equation and multi¬ 
ply it by U ^ V ■ We thereby get like equations for U ( u) 
and V ( v): 

i('‘ J j!r)-£a+i“ a +° v = 0 <*> 

M°&)-£ r +i vV +V v ~ t> < 2 > 

with 

a p = 1 (3) 


We seek the solution of (1) by examining U (u) as u -*• oo 
and as u -*- 0. Obviously, £/«, is determined from the equation 


d 2 U oo | e 

IP 'IF 


Uco = 0, i.e. XJ oo 



(u>0) 


For e > 0 both solutions are finite and the energy spectrum 
is continuous. For e < 0 the only finite solution is Uoo = 
= exp (—u V e/2). Let us find the energy spectrum e < 0. 

For u 0 we .'assume that U 0 = u v , and by equating 
with zero the coefficient of the lowest power of u, we get 



ANSWERS 267 


Y 2 - 4 - = 0 or 7 = ±mf 2. We must put y — \ m \I2 for 

the finiteness of U 0 . 

We look for the general solution in the form 
[7_ u lmi/2 e X 'V 2 x F (u), where F= 2 a k uh 

k—0 

The equation for F (u) in the form 


u 


^+(|m| + l- 2 u 



4 -[a-(|m| + l)]/-!]F = 0 


gives us the recurrence relation for a h , which we get by 
equating with zero the coefficient of u h (k — 0 , 1 , 2 , . . .): 


a h +1 = a h 


\ (2A +1 m | +1) — a 2 J 
( * + 1) ( *+|,»! + !) ~ a * * 


for k^> 1 


For large u's, i.e. when the members with k^> 1 play the 
dominant role in F, we find the asymptotic form F(u)—>~ 


•exp ( 2 u,y — e/ 2 ) ^since e px — 2 


(px) h 


k\ 


the coefficients 
P_ 
k 


nh+1 


(k + 1 )! • k\ 


of x h+l 
. Hence, 


h—0 

and x‘ 


and the ratio of 
1 

h in this series is 


X F x id m l /2 -> e 


+¥-t 


X Ul™l/ 2 


and tends to infinity as u-*- 00 . 

Thus, the series for F ( u ) must be cut off. This is possible 
if for, say, k = /ij, the following equality holds: 


a = j/" — 2 (^ n i + |^| + 1) 


ni 


Then F (u) = 2 a h u>l = F n , ( u ) becomes a polynomial of 

Jt-0 

degree n lt and U is finite everywhere. 
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We solve Eq. (2) in a similar manner and we find that 
for V ( v) 

P = }/ —t(2«2 + M + 1) 

and 

y„ 2 = e^-T x X F„ 2 (v) 

It follows from condition (3) that 

2(re 1 + re 2 + r«i| + l) }/"—j=l 

Introducing the principal quantum number n = n x + n 2 -f- 
4 - | m | +1, which obviously can take on the values 
n = 1,2, . . we get 

e„ = — 2^- and W (u, i>, <p) = CU ni (u)F„ a (u)e im i> 

_ M + D 

= Ce 2n ul m l /2 ni m l/ 2 /’ 711 {u)F n2 (v)e im ’t. 

61. In a central field for l — 0 the wave function is simply 
the radial part, i|i = R (r), which satisfies the equation 

-W\.7VW]- V *-’“ R = ER 

We will confine ourselves to E <C 0. We introduce the new 
function % — rR and make a change of variables y — e~ r,2a . 
Then % will satisfy the equation 

^+ 7 W+( c ‘-S-) x -° 

where '< 

ri 8p,F 0 a 2 „ 2 Sp£a 2 n 

L - "' q - -F~ >U 

This is Bessel’s differential equation whose general solution 
is 

X — CiJ q ( Cy ) + C^J-q (Cy) 

As y -*• 0 (i.e. as r-*■ oo), x must remain finite. In this 
case J-q a y~ q becomes] infinite. Hence, C 2 = 0. As y -*■ 1 
(as r -*■ 0), must be equal to zero. Therefore, J q ( C) — 0, 
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i.e. any value of C must be a root of the gth Bessel function. 
Since the values of the roots increase as q increases and 
the first root of J 0 is approximately 2.4, we can estimate 
C > 2.4, i.e. 

a°V t >£x(2Ar=0.72£ 

This is the condition for there to be at least one energy 
level in a potential well with a depth of the order of F 0 
and a width of the order of a. For r > a and as y -> 0, we 
can obtain a similar form of the wave function 

Jq (Cy) = Ay q = A exp ( — -g-) = A exp ( — r ) . 


62. First we link the solutions \|) (x) and ij) (x -f l ). The 
Schrodinger equations lor these cases are 


|^^ L + F ( x)^ ( x) = ^ ( x ) 


We see 


A 2 1 d 2 !)) ( X -f- 1) 
2p d (x Z) 2 

that because 


b V (x + 1) tp (x + 1) — (x + 1) 
V (x + l) — V (x) and 


d(x + /) 2 


= ^2 > both functions correspond to one energy level E. 

Considering E a simple eigenvalue, we find that these 
functions differ only in a constant factor, i.e. 

+ l) = p*|> (x) 

In the general case we can obviously find that 

t (x + nl) = p> (x) (n = 0, ±1, • . •) (1) 


It follows then from the requirement of the finiteness of 
(x) that | p | — 1, i.e. p = e xhl , where k is any real number; 

f (x + l) = e ihl \p (x) (2) 

If we solve the Schrodinger equation for —b ^ x ^ 0 
(the first region), for 0 ^ x ^ a (the second region), and 
for a ^ x ^ b (the third region), and use condition (2) 
we obviously will have a solution for all x’s. 

First region (F = F 0 ). The equation takes the form 


/i 2 d 2 ^ 
2p dx 2 


F 0 % = £% 
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Denoting X 2 = E \ i we can write 


% = Cie^ x + C z e~^ x 


Second region (F = 0). Here the equation is 


and the solution is 


h 2 rf 2 ihli 
2 [i dx 2 


= £'%l 


%i = C 3 e iyx + C k e~ iv - X 

where x 2 = 2\iE/h 2 . 

Third region (F = F 0 ). The equation is the same as in 
the first region, i.e. 


ffl dtym 

2ji dx 2 

and its solution is 


lVihii = Etyin 


%n = C 5 e** + C 6 e-^ 


If x lies in the first region, x + l lies in the third, and 
according to formula (2) the solutions are linked by the 
condition 

%n (*' + 1) = (x) 

Hence, C 5 = Cie ihl - U and C 6 = C 2 e' fe, + W , i.e. 


Solutions \|)i, i|)xi, ifjn must be continuous with their 
first derivatives in passing from the first region to the 
second (x = 0) and from the second to the third (x — a). 
This leads us to the following conditions: 


dx 


% (0) = %i (0) 

_ dijux I 


3C=0 


dx 


x=0 


and Cj + C 2 = C 3 + C 4 
and X (C t — C 2 ) — ix (C 3 — C 4 ) 


%i (a) = % n (a) and 
<%i I _ <%ii 

dx |x= a dx 


C 3 e™ a + C k e~ iya = e m (<V _W> -f C 2 e' ,b ) 
and ix (C 3 e iya — C k e~ ivjl ) 


= Ae ift '(C 1 c-^-C 2 e^ b ) 
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Now we have a system of four homogeneous linear equa¬ 
tions for the unknowns C lt C 2 , C 3 , and C 4 . For there to be 
a nontrivial solution, the system determinant, as we know, 
must be zero: 

1 1 - 1-1 
X — X — ix ix 

_ gihl-Xb _ gikl-Xb giKa g-ixa 

— le ikl ~ kb Xe ihl ~ lb ixe iKa —ixe~ iyla 

This brings us to an equation that determines the energy 
of the particle in the periodic field: 

J^2_ x 2 

/ ( E) = cosh Xb cos xa -\ - ^ sinh Xb sin xa — cos kl (3) 



On the left the energy enters through x and l. It is ob¬ 
vious that for this equation to be valid, | / ( E) | must 
not exceed unity. We can see that at xa = nn, this is not 
so, since then / ( E ) = + cosh Xb and | / ( E) | > 1. Hence, 
the energies 

p h 2 n 2 n 2 

prove to be forbidden for a particle in a periodic field (an 
electron in a crystal). 

63. In the limiting case as F 0 —oo and b -*■ 0, so that 
Xb -> 0 and sin ^ 1, Eq. (3) of Problem 62 turns into 
the identity 

f (E) = cos xl + P-^- = cos kl (1) 

X 2 ab P 

where P = lim —^—. If we denote tan 8 = — T , it takes 
v 0 -=° 2 * l 

b-* 0 

the form 

C0»(xl-P) 
cos p 

Obviously, the edges of the allowed energy bands cor¬ 
respond to the conditions cos (xl — P) = ± cos p, i.e. 
xl = nn or xl — 2p = nn. Substituting xl = nn — e, we 
get 

(—1)" (cos e — tan p sin e) = cos kl 
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For 0 < e Z the expression on the left is less than one. 
Consequently, xZ = nn are the onsets of the forbidden energy 
bands. We will find in a similar manner that xZ = nn -f 20 
are the onsets of the allowed energy bands. The nth energy 
band is determined by the xZ that lie in the limits 

(n — 1) n + 2p ^ xZ ^ nn 

P P 

If xZ 1, then (5 = arctan —r «— and the width of the 

Xt ZZJl 

forbidden energy band between the nth and the (n -)- l)st 
allowed energy bands is 

A (*„!) = 2f> = |£ 


If we take the value x = x 0 , for which kl — 0, and expand 
the left-hand and right-hand sides of (1) as / ( E) — A (x 0 ) -f- 

(kl) 2, 

B (x — x 0 ) and cos kl = 1 — - ■ A - , from the equation 


■A (no) + B ( K — x o) — 1 — ^ 'p" _ 


we get 


Since x 


x = C -|- Dk 2 



, we have E = E 0 The coefficients 


C, D, E 0 and F can be expressed in terms of A, B and x 0 . 

64. We introduce kl = | and write Eq. (1) of the 
solution of Problem 63 in the form 


/(|)==cosg+ p = cos kl 


In Problem 63 we have found that the right edge of the 
allowed energy band corresponds to g = nn and that at 
this point /(g) = (—1)”. In the forbidden energy band, 
where g > ran, the equation holds for complex values of kl 
since | / | >1. 

If f (£) > 1 > then cos kl — cosh p > 1 and kl = ip. 
If / (g) <C —1, then cos kl = —cosh p <C —1 and kl — 
= ip + n. 

The function /(g) >1 for g ^ 2wt and for sin g > 0, 
and / (g) < —1 when g ^ (2ra -f- 1 ) n and sin g < 0. 
Hence, if we introduce e = ±1 so that e sin g > 0, then 
cos kl = e cosh p and in the forbidden energy band the 



following condition holds: 

e cosh {i = /(!) 
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P sin | 

I 


f cos| 


(1) 


Next we find the solution for the Schrodinger equation 
for a semi-infinite crystal. Now condition (1) of Problem 62 
holds for none but n > 0 (since for n < 0 the potential is 
not periodic) and, hence, | p | can also be less than unity. 
If we introduce p = e m , solutions with complex k become 
possible provided Im k > 0. 

For x < 0 the equation 


has the solution 


2 p dx 2 


WVl 7 = Ety 


y g 2-t2 — 

**<o = Ae ‘ 


where we denote q — l (2pIF 0 /^ 2 ) 1/2 and £ = xZ = 

= Z (2pOT) 1 ' 2 . Here (? 2 - £ 2 ) 1/2 > 0. 

For x > 0 (inside the crystal) we consider region I 
(0 <1 x ^ Z), where 


% = C,e + C 2 e ~*** (2) 

In region II (Z ^ x ^ 2Z), 

%i = C 3 e ixx + C 4 e - *** (3) 

But if x = 0, then x = 0 1 — l lies in region I, and we 

can consider C 3 — C x and C 4 = C 2 . By virtue of formula (1) 
of the solution of Problem 62, we get the condition 

C x e iKl + C z e~ iKl = e iM (Ci+C 2 ) 


i.e. 


C z — C t 


1_ e -i(6+ftO 


(4) 


where, as before, £ = xZ. Hence, for x > 0, the function 
is determined by (2) with condition (4). 

Because \|) and —- must be continuous at x — 0, 


AV 9 2_£2 
l 


— Zx (C t — C 2 ) 


18-01496 


.A = C 1 -|-C7 2 and 
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whence 

/F?=^(5) 

Let ns consider this equality for complex values of k. 
Then e lkl = ee"^ (where e sin £ ^ 0), and condition (5) 
gives 

^^^2 si|i + c osg ==ee _n ((5) 

More than that, condition (1) must also hold. If we subtract 
(6) from (1), we get 

(P — V ( f~ I 2 ) —jp- = esinh p (7) 

Since sin | and e have the same sign and YQ 2 — £ z , 
and p are greater than zero, we get 

p-VF 11 F>o 

q 2 - P 2 <l 2 <q 2 

Only this condition allows for the existence of additional 
levels corresponding to complex values of k. We square 
both sides, subtract (7) from (1), and get an equation that 
determines the energy levels (|): 

&-y?=F-6cots (8) 


Now let us show that the function corresponding to these 
energy levels, which lie in the forbidden energy band, 
decreases as | x | increases on both sides of the boundary 
“crystal-vacuum” (the plane x — 0). 

We find that for x < 0, the solution = 

= A exp ^-~Vq 2, — E 2 ) does have this property. For x > 0, 

the solution satisfies the condition t|) (x -f- l) — e lhl \p (x) 
(a periodic field), which we can write in the form 


e ihx 


♦ («+<) 
e ih(.x+l) 


u (x) 


where u (x) is a periodic function. Consequently, for a 
complex k, 

%|) (x) = e ihx u (x) = ee-vxHu (x) 
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Hence, we have found a state with an energy level lying 
in the forbidden energy band, and the probability of disco¬ 
vering the particle decreases exponentially on both sides 
of x = 0 (the surface of the crystal). The value g, i.e. the 
position of the energy level, can be found by solving Eq. 
(8) graphically. 

65. Since p x = —and x — x , the condition 

(H) = ^ | Pxty + tTianJ) | 2 dx^ 0 

yields 

(pi) (x 2 »-^- (1) 

Let us consider the Hamiltonian of the one-dimensional 
harmonic oscillator: 

tr_ P z i I-ud 2 * 2 

2p ' 2 

Obviously, {H) — (z 2 >- Substituting for(p 2 ), 

we get 

We choose (a; 2 ) that corresponds to the minimum of /, i.e. 
use the condition 

df _ k | pm 2 a 

d(x2) 8p((x 0 2 »2“t- 2 

and substitute it into the expression for /((re 2 )): 

/«*J» = -X ’ < H )>^T- 

66. We introduce the coordinate of the centre of mass X 
and the relative coordinate (separation) x — x t — x 2 , 
separate the variables, and get 

. PX 

_ V = Ce e-l^H n {l) 

where ?=|/' ^jr-x and p — • The energy levels 

are 

E== 2(m P l lm 2 ) +( n + T) n(0 ( n = °’ 


18* 
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67. We separate the variables as in the solution to Prob¬ 
lem 66 . Then we can look for the function in the form 

i|> = F (R) <D (r) 

where F = e ipR,h and <D = (r, 0, 9 ) = U n i (r) X 

71—1 

X P im (cos 0) x Here U n i = e~ r/(na) x 2 a k (y ) h is the 

h—l 

same as in formula (III-24), and 

p P 2 _ P-e* 

n ’ P ~~2{m+M) 2h*r& 

(P is continuous and p = — ' . m and M are the masses 

of the electron and the nucleus, respectively). 

68 . Obviously, the total potential energy in this problem is 

V (*,, x 2 ) = y (x* + xl) + — (Xi — x z ) 2 

where k and k x are the elastic constants that characterize 
the interaction of the particles with point x = 0 and with 
each other. If we introduce the coordinate of the centre of 

mass X = Xi and the relative coordinate (the separa¬ 
tion) x = x x — x 2 , we get fi 16 equation 


tfi 

2M dX* 


h 2 I A? to 2 

2 pT "5^2 • T 


X 2 i|) + p — Ety 


where M — 2m is the total mass of the system, p — m !2 is 
the reduced mass, ©= j/^^ = ]/^ ^, and ©,= ]/~ k \~ i - — 

=|/^ k ^~ Ci - • We separate the variables and, if we substi¬ 
tute \|) = / ( X) F (a:), we get two one-dimensional equations 
for harmonic oscillators with natural frequencies © and co,: 

Tfi d 2 f , Afto 2 


2M dX* 


| ™ X *f = E i f 


____ x 2 F — EoF 

2p dx 2 + 2 2 
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By denoting %—']/’and u = a:, we can by ana¬ 

logy with Problem 46 write the solution as 
9n,« 2 = Ce-W*Hn (1) e- u V*H n2 (u) 

where H n is the Hermite polynomial. The energy level that 
corresponds to this function is 

Eni n 2 = ( H—2“) + ( n 2 + -jr) 


69. In the x-representation the particle in such a poten¬ 
tial well with an energy E n = ^ as * n i r) t erva l 

0 ^ x ^ a the corresponding function ij)„ =|/ -jsin , 

for x > a or for x < 0 the wave function is zero (see the 
solution to Problem 43). 

The momentum distribution is determined by the wave 
function in the ^-representation, to which we can pass 
from i}> (x) in the usual manner: 

oo 

<P(P)= J 1(5 (x) ^ (x) dx 

— oo 

\ 

where t|) p (x) = ^ 2lt ^^/a ' e'P x/h are the momentum eigen¬ 
functions in the x-representation, the functions being 
normalized so that 


f ij)£ (x) ijy (x) dx = 8 (p— p') 

— oo 

For the given case we substitute n — 2 and i |)2 (x) 
and get 


9 


00 

<i,,= I 

— OO 

a 


gipx/ft d x 


—^75- f sin— e-iPK/ftdx 
(nha ) 1/2 J « 

o p -ipalh_A 

_- 

(nha ) 1 ' 2 inW-pW 
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Consequently, the probability of finding the particle with 
a momentum in the interval from p to p + dp is 

32nah3 sin 2 ( 

dW (P) = I <P ( P ) I" d P = - ( a - 2p 2 _ 4^2)/ d P- 

70. In the ^-representation x — x. To pass to a new 
representation we use the expression for the expectation 
value of X: 

(X) = j dx 

In a similar expression for (x) we substitute ij) {x) expres¬ 
sed in terms of <p (p): 

oo 

T i x ) — (2nh ) 1 ' 2 - 5 <P(P) eiPX/hd P 

and get 

oo oo 

{x)= J cp* (x) X j q> (p) e*?*/* dp dx 


We change the order of integration over p and x, note that 
Xe ipxih — A A e tp*/fi ) integrate over p by parts [q> (p) — 0 

at the limits of integration by virtue of the requirement 
that | <p (p) | 2 be integrable] and get 


<x) “ J I 


A de^ x ' h 


oo 

-5 


tj)* 


( 2 a h) i/ t 


(2nA) 1/2 _ 

OO 

j e ip*/» i% A? 


dp 


dp dx 


dp 


dp dx 


Since 


i.e. 




i 


— , e’P*/' 1 dx = (p* (p), we have 
(2 nh) l/2 

OO 

(*>= j <P*(P) ihj^y(P) d P 
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We look for the eigenfunctions of x p going by the usual 
rule. These are functions that satisfy both the equation 

m $ = x <P ( P ) 

and the conditions of finiteness, single-valuedness, and 
continuity. The solution of this equation 

cp (p) = Ce- ix P' h 

will satisfy all the conditions for any real value of x\ the 
spectrum of x is continuous. 

71. For a particle in a homogeneous potential field, 

V — Ax = Aih-^(see Problem 70). The equation for the 

eigenfunctions of the Hamiltonian in the momentum repre¬ 
sentation has the form 

We separate the variables and write 

wh ence <p -Ce^^ 
q> ihA 1 ’ T 

The finiteness of <j> (p) is ensured for any real value of E, 
i.e. the energy spectrum is continuous. We determine the 
constant C from the normalization condition 

oo oo { 

j <Pe (p) <Ve-(p) dp = 8 {E — E') = C 2 j e nA<E E> v dp 

—OO —oo 

oo 

Since 6 (j E-E') — -^ j e i( - E ~ E '^dy, we have £ 2 = 2 ^ 4 - 

— oo 

72. We determine the wave functions for the type of 
potential given in Problem 43. 

For x > or x<. —, the wave function (x) = 0. 

F i d CL 

or 

Mp (x) = Ae ikx Be~ ihx 
where k = (2 mE/h 2 ) 1 / 2 . 
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(1) 


The requirement of continuity of the wave function at 
x = ± y Y ields 

,p = ^e-ifta/2 _|_ Be iha /2 = 0 

ip |-i-j = Ae iha < 2 + Be- iha > 2 — 0 
whence ka = tin. Condition (1) reduces to {A +5) cos = 
= 0 or to (.4 — B) sin ^ = 0, i.e. for n even we have 

'!>»(*) = }/ v sin ~ 


and for n odd 


Mp 


.<*>=/■ i 


cos- 


rena: 


(the functions are normalized in the usual way). 

a/2 

The matrix element (n \ ex \ m) — e j ip£r\p m dx is 

-a/2 

nonzero, obviously, only when n and m have different 
parities. Otherwise, the integrand will be an odd function 
and the integral will become zero. Let n be even and m odd. 

Since the integrand is even, if we introduce V — i we 
can write 

a/2 

• i i , o 2 (* . TmCC 7YlJ\<£ i 

(n ex m) = le — \ x sin — cos —— dx 
1 a J a a 

o 

n/2 

2 ae |* 

— \ f sin (rc + m) y-f-sin (n — m)y]ydy 


n/2 


and since j y sin (n -f- m) y dy — 
o 

we have 


jl n + m-1 

sm (n + m)-^- 2 


(re+ m) 2 


( n -\- m ) 2 


n+m- 1 


n-m- 1 


(n\ex \ m ) —[ 


2 ae r( — 1) 


~ (re — m) 2 J 


— (— 1 ) 


(n-(- m ) 2 
n-m+l 


8 aemn 


ji 2 (re 2 —m 2 ) 2 
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o/2 

By analogy the expression (n | x 2 1 m) = j dx 


-o/2 


is nonzero only when n and m have the same parities. If n 
and m are even, 

o/2 

, , o, . 4 P o . nnx . mnx , 

(n I x £ I m) — — \ x* sin— sin dx 


o 

n/2 


= j y^ [cos (n m) y cos (n m) y] dy 

8a 2 nm 


= (-l) 


■n—m 
~ 2 ~ 


3 X 2 (re 2 —m 2 ) 2 


since 

n/2 


j y 2 cos (n — m)ydy= {n cos (re — m) -y 


n( —1) 2 


(re — m) 2 


For n and m odd 


, ,. , 4a 2 re 2 + m 2 

(n\x (re2 _ m2)2 

The matrix element of momentum is 

-{■a/2 

{n\p\m) ^ dx^= 0 

-a/2 

if n and m have different parities. For instance, with n 
even and m odd, 



2 

a/ 2 

P . rtjiz 

1 cin _ 

d 

/ mux \ 

i 

a 

* 

cm- 

1 a 

dx 

1 tV/O 1 

V a J 


-o/2 
n/2 


—-^__2m f J co g C0 g y] dy 

i a, J 


r n-m -1 

_ 2rn ( —1) 2 

id— Tt TTl 

_/ j ,n-m+l 4 mn 

' ' ia re 2 —m 2 


tt+m -1 


(-D 


n + m 
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If n and m exchange parity, the result for (n | p | m) will 
be the same. 

73. The equation for the eigenfunctions of a one-dimen¬ 
sional harmonic oscillator in the p-representation has the 
form 

-£<P (p) + ^[ih±)\{p) = Ey ( p) 

If we introduce the dimensionless variable t] = p/(m^o>) 1/2 

2iE 

and put = K we arrive at an equation that coincides 

with the dimensionless equation for the same problem in 
the ^-representation. Referring to Problem 46, we can write 

( Pn(p)~C~' ]V2 'H n r\ (H n is the Hermite polynomial) 

E n = (n + 4 -) Sco 

Hence, for a simple harmonic oscillator the coordinate 
and momentum distributions are similar. 

74. For a simple harmonic oscillator 

rr p 2 , mco 2 ? 2 

** "2m" ' 2 

and 

Consequently, H has no negative eigenvalues, i.e. H n ^ 0. 
We introduce 

X — p -\-ima>q (1) 

X* = p — irruaq (2) 

and bear in mind that pq — qp = —ih. Now we can repre¬ 
sent H either as 

h = 2 sr (p 2 + m2(0 Y) = i ixx+ imm (pq - qp)] 

1 X/ - ~\r i 
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We construct the commutator 

+ T?)*-* a ™ - xH 4 ’* 

In like manner 

HX+-X+H = —fj(oX+ 

When we have written these commutators in the represen¬ 
tation that diagonalizes H, i.e. (n | H | n') = //„6 nn ', we 
get 

fUa(n\ X | n') — (n | HX | n') — (n\ XH | n’) 

= S [{n | H | n”) (n" | * K> - {n | X | n") {n" \ H \ n')) 

n" 

— (H n — H n ’) <i»|X|b'> 

It follows from this that 

(n | X I n ') ( H n —Hr,’ — fico) = 0 

i.e. (n ) X I n ') is nonzero only if H n ’ — H n — ho). By 
analogy (n | Z+ | n ) =/= 0] if T H n ‘ — H n - f- ft©. We write 
the relationship 

in the same representation, and for the diagonal matrix 
element we get 

Ha 

T 


(n\H\n) = H n =-±-'2i(n\X+\n'){n'\X\n) — - 


n' 

In the sum the member with in | X + | n') can differ from 
zero only if H n > = H n ft© is also an eigenvalue of H. 
Otherwise, the sum will turn zero and H n will be equal to 

— 4 ^ , which is impossible in view of what has been said. 
Consequently, the first assumption must be true, i.e. if H n 
is an eigenvalue of H , then H n » — H n -)- ft© is also its 
eigenvalue. 

Now we consider expression (3). In a similar way we 
find that 

H * = S < n !■ x !»'><»' l'* + I»> +4 

n’ 


( 4 ) 
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where H n ' — H n — ha, and either H n - is also an eigenvalue 

of H (i.e- H n is not the lowest energy level possible) or, 

/zco 

if this is not so, (n | X | n') — 0 and H n — is the 

lowest energy level, and the next level lies ha higher. 
Hence, we have found that 

H n — (m + y) /to (5) 

and (w | X | n — 1 > and (n | X+ \ n + 1 > differ from zero. 
If we bear in mind that ((n | X | n — 1 ))* = <n — 1 | X+\ n), 
we can obtain from (4) and (5) the equation 

| (n | X | n — 1 > | 2 = Imnha 

Whence 

(n | X | n — 1) = ((n | X + 1 n — 1))* = Y2mhan e iq ' 
Returning to (1) and (2), we get (choosing e v —i) 

(n\q\n 1 ) = (re \\q\n) — 

<n|p|n — l) = «n — l|p|n»* = i \/~^-n. 

75. Let us use the commutation relations for angular 
momentum 

L x L y — L y L x = ihL t and L x L 2 — L 2 L X — 0 
where L 2 = L\ -\-Ll~\-L\. Now we introduce 
X - - L x -{“ iLy and = L x — iLy 

Obviously, L z , X, and X+ commute with L 2 . We write the 
relationship L 2 Z — XL 2 = 0 in the representation where L 2 
and L z are diagonal, i.e. {I \ L 2 | Z'> = L*Sw, and we get 

dm | X | I'm') (L* - Ly) = 0 

Here the only matrix elements that diSer from zero are the 
diagonal in l matrix elements of X, and also of X+ and L z . 
For this reason in future relationships between these opera¬ 
tors we can simply consider L a to be its eigenvalue L\. 
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Let us represent L 2 in the form 

L 2 = ( L x -f- iL y ) ( L x — iLy) + i (L X L V — L y L x ) + L z 

= *z ++ (l,--|) 2 -^ (1 ) 

On the other hand, 

L 2 = X+X + (l* + 4) 2 -J (2) 

If we construct the commutators of L z with X and Z + , 
we will see that 

L Z X — XL Z — L z ( L x -f- iLy) — ( L x -f- iLy) L z 

— i%Ly + i (— iSLjc) = %X 

and, similarly, 

L Z X+-X*L Z = -nx+ 

We write these relationships in the (L 2 , L z )-representation 
and denote dm | L z | Ira') — to get 

h (Im | X | lm') — 2 [dm, | L z | Im") dm" j X | lm') 

m' 

— dm | X | lm!') dm" | L z j lm')] — dm | X \ lm') (m — m') ft 
i.e. 

dm | X | lm') [m — m' — 1) h = 0 

Hence, dm | X \ lm') 0 only if m' = m — 1. In the 

same way dm \ X + | lm') 0 only if m' = m -f 1. 

Next we write the diagonal (mmih) matrix element of (1) 
and get 

L\ = 2(/m|Z| lm!) dm' |Z+1 lm) + ( m _ 1 \ 2 _ *L 

In the sum the member that can differ from zero is the one 
for which m' = m — 1. If such an m'h is not an eigenvalue 
of L z , the whole sum is zero and 


Otherwise, 
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Thus, for each L ? there is a certain minimum eigenvalue 
of L z equal to m 0 h, so that 



and any other eigenvalue of L z must differ from m 0 h by 
an integral multiple of h. 

Now we write the diagonal element of (2): 

Lf — ^ (l m \ X+\lm') {lm' |X| — -g- 

m' 


Here {lm | X + | lm’ > =/= 0 only if there is an eigenvalue of 
L z equal to m'h = (m + 1) h. Otherwise, i.e. if mh = rrufi 
is the greatest value of L z for the given value of L ?, we have 


L\ = 

h+y )*»-4 


It is evident that 



m t h = 

-|+/«+x 

(3) 

is the greatest eigenvalue of Z 2 , and 


m 0 h = 

-4-/ 

(4) 

is the smallest. 

m 0 )h = 2]A? + f - 


The difference (m 1 — 

- h must be 


equal, obviously, to 2 lh, where 21 is an integer (since all 
eigenvalues of L z must be separated from each other by an 
interval of %). Hence, 

2 "j/l?+-5 - = ( 2 Z + 1 )/i and L\ — l(l-\-i)h 2 

where l can be an integer (if 2Z is even) or a half-integer. 
In either case, as we see from the introduction of 2Z, it is 
nonnegative, i.e. I — 0, 1, 2, ... or l = 1/2, 3/2, . . . . 

Substituting + -£ in (3) and (4), we get 

m y = m mSLX = l and m 0 = m m m = — l 
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Since (lm 1 | X+ | lm) = (ilm \ X | lm'))*, we have 
L\ = | (Zm| X 1 l, to — 1) | 2 + {m — y) % 2 —~ 

Hence, 

((l, m — 1 | X +1 lm))* = (/to | X 1 1 , to— 1) 

= /i j/"/(Z + l) + ^— (m—|-) 2 = ^/(/ + to) (/ — to + 1) 

It follows from the definition of X and X+ that 

r X + X+ f X — X+ 

L x~ 2 ' L v~ 2 i 

and, consequently, 

(lm \L x \l, to — 1) = (/—TO-f-1) (Z-f m) = {l, m—1 \ L x \lm) 

(lm \L v \l, to— i) = ^U!i V{l — to + 1)(/ + to) 

= «Z, to—11 L y | lm))* 

where to = —l, —Z + 1, • • 1 — 1,1. 

76. To find the energy distribution, (E), and <A E 2 ) we 
normalize the function i|) = Ax (a — x) and expand it in 
a complete set of normalized eigenfunctions of the Hamil¬ 
tonian. These functions are the same as in Problem 72, i.e. 

^n(^) = ]/^ sinJ ^T (« = 1,2, ...) 

a 

The condition 1 = A 2 ^x 2 (a — x) 2 dx yields A 2 — ^-. Now 
o 

we determine c n : 

n a 

c n = j -ij) (x) ap* (x) dx — A y j x(a — x) sin dx 

-VlH-S-i- 1 )”] 
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and we get 

TF(£ n ) = |c n P = _^_[l_(_l)n]2^0 

for n = 1, 3, 5, ... . For even n, on the other hand, the 
functions \b and ib n have different parity in relation to 

x __. For n = 1 (E x =-^f) we have 




0.999 


i.e. the particle in this state with an overwhelming proba¬ 
bility will have an energy equal to E x . 

We can compute the expectation value of the energy as 
( E ) = 2 E n W ( E n ) or as 

n 

oo a 

(E)= j ty*Hqdx = A 2 j x(a-x) (—gjj-Jsr) 

— oo 0 

X [X {a — x)]dx^^ 

(F = oo for £<0 or x>a , but Fi|)=0). 

We will find that {E) = 2 ^ntno" 2 £* ves same 

n=l, 3, 5 ^ 

10 

result { E) = -^E t . 

To find (A E 2 ) we must first find ( E 2 >. Since we cannot 
consider F 2 v|) equal to zero, we calculate the value of (E 2 ) 
as follows: 


oo oo 

( E 2 ) — j dx= j (7/ij))* (Hty)dx 


=h--£^<— 30 *‘ 


,p 2 \ Ki 960 h i n i n i 240^ 4 ^ 1 

' n 6jt« 4u2 a* ~ u 2 a 4 jt 2 2j 

n=l,3, 5 n=l, 3, 5 
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Whence 

(AE 2 ) = {E 2 ) — ((E)) 2 — . 

77. We write the given normalized function in the form 

\h = * [ 1 —e i2< P — 4-e-^l 

V 3n L 2 2 J 

It is clear from this that in measuring the angular momentum 
we can find the values L z = 0, -\~2h, —2 K with probabilities 

W (0) = J’ ^(2) = W(-2) = | 

This gives 

(L z ) — 0, <Lj> = i.»*. 

78. For the particle localized at point x 0 we can write the 
wave function as an eigenfunction of x. In the x-representa- 
tion, as we know, x — x, and the equation reduces to xij) = 
= x 0 \J), i.e. (x — x 0 ) = 0 and i|) (x) ^ 0 for x = x 0 . 
Thus, i|) (x) = AS (x — x 0 ) and the energy spectrum is 
continuous. The normalization condition 

oo 

A 2 j 5 (x — x 0 ) 8 (x — xo) dx = 8 (x 0 — xo) 

— oo 

yields A = 1, i.e. i|>* 0 (x) = 8 (x — x 0 ). 

^ d 

In the ^-representation, as we know, x—ih ^ (see the 

solution to Problem 70), and the eigenfunctions can be 
obtained from the equation 

•fc <9<p 

lh -£f =x ov 

from which 

q>x 0 (p) = Ce-^0P/h 

The constant C can be determined from the condition that 

oo 

j <P *0 (P) ( p*t (p) dp =6 (x t — x 0 ) 


19-01496 
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whence 




2nh 


since 6 t (x t — x 0 ) — — j 


Similarly, the momentum eigenfunctions are 

ij) p (x) = Ce i Po*/'» and <p p (p) — 6 (p — p 0 ). 

79. To write a relationship similar to 

f(r) = 7%( r ) 

in the p-representation, we must transform both functions 
to this representation. Let 

1 


<P(p) = 


J V (r) 


g-ipr/h fa 


and 


<Pi 


(2nS) s/ 2 


We substitute (r)/r for i|) (r) in the first integral and 
write 1/r in the form of a plane-wave expansion. We as¬ 
sume that 

y= j a(k)e ; (kDrfk 

To find a(k) we apply the Laplace operator to this equality: 

Ay= j a (k) Ae’( kr) dk = - j a (k) WW dk 
On the other hand, 


A — = — 4ji 6 (r) = 


4it 


(2n)3 


rf- 


dk 


Hence, a( k) = 

We substitute y- for k, which yields dk = -^-, and get 
the final result 


h 

\ 


1 C _1_ i 
2 n-h J pf 6 


: P_l£_ 

h dp t 
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Then 


,p(p) ”Wj i ? r lT’M r > e 

1 C dpi / 1 

Wh J p\ \ (2nh )V 2 


ipr 

» dr 

J W e 


i(P-Pl)r 

h dr j 


and since the expression in the parentheses is, by defini¬ 
tion, <p x (p — Pi), we get 

Or, after substituting p' for p—p t , 


The operator 


^ 2n 2 A j 


<Pi (P') dp' 
(P-P') 2 


— in the p-representation is an integral 


operator. 

80. The wave function of a particle in a spherically sym¬ 
metric field has the form 


f nlm = R nl (r) Plm (COS 0) e im< f 
We calculate the matrix element of D z — ez: 

{nlm | D z j n'l'm') = j a|£ im ezi|vz'm' dr 

Evidently, we can represent it in the form of a product of 
integrals over r, 0 , and 9 : 

{nlm | D z | n'l'm') — Irhl v 

Since the angular part of the wave function is the same for 
any spherically symmetric field, we can calculate 7e and I v 
without specifying the potential V (r). Since 

z = r cos 0 , dr — r 2 sin 0 dr d 0 d<p 


if we assign to I v all the multipliers depending on 9 , we get 
2 n 

/„= j e- im fe im 'f dtp — 2nS mm > 

0 

Consequently, 

{nlm | D z | n'l'm') = 0 for m' m 


19* 
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At m — m', for Iq we have 

n 

h — j Pim ( cos 9) cos 0 Pi'm (cos 0) sin 0 dQ 
o 

Introducing x = cos 0, we write 
1 

/e = ^ Plm (•*-) xPi'm (•d) dx 
-1 

The Legendre polynomials satisfy the relationship 
®Plm ~ oPlti, m “f" bPi— l, m 

where 

a = ]/ r T t+W-i ’ b = V tv-l ’ and \ P lmPl'mdx = b W 

-1 

In view of this 

i 

fe = | {aPl+i, m + m) Pl'mdx—a&i + i 3 i' + &8/', ;_i 

-1 

and differs from zero only for V = 1 ± 1. 

To calculate the matrix elements of J5 X and 15 y it is 
convenient to introduce the notation 

£) ± = D x ± iD y = er sin 0 e ±i<;p 
Once we have 

(nlm | D ± j n'l'm.') = [ r sin vi'm' dx — 7^/e/^, 

•> 

we can calculate and Jq. Since 

2ji 

/; = ( e- im <f e±i<p e im'<J> dq> = 2n6 m >, mTl 
o 

the matrix element of differs from zero only at m' — 
= m — 1, and that of D _ at m' = m +1- We calculate I' 9 
for D + assuming that m’ = m — 1: 

it 

I’o = j P im (cos 0) sin 0 Pp, m _ i (cos 0) sin 0 dQ 
o 



ANSWERS 293 


Substituting x=-- cos0 (sin 0 = /l- a. 2 ), we get 
1 

I'e = j Plm{x)Vl— X*Pl’,m-l (x)dx 


But the theory of the Legendre polynomials yields 


~\[ 1 3? Pl', m- 1 — fli-Pi'+l, m 4" biPl’~ 1, m 

where 

_ j /" (Z' + m ) (Z' ~H »i~l~ t) l i /" (Z' — w-j-1) (Z' — 

1 — K 4(Z' + l)2—l ’ 1 V 4(l')2—1 

and, consequently, 

ie = u t 6i, r+i -r&iS/, r-i 

which is not equal to zero at V — l ± 1 . 

For D_, if we assume that m’ = m + 1, we get 

l 

I’e = j (x) j /1 — a : 2 P;-, m+ i ( x ) da: 


Substituting j/1 — a : 2 P; ro = a z P l+ ,, m+1 + Wi, m+i. where 
^/" (Z + ro + 1 ) (Z + m + 2 ) 


a 2 — 

we get 


4(l + l)2—l 




(Z— m) (l—m— 1) 


4 ^ 2—1 


/g = a 2 5i+i, /' + Vh- i, r 


The expressions for the matrix elements of D* and D u 
can be obtained in an obvious way: 

(nZm | Z) x | n'l'm') = y [(rcZrrt | Z)+1 n'l'm') + (nZm | Z)_ | re'Z'm')] 

{nlm | D y | n'l'm') = [(nZm | D+ | n'l'm') — (nlm | D_ j n'l'm')) 

It is evident that both differ from zero for Z' = l ± 1 and 
m' — m ± 1. 

82. We use the general definition 
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/s p2 A Qjp A A A A 

Since H (t), — = 0, and xy —yx=0for any two 

components of r, we find that rF — V r = 0 and 
dr i 


dt 


2\xh 


(p^-rp 2 ) 


We write r = ix -f jy + kz and p 2 — pl+pl + pl and we use 
the basic commutation relations of quantum mechanics, 
Pxy — yPx—ihdxyi etc. Thus we get 

W = 2 £F [i (P a xX—*Px) + j ( Ply-ypl) + k {plz-zpl)] 

But p%x—xpi — p\x — p x xp x -f p x xp x — xp% . Now if we group 
the members in pairs, we can factor out the common mul¬ 
tiplier p x from the first pair to the left and from the 

second pair to the right. Then p%x — xp% — —2 ihp x and, 
hence, 

W = wr (■- 2i ^ Op -+JPy + k ^} = f 


The operator p does not explicitly depend on time either, 
and 


dp 

dt 


= ±r[Hp-~ V H] 


Since p x p y — p y p x — 0, the expression reduces to 


dp 

dt 


= ' (Fp_py) 


We now compute it in the ^-representation. Then p = —i^V 
and F =F (x, y , z). Computing 

(Fp — pF) i|) (r)==— ih [V grad i|) — grad (Fiji)] = ifc(grad F) ij> 


we get 

-f=_grady=F 


Since the commutation relations do not change in trans¬ 
forming to other representations, this relationship always 
holds. 
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A • 

83. Since the operators r and r=-V do not commute 

m 

(see the solution to Problem 82), the operator j must be 
represented in a symmetrized form, i.e. 

J = —^-[6(r—r 0 )V—V6(r-r 0 )] 

Following the general rule, we compose (j >= j \| 5 * (r) jip(r) cZx. 

Then we integrate the second term by parts and, using the 
property of the delta function, we get the final expression 
for (j): 

if? p 

<j> = — 2^- grad ^ ~~ ^ grad ^*)f= r o- 

84. According to the usual rules of commutation, 

dl z _ ~ dV ~ dV 
dt X dy y dx 

and L z is an integral of motion in a field with an axis of 
symmetry OZ. In a central force field, for V = V (r), we 
have 

= A e<p y-FAe ( p) = 0. 

85. In composing the operators K x , K „, and K z we must 
symmetrize the products of type v y L z since the operators v y 
and L z do not commute. Hence, 

K x — -^ ( v y L z + L z v y — v z L y — L y v z ) + 

By analogy we determine K y and K z . 

Since the field is spherically symmetric, H will commute 
with L X t L y , L z . We must keep this in mind when we com¬ 
pose commutators. To prove that — 0 without invol¬ 
ved computations we must calculate the commutators of H 
with each of the operators v y , v z , and y separately. These 
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[//, v z ] =- T 

1 ZJ m r* 

[* f]-T [>- 

If we substitute these expressions into 

we see that —= 

86. If we use the results of Problems 31 and 32, we can 
easily find that 

da . ~ , da* . 

—r- =—uaa and —j —=mcr. 
dt dt 

87. We use the commutation relations for coordinates 

and momenta, p x y — yp x — — ih&xyi and first write 

For simplicity, let us denote P x = p x — eA x . Since x com¬ 
mutes with P y and P z (and, all the more so, with ecp), 
we get 

= 3 ^- 1 '', (Pj- iP.) + (P,i-iP.) P,\ = J f 

Next we find-^-=-^- (p x — eA x ). Since A(r, t) can depend 

, , dP x dA x j 

on t, we have —■— — — e -r~- and 

dt at 

4^=-^+^ F [P 2 yPx-P x Pl+P!P x -P x PU 


+-%(<pP x -P x <p) 


~ A « Q(T) 

q>Px— p a? = Wx - p x <p = tn -£■ 


Obviously 
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Denote 

D = P\P X - PJl = Py (. P V P X - P x P y ) + (PyP x ~ P X Py) Py 

First we find 


PyPx PxPy — (Py eA ii)(Px e A x ) (Px eA x) (Py eA v) 
= —e(PyA x —A x py^Ayp x — p x Ay) 

Since p y A x — A x p y — —, we have 


PyP x - P X P V =-iHe(^-^) = -ihe (curl A), 
and 

D =—ihe (P V B Z + B z Py), where B = curlA 

Thus, 


dA y 


dPx^ _ e _ 

dt dt 


e 5-+ir [P * B *+ B * p y - P * B « - B * p * ] 


and since 


dA x 0<p 


dt dx 
tion in the operator form: 

dP x 


E x , we get the Lorentz force equa- 


= _ eE x + x ( yB z + B z y - zB y - B y z) 


where E is the electric field vector, and B the vector of 
magnetic induction. 

88. The operator x y does not depend explicitly on time 
and commutes with a i5 a 4 , A, and cp. If we use the commuta¬ 
tion relations of coordinates and momenta: 

Pi^k — ^hPi^ —iK&ih 



(Pi~ eA 1 ) -D — *ica, (pi — eAt)] 
~ca x (p l x i — XiP i ) = ca l 


we get 
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^ a dP 4 

We denote P l = p i — eA t and calculate : 

± (Pi - eA t ) = - e -^-+4 l c “2 (P 2 Pi - W 

+ ca 3 (P 3 P 1 — PiP 3 )] + 4 e (<pA — A<P) 

The operators P* commute with a ; . Besides (see the solu¬ 
tion to Problem 87), 

PiP 2 — PzPi — ifi-^-B 3 , where B = curl A 

and 

cpP,—p 4 (p=- pm = th ^ 

Thus, 

+ c [ca 2 5 3 - C a 3 S 2 ] 

Since ca t — x t , we again get the Lorentz force equation in 
the operator form. 

90. For a system of N particles the operator of the 

N 

total momentum is P= 2 Pi and the Hamiltonian is 

i=i 

"-2:S+W.>+2^> 

i=l 1=1 i>fc 

N 

where 2 &i ( r i) is the total potential energy in an exter- 

t=i 

nal field, and ^U lh (r lh ) is the energy of interaction 

t>k 

between the particles of the system. 

Applying the commutation relations, we find that 

N 

^-=—2 gradftt/ft. 
fc*=i 

91. Since F ( x ) has a discontinuity at x — 0, we must 
denote the region x < 0 as region I (F = 0) and the region 
x > 0 as region II (F = F 0 ). After solving the Schrodin- 
ger equation in these regions, we must fit the solutions, 
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i.e. at point x — 0 equate the functions and equate their 
first derivatives. 

In region I the Schrodinger equation becomes 


(Pifi 

dx 1 


= 0 


where k\ — 


2mE 

~W 


and its solution is 


% = C 2 e~ ihiX 


( 1 ) 


In region II the Schrodinger equation is 


dx 2 


*2^11 = 0 


where k\ = 2m (E ^ Vo) ; fc*>0 for E>V 0 , and k\< 0 for 
EC.V 0 . Its solution is 

%i . = C 3 e ih i x + C k e- ik 2* (2) 

We fit the solutions and their derivatives: 


<% 

dx 


% (0) = %I (0), 


x=0 dx 


K=0 


Ci 4~ C z — C 3 -f- c 4 
ikx (Ci — C 2 ) = (C 3 — C 4 ) 


Four constants must satisfy two equations. Since one of the 
constants can be chosen arbitrarily and in region II for 
physical reasons we can expect to find none but a particle 
moving in the positive direction, i.e. p x — hk 2 > 0, we 
must put C 4 = 0. If E < F 0 , then k 2 = ia and e~ ih2X = 
— e +ax c)o as x oo. For \pn to be finite at every point, 
Ci must be zero. The equations give us 
C 2 — /c<2 . C 3 2 k\ 

~cT = ki+Tt ana ~l = k t +k 2 


Now we must determine the reflectance and transmittance 
as ratios of corresponding current densities: 


/? = 


For E > V 0 


/refl 
i In 


Itrans : 




| and 

dx 


D = 


/trans 
j in 



In expression (1) the first member represents the particle 
moving in the positive direction of the x-axis (the particle 
is falling on the step), and the second represents the reflec- 
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ted one. With the aid of these functions we compose the 
corresponding current densities: 


j i n=^\C i \ z and 7 r ef 1 — ~~ | C% | 2 

and we get 


ki — ki 

2 

Z) = 

Ak{k 2 

ki + k 2 

> 

(fei + fe 2 ) 2 


For E < F„ we find that k 2 = ia and that the function 
'fn = C 3 e~ nx is a real function and diminishes as x moves 
away from zero. Evidently, in this case /trans = 0 and 
D = 0. Accordingly, 




ki — irx. 2 
h + ia 


92. As in Problem 91, R= 

hri, 


and D — 


J trans 
/in 


We find the functions that characterize the incoming, ref¬ 
lected, and transmitted particles (waves). 

We denote as region l the region x < 0 (F = 0) and 

2 m p 

introduce k\ = . As region II we denote the region 

0 ^ x ^ a (F — F 0 ) and k\ = 2w( ^ 2 . As region III 

we denote x >> a (V = 0). Next we write the Schrodinger 
equation and its solution in each region 


^ L + *M>n = 0, i| hl = Ci e** + C k e-** 


+ *M>m =0, = C 5 e^* + C 6 e~* i* 


We assume that C 6 = 0 since in region III there is none but 
the transmitted wave (see the solution to Problem 91). 

Requiring that \|i and ~ be continuous at x= 0 and x= a, 
we get four equations for the C' s: 


% ( 0 ) = %i ( 0 ), 

dofl I _dtfn I 

dx |x=0 dx |r=0 ’ 


Ci + C 2 — C 3 -f- C 4 ; 


iki (C j — C 2 ) — ik% (C 3 —C 4 ) j 



ANSWERS 301 


ip [I (a) = %II (a), C 3 e^ a -f C 4 e-^“ = C 5 e ift ‘ a ; 

, ik 2 (C 3 e ih 2 ° — C k e~ ih * a ) = ik l C b e ih i a 


dta 

dx 


__*Pin 

sc-a dx 


Now we can determine the ratios of different C i to C i 
(i — 2, 3, 4, 5). Bearing in mind that / = P^~— 


— \p* 


dip 

dx 


)• 

hk\ 


we find that 


7in=-^-|C 1 | 2 , 7 re „=—^-|C 2 | 2 , 7trans 


Ml 


C.,l 2 


and i? = | C 2 /Cj| 2 , Z)—| C b /C l | 2 . 


i? = 


Ci 


Z) = 


c 5 


c 1 


From the four equations we determine C^/C, and CJC 4 : 


where 


Ai = 


C 2 _ A 2 

Ci “ A, 

1 -1 
A _ 

*1 


C 5 

Ci 


A 

Ai 


0 

0 


gihia 

gih^ci 


■s- 0 

Al 

g — ih^a ^yihia 


. g — ih 2 d 


*1 


— 4 e i*ia cos Jc 2 a - 


-1 -1 


A 2 — 


__ A «2 

*1 


k 2 

i (fci+ftj) sin /c 2 a 

-1 0 

-r 0 

k { 


gikia 


h 


0 
0 

2e ifiia 


gi& 2 a 


g — ih20' 


. ^iAia 
Ai 


gih 3 a _ 2 a _ 'U gihtn 

k 2 


k\k 2 


i (kl — k\) sin fc 2 a; 
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1 -1 



0 e ih * a 


0 e ih * a 


i*. 

ki 

g-ihs a 


— g-ih^a 


-1 

-1 

0 

0 


= 4 


Now we substitute the calculated values of A x , A 2 , A s into 
the expression for R and D, and, considering E > F 0 
(k 2 is real) and simplifying, we get 

n (k\ — A,) 2 sin 2 k 2 a (fc|—A?) 2 sin 2 k 2 a 

~ il 2ktk 2 cos k 2 a — (A? + k\) i sin k 2 a | 2 — 4 kfk% + (A| — Af) 2 sin 2 k 2 a 

n _ 4 k*kl 

— A?) 2 sin 2 A 2 a 

It is easy to see that D + if = 1 and that for k 2 a = nn 
the barrier is transparent, i.e. D — 1 and R — 0. The solu¬ 
tion holds for V 0 >0 and for V 0 < 0 (when the particle 
passes over a potential well). 

If we consider the case of V 0 > 0 and E < V 0 , we get an 
imaginary k 2 = ip. Then sin k 2 a = i sinh Pa, and we find 
the expressions for R and D: 


n (AJ -j- P 2 ) 2 sinh 2 Pa 
n ~~ 4AfP 2 + (kf + P 2 ) 2 sinh 2 Pa 

n _ t4fcx*P 2 

4Af P 2 -f (fcf + P 2 ) 2 sinh 2 Pa 

For Pa 1 we get 


D « 


c -2pa 

(*? + P 2 ) 2 ' 


93. Let region I be the region 0 ^ x ^ a, region II be 
a ^ x ^ 6, and region III be x^b. 

We note that V — oo for x < 0. Hence, ip = 0. If we 
choose ipi so that continuity is ensured at x = 0, we can 
write the solution of the Schrodinger equation in the re- 
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gions I, II, III: 

-f-/Ajjj = 0, where & 2 = and % = A sin kx; 

^£ — xhp n = 0, where x 2 =-^(V 0 — E) and 
%x = #,<?*<*-“> + fi 2 e-»$(*-o); 

+ khp ul = 0, ip„ = ««*(*-» + Ce-«*-») 

The solution is normalized in such a way that the ampli¬ 
tude of the wave leaving the potential well is unity. This 
does not restrict its general character since all the equa¬ 
tions are homogeneous and determine none but the ratios 
of the coefficients. 

We write the continuity conditions on the boundaries 
x — a and x — b for the function and its first derivative: 


A sin ka = Bi + B 2 (1) 

kA cos ka — x(B t — B 2 ) ( 2 ) 

B i e Kl -\-B 2 e~^ = i + C (3) 

x(B i e v ‘ l — B z e~* 1 ) = ik (i — C) (4) 


Here we have introduced l — b — a as the width of the bar¬ 
rier. If we add and subtract (1) and (2), we find B x and B 2 . 
Then if we substitute them into conditions (3) and (4) and 
repeat the operations of adding and subtracting, we get 
equations that define the amplitude A of the wave in the 
inner region and the amplitude C of the wave falling on the 
barrier: 


1 sin ka j^cosh xl -f- — sinh xl J 

+4 coska [^sinh cosh xZj } = 1 

~ | sin ka ^ cosh xl — sinh xl j 

+ 4 cos ka J^sinh xZ — cosh xl J j — C 
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Hence, 


sin ka 

X 

cosh *1 — rr sinhxZ 
l ik J 

I k 

-t- cos ka 

X 

sinh xl — j^ cosh xl J 

sin ka 

cosh y.1 -f- 4 sinh xl 

, k L. 

4- cos ka 

X 

sinh Ml 4 cosh mI J 


Wo note that the numerator is complex conjugate to the 
denominator. Hence, | C | 2 = 1. The incident (falling) 
wave is completely reflected at x — 0. We write the expres¬ 
sion for A in the form 

4 eKl { O+Tr) (sin ka + coskaj 

— 4) (sin ka—^-cos ka^ e~ 2xl ^ = 1 


and we see that when x is real (E < F 0 ), the second member 
is always much less than the first ( e~ 2 * 1 1). So if we 
neglect it, we find that | A | 2 cc e~ 2M , i.e. \ A | 2 <C 1 (the 
amplitude of the wave is much less in the inner region than 
in the outer). This holds for all values of energy except 
when 

sin k 0 a 4- — cos k a a = 0 or tan k„a = — — 

0 1 x„ *o 

(If we compare this with Problem 45, we find that this con¬ 
dition gives the energy levels in a potential well of limited 
depth.) Then the member with e~ 2 * 1 plays a decisive role 
and A grows substantially: 


i.e. 


A = 2i gK°; and C = 

x 0 —ik 0 


xp 4~ ikp 
x 0 — % 


\A\ 2 — 4e 2x ° i and |C| 2 = 1 


Thus, near the energy eigenvalues for a particle in a 
potential well of finite depth the amplitude of the wave 
in the inner region changes abruptly from e~ 2x ° ; to e +2x ° ( . 

94. To characterize the forces that prevent the electrons 
from leaving the metal we place the origin of coordinates 
on the interface between the metal and vacuum and assume 
that the potential energy of the electrons in the metal is 
lower than their energy in the vacuum by F 0 , i.e. we assume 
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V — 0 for x < 0 (in the metal) and V — V 0 for x > 0 (on 
the interface). 

Let the x-axis be normal to the surface of the metal. 
If we apply the external electric field E in the positive 
direction of this axis, then for x > 0 the potential energy 
will be V (x) = V 0 — e | E | x, and the probability of the 
electron passing through the barrier will be determined 
by the transmittance 

D= D 0 exp [ — 2 j YV(x)-E x dx] 

XI 

Now we need only compute the integral in the exponent. 

The problem becomes one-dimensional. The only impor¬ 
tant factor is the movement along the x-axis, and E x — 

denotes the energy connected with this movement. 

Points x x and x 2 are determined from the condition V (x x ) = 
= V (x 2 ) = E x . For our problem x x = 0 and x 2 is deter¬ 
mined by the equation 

F„ — e | E | x 2 = E x 

Then 

X 2 

j yV 0 — E x e|E|x dx = - (V 0 -E x -e |E|x) 3 / 2 1 * 2 
o 

and __ 

i.e. grows as | E | and E x grow. 

If we denote dn as the number of electrons inside the 
metal (per unit volume) that possess momenta in the inter¬ 
val (p, p + dp), the density of the electric current leaving 
the metal in the positive direction of the x-axis is 

j — e^v x Ddn, where v x = -~ 

The integration is done over all values of p„ and p z and 
over p x > 0. If we assume that the electron gas is extre- 


20-01496 
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mely degenerate (i.e. behaves as it would when T = 0 K), 
we get 

dn — 2 dpxd Pv dpz 

n? 

p2 

(the mean occupation of a state is one) for ^ £, where £ 

is the maximum energy, i.e. the level of the chemical 
potential, and 

dn = ° for £>£ 

Hence, if we pass to cylindrical coordinates in momentum 
space and assume that p y = p cos 9 and p z — p sin 9 , 
we can write 

/2m£ Y 2mJ-p£‘ 2 n 

]' = ■%? J d Px \ P dp f v x D (v x ) d(f 
0 0 0 

Now we substitute q = £ — E x , dq = — v x dp x , integrate 
over 9 and p, and get 

j tj £> (T |) dq 
o 

c W=“P [ —l-iw C'. - £+D*' 2 ] 

Since D (q) diminishes very quickly as t) increases, the 
members with small q will play the dominant role. So if 
we expand the exponent in a power series in q and denote 

(F 0 — £) 3/a = q and we can extend the 

limits of integration over £ to infinity and get 

2 00 2 
7=H 0 ^e' 3 Vo-0 2 j 

o 

95. The alpha-particle in the nucleus lies in a deep poten¬ 
tial well. We may assume approximately that V = — V 0 
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for r ^L. r 0 ; r 0 characterizes the range of nuclear forces. 

2Ze 2 

For r ^ r 0 (outside the nucleus), V = —— . The transmit¬ 
tance of the particle through a barrier limited by a straight 
line at r = r„ and by a hyperbola V = —— for r > r 0 is 
determined as 

D — Dq exp | • 


. --r 2 

2 ]/ 2 m - 


\ /??£_£*) (1) 
>•0 ' 


where E is the energy of the particle falling on the barrier, 
and r„ and r 2 are the points of retrogression, at which V — E, 
i.e. r 2 = 2 Ze 2 IE. 

To calculate the integral in (1) we introduce cos 2 u = — . 

r 2 

Obviously, at r = r 2 , we have u — 0. Now if we denote 

cos 2 u 0 = —, we can write 
r 2 


M/db- -1 x 2sin u cos uduVE 

] 


n2Z«2 


0 

_T sin 2«o 

VE L m ° 


E 


On the assumption that 1/ - < 1 we expand u 0 in a series 

' r 2 


u 0 — arccos 


Then 


Hence 


and 


sin 2u 0 » 2l/"— 
r r 2 


D « £> 0 exp [ — +l / 2mZe 2 r 0 j] 


20* 
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where "foo = V2E/m is the velocity of £the emitted alpha 
particle measured far from the nucleus (where V — 0), and 


% — nD 0 exp £ —y \~V2mZe 2 r 0 j j. 


96. If we choose the z-axis in the direction of the vector 
of magnetic induction and write the components of the 
vector potential in the form A x — —By , A y — A z = 0, 
we can reduce the equation 


to the form 


(p —eA ) 2 
2m 


= E l|3 


K 2 


ifi 








dx 1 2m 


(i) 


Since the coefficients do not depend on x or z, we can look 
for iji in the form 

i|) = e iax e^ z f (y) 

After substituting \|) into (1), we get the equation for /: 


ft 2 

2m dy\ 


+^y 2 J- 


= 8 / 


where we have denoted co 0 = —, e = , i/j = y A- 

in Zi m 

I fig 

eB • 

We have come to the equation for the one-dimensional 
harmonic oscillator. If we introduce the dimensionless 

coordinate £ = y x j/", we can, in accordance with the 
solution of Problem 46, write 


fn (yi) = Ce~WH n (l-) 

(H n is the Hermite polynomial) and 

e n = ( n + ir) n = 0, 1, 2, ... 


Thus, for an electron in a uniform magnetic field, the comp¬ 
lete wave function and the energy spectrum are 

Vn*» = C n #**+toe-W*H n (£) 


E nt~ 




fizp 2 

2 m 
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The normalization condition yields 

r — — i f m(0 ° f 
n ~ h V hn y 2 *n\ 

The energy spectrum is continuous for motion along the 
z-axis (in the direction of the magnetic field) and discrete 
for motion in the plane of vector B. 

97. If we compare the time-dependent equation for a 
particle in an electromagnetic field, which is characterized 
by a vector potential A and a scalar potential cp, 

_L A) 2 ¥ = (ih ~~ecp) ¥ 

with the equation containing the changed potentials A' = 

f) { 

— A + grad / and <p'= cp — ~gf and, hence, the changed 
function ¥', 


—eA —egrad/) 2 ¥' = cp + e|f) ¥ ? 

we see that the operator V on ¥ is equivalent to 
(v— -y grad/j on ¥', and the operator on ¥ is equiva¬ 
lent to on ^ - This shows that ¥ differs 

from ¥' by a factor e~ ief / h : 


ief 

~ 


¥ = ¥'e 

Indeed, if we differentiate ¥ with respect to, say, t, we get 


dV av 


ief 


dt dt 
For this kind 
¥ | 2 and (k) = 


'+¥' 


de 


ief 

h 


-ief 


dt 


( _ ie df \ ur' 

\ dt h dt f 


as 


of transformation such expressions 
j ¥*L¥ dx^do not change. 

98. We write the time-dependent equation and remove 
the parentheses (p — eA) 2 , and we get 

- a ^^ < A • * rad *■ a ■+ i a *? 

+ «p¥-rt" 


(1) 
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The complex conjugate equation is 
— |^A¥*--^(A- grad T*) - -g- div A 

+£-W + e <py*=-in°^- ( 2 ) 

From Eq. (1) multiplied by ¥* we subtract Eq. (2) 
multiplied by ¥ and get the expression for ~ | ¥ | 2 . 
Then we divide the difference by ih and get 

-|-|¥| 2 =-J^(¥*A¥-¥A¥*) -f -f-[¥* (A-grad ¥) + 

-j- (grad ¥* • A) ¥-)- ¥*¥ div A] (3) 


Since 

¥*A¥ — ¥A¥* = div (¥* grad ¥ — ¥ grad ¥*) 

and 


¥* (A-grad ¥) + (grad¥* -A) ¥ + ¥*¥ div A=div(A¥*¥) 


we can represent (3) as 

am 2 , 

dt "T 

where 


div j = 0 


j = (¥ S rad W * - g rad V) - ^ A i ¥ I 2 . 


100. In the new representation we multiply the equation 
on the left by S + and get 

h h 

where 


3*h = Pft — (t, T h ) 

Obviously, 

( 2 ) 


and 


S + 3* ftS —p h — e k [(fh- Vs) A (t, r fi )] rft=s o 


( 3 ) 
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Here we have carried out the expansion for A ( t , r fe ) indi¬ 
cated in the problem. After substituting (3) into (2) and 
neglecting members of order r\ and (r^-p^), we get in place 
of ( 1 ) the following equation for t|r., 

ft 

where d = ^ e h r k , E=— 5A ^ °^ - (divA = 0). 

ft 

101. It follows from a z a = a and o z p = —p that the 

operator a z has two eigenvalues equal to +1 and —1 and, 

hence, corresponds to a component of the spin vector (in 
units of h/2). The eigenfunctions of a z , i.e. a and p, will 
not, obviously, be the eigenfunctions of o x and a y . But if 
we add and subtract the equations 

Ox “ = P> <J*P = a, (1) 

o y a — ip, Oj,P = — ia (2) 

we get 

£*(a+P) = (a + P), Gy (“ + #) = “+$ 

®*(«—P)= — (a —p), c,(a —ip)= — (a—ip) 

These equations show that a x and a y have the same eigen¬ 
values as cr z , equal to ± 1 . IfTwe form the expression 


we see that o x a z — a z a x =—2 ia y . Aside from this, 
plying operator a y to ( 1 ), we get 






by ap- 


It follows from this that 


O v G x — = lO'j 
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... a 

The notation a x a y ( ^ 


— ia z 


a x o y a = ics z a and 


| means that 

= io z p 


And since this holds for all the eigenfunctions (there are 
only two), it holds for any function. Hence, we can simply 
write the equation for the operators. 

A A A dCJ 

102. Since 0 * commutes with p and r, if we compose 


following the general rule, we have 

^T=i ( Ha x - o x H) = (o u B z - S Z B„). 

103. We write the usual eigenvalue equation for the 
operator a x : a x x = X%. Next we represent the sought func¬ 
tion in the form of a matrix % = ^ ® ) . If we act on this 

with the matrix o x = L 0 ) ’ we arr i ve the equation 



and, hence, X 2 = 1 or X = ±1. Now we substitute the 
eigenvalue ^ = 1 into the equation b — Xa, and we get 

the eigenfunction Xi — a (J) that corresponds to this eigen¬ 
value. If we do the same for X 2 = —l, r we get a • 

It follows from the normalization condition 


X :xi = M 2 (l l)(J)=2|a| 2 =l 

that a = 2 -1/2 . 

[0 —i\ 

Similarly, for a y = I. ^ I from the equation 

(0 -i\ I a\ la\ 
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we get 
Whence, 


*=±1- Xh= yg 


— ifr = Xa, ia = Xb 

1 
i 


1 


X-i = 


V§ \ — t 


104. We express the spin operator S in terms of o: 

S =2° 

where o x , a y , a z are the Pauli matrices, which satisfy the 
conditions al = ol = ot—l and cs x a y = —a y o x (etc. cyclic). 
Now we project S on a unit vector in the direction of a, 
(S-a) 


, and, squaring this expression and using the properties 
of a x , <r„, <t 2 , we get 

(S-a ) 2 h 2 ~ ~ ~ ~ . 

o2 4 fl 2 v^x^x "h i ^z a z) ipx^x H - Gy a y i Gz&z) 


» 2 A /V A A A A A 

= -4P" + G X + 


X + • • • 1 — 


h— 

4 ’ 


105. We remove the parentheses in the left-hand side 
of the relationship and then make use of the fact that 
oJ = Oy = ol= 1 and o x o y — — o y o x — — ia z (etc. cyclic). 
We find that o x A x a x B x will reduce to A X B X and 

Gx-Ax^yBy -f" ®yAyO x B x — io z (A X B y A y B x ) = io z [A X B] z 
Q.E.D. 

106. If we use the commutation relations 

Gy®x = \®xi ®y\ — [Gyi ***] — 2 tCT z 

we can easily show that 

ol = o*_ = 0 , [o+, <j_] = a z , 

[o±,o x ] = ±a z , [<7±, a y \ = io z , [<r±, o 2 ] = + o ± . 

107. We prove (a), (b), and (c) by expanding sin ( 0 * 9 ) 
and cos (opp) in series. The series contain for sin ( a x cp) 
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none but odd powers and for cos (cr z <p) none but even powers. 
At the same time, 

a | n+1 = a* and of 1 = 1 

To prove (d) we take what we have proved in (c) and write 
a y e~ i<Sz 'v = G y (cos cp — ia z sin 9 ) = (cos cp + io z 'sin cp) o y 
— e iazV o y . 

108. We write cr + o_= -^(a x + ia y ) (a x — ia y ) = y(l +o z ). 
If we square this expression, we find that 

(o+o_) 2 = -j (1 + <J Z ) 2 = y (1 + <*z) = 5+o_ 

For an arbitrary n the relationship can be proved by mathe¬ 
matical induction. 

109. By definition, A’ — SAS+, where S+ — e io z ,p/2 . 
Since a z anticommutes with a x and o y , if we use the results 
of Problem 107 and the properties of the Pauli matrices 
( a x a y = ia z , etc.), we can write 

A' — e~ i0z ^A = (cos <p — ia z sin cp) (a x sin cp + o y cos cp) = o y 
In the same way 

B' — e- iSz W = a x . 

110. Let a and p be functions that are acted upon by 
operators a x , a y , and o z in the way indicated in Problem 101. 
We denote function a for the neutron ( n) by a„ == a ( S n ), 
and for the proton (p) by a„ = a (S p ). Clearly, for a system 
of weakly interacting particles we must look for the func¬ 
tion of the two-particle system in the form of a product of 
single-particle functions. Notably, we will look for the 
eigenfunction of the operator S z = o nz + a pz in the form 

1 (S n , S p ) = Aa n a p + Ba n $ p + Cp„a p 7?p„P P 

If we act on it with S z , we get 

S z % — ( a nz °pz) X — Aa n a p -}- Ba n Pp Cp n a p Dp„p p 

-f- Aa n a p Ba n fi p -(- Cfi n a p — D$ n p p = 2Aa n a p — 2Z?p n p p 
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Each of the four terms in % therefore is an eigenfunction 
of S z , which correspond, respectively, to eigenvalues 2, 0, 
0, —2. In units of h this corresponds to 1,0, 0, —1. (The 
two functions a„p p and P„a„ are degenerate.) Now we 
construct S 2 and determine its action on %. Obviously, 

S 2 =-(a px + cr n *) 2 + ... = 6 -f- 2 (a n - 0 p ), since o£ x =... = l 
and 

S 2 X = 6x T 2 (a, • a p ) (Aa n a p + Ba n fi p + Cp n a p + £>P„P P ) 

We find 

A {^nx^pxA~ GnyGpy 4" °nz0pz) a n a p 

= A (P n p p — M P + a„a p ) = z4a n a p 

In the same way, 

B ( G nx a px 4- °ny a py 4" ^nz^pz) &nPp 

= B [Pn a p 4* *Pn ( ittp) ® n p p ] = B (2p n a p a p p p ) 

B (Pnx^px 4~ 0« y®py 4~ ^nz^pz) Pn®p 

==C(a„p p + a n p p —p n a p ) = C(2a n p p —p„a p ) 

^ ( a nx°px T" GnyQpy 4" ^nz^pz) PnPp 

= D (a n a p — a„a„ 4- PnPp) = #P„Pp 

Consequently, 

S 2 X = 8^a n a p 4- 8Z)p„p p + 4 (B + C) (a„p p 4- p n a p ) 

It follows from this that a„a„ and P„P P are eigenfunctions 
of S 2 that correspond to the eigenvalue 8, i.e. 

(|s) 2 a„a p =l ( 14 - 1 ) h 2 a n a p 

and 

(4s) 2 p n p p = lx2xft 2 p„p p 
Next we write the equation 

S 2 (5a„p p + Cp n a p ) = 4 (B + C) (a„p p 4- P„a p ) 
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where we must look for B and C such that Ba n p p + Cp„a p 
be an eigenfunction of S 2 . For this we write 

4 (B -f C) (a„P P -f- P n «p) = 4 X(Ba n ^ p + C$ n a p ) 

Then 

B + C = IB, B + C = XC 

This system of two homogeneous linear equations has a non¬ 
trivial solution if the system determinant 

Hence, there are two solutions: 

(1) k = 2, B — C. The eigenfunction a„p p -f p n a p cor¬ 
responds to an eigenvalue of S 2 equal to 8 and an eigen¬ 
value of S z equal to 0; 

(2) A, = 0, B — — C. The eigenfunction proves to be 
antisymmetric, i.e. equal to a„p„ — P ?l a p . It corresponds 
to the zero eigenvalues of S 2 and S z . 

Hence, the eigenvalue of (ySj equal to 27i 2 has corres¬ 
ponding to it three symmetric functions a n a p , P„a p + 
+ a„P P , PnPp, which describe states with eigenvalues of 

-j Sz equal to H, 0, — h. These states form a triplet. The 

eigenvalues of S 2 and S z equal to zero have corresponding 
to them one antisymmetric function a„P P —■ p„a p , which 
is a singlet state. 

111. Let Si = and S 2 = ycr 2 (where of = 3, o? x = 

= ... = 1). Let us consider the square of the sum of these 
operators: 

S>=s;+s*+2(Si-s 2 ) 

In both the triplet and the singlet state (see the solution to 
Problem 110) S 2 , S 2 , and S* have definite eigenvalues: for 
S 2 this is Ws (s + 1) [s = 1 for the triplet state and s = 0 
for the singlet state], and 

s?=s 2 =ft 2 44=f ft 2 
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Hence, we can write the values of the scalar product of 
the spin vector operators of two particles: 


(SfSa) whose eigenvalues are 


{ 



in the singlet state 
in the triplet state 


In these states, respectively, (<va 2 ) = 1 and (Oi*o 2 ) = —3. 

112. In'accordance with the solution of Problem 111 we 
denote the eigenfunctions of the triplet and singlet states 
as x* and % s and write 


(°i • o 2 ) x< = 1X*; fa • X* = ~ 3X* 


Since the three triplet and one singlet spin functions form 
a complete set for the system of two particles, we must 
first investigate the action of (Oi*0 2 ) ft on % t and Xs- Obvi¬ 
ously, 

fa • » 2 ) 2 It = fa • o t ) fa • a 2 ) xt = l 2 x< 

therefore, 

(<V0 2 ) ft Xi = l ft X« = Xt 

In the same way, 

fa ■ o 2 ) 2 %. = fa • S t ) (- 3X S ) = (- 3) 2 X 3 

and 

fa-o 2 ) h X 3 = ( —3) ft X s 

If we assume that 


fa-o 2 ) h = A + Bfa-a 2 ) 


we can choose A and B in such a way that the relation holds 
when acting on % t and Xs and, hence, on any spin function 
of the two particles. Since 

{Oi’ 0 2 ) k Xf = {A -f- B) Xf and (pi‘0 2 ) k Y*t~ 1X< 
we have 


A-\-B = \ 

On the other hand, 

(a, • a 2 ) h X 3 = [A + B fa • 5 a )] X 3 = (A - 35) X s 
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and 


(a 1 .a 2 )*X 8 = (-3)'% 


i.e. 


;l-3£=(-3) ft 

It follows from this that 

, 3 + (-3)fc o 1—(—3)«k 

A - - , v -- 


h 3 + (—3)* | 1 —(—3)* 


+ 


(o r o 2 ) 


Hence, 

(Oi-o 2 ) - 4 

For example, for k = 2 

(0 r 0 2 ) 2 = 3 —2(Oi-o 2 ). 

113. We use the matrix representation to solve this pro¬ 
blem. Let us expand the eigenfunction in a complete set 
of states with 5 = 1: 

+ 1 

2 a m$im ( 1 ) 

m =-1 


The cefficients a m satisfy the equations 
+ 1 

2 Him, im'Q'm' — & a m ( 2 ) 

m'—~ 1 

We reorganize the Hamiltonian to produce 

H = j(A-B) (Sl + Si)+(C-^~)SI + A + B 

where 5 ± = S x ±iS y , and the eigenvalue of S 2 is assumed 
to be 2. 

To calculate the matrix elements of S\ and Si we consi¬ 
der the system with spin 1 as a pair of particles whose spins 
are equal to 1/2. Then, as in the solution to Problem 110, 
we denote 

"M?u = ®i®2, ^io = y=-(aiP2 + “2pi). 'Pi-i = PiPz 

(We use 1 and 2 instead of the symbols n and p.) 
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Clearly, the spin vector operator of the pair of particles 
in units of h will be 

S* = y K, + a x2 ) (x = x,y,z) 

Using the rules indicated in Problem 101, we see that 
'Iho, 'Iho 

(% -l + 'Ihi)* ^idho = ~ 2 ~ Hh -i — 

Now it is easy to find the result of <§± acting on all three 
functions. We see that 

•Mb -i = V2 % 0 and = 2 \}) tl 

SApu = 'Iho and S!t|>n = 2 ^, _j 

The action of on the other functions yields zero. 

If we substitute the values ( S ±) mm » into Eqs. (2) and 
recall that Sj has none but diagonal elements, we arrive at 
the following equations: 

+ — e)a 1 4 --^^-a - 1 = 0 j 

(A-\-B—&) a 0 — 0 j- (3) 

—2 — a i+ - 2 - ' e ) a -i = ® J 

We equate the system determinant with zero and get the 
energy levels and [using Eqs.; (2) and (3)] the corres¬ 
ponding spin functions: 

e i — (ij^i _i — ifu) 

r 2 = A-\- B, ^2 = 'Iho 

«3 = A+C, ^3= y=-( 1 l J ll + 'l’l-l)" 
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114. Before the electron enters the auxiliary field B', 
it is described by the wave function ¥ = ~ a (cr) 

that satisfies the equation 

“t—(p-—- fir) 

where fia> = + f i b B. 

If now, at t = 0, the field B' is switched on, the equa¬ 
tion takes the form 

^—= - Sr A¥ + ^ ¥ 

Now we substitute 

¥ = g*(fc!f-®oO [ a ( t ) a (a) -f b (t) p (cr)] 
htk 2 

where Juo 0 = , and find the equations for a (t) and b(t): 
ih -^-== [L^B'b 

i% —{XB-Bh + [IbB 1 a 

For their solution we assume that 


a (t) = Ae~ iR ‘/ h , b (/) = Ce~ iRt l h 
and for A and C we get a system of two algebraic equations: 

(Pb-®— e ) A H“ Pb B'C — 0 
\IbB'A — (pb# -j- e) C = 0 


which has a nontrivial solution if the system^ determinant 
is zero. The determinant vanishes for two different values 
of to, 


Ei = hb) /B* + B' 2 and e 2 = - f i B /^ 2 + ^' 2 

Also 


^ „ -B+VB* + B'Z 

Lf — Ai - jp - 


-B-VBi + B'Z 
and Co — Ao -™- 


The general solution is 
¥ = e*(fty-“o t) | A^e~ i&lt ! h (cr) -f- 


.B+Ybz+B'z 

B' 


P(°)] 


+ A 2 e~W> [a(a)— ?±VJ £ ±?^ p(a)]} (1) 
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There still remain two integration constants, A x and A 2 , 
to be determined from the initial conditions a (0) = 1 and 
I) (0) = 0. This yields A x -f A 2 = 1 and C x + C 2 = 0. 
We substitute the expressions for A x and A 2 into (1), denote 

c = B 2, + B' 2 , and get the following equation 

'l f = e t(fty-to u () / T C0ST — i — . B . sin xl a (a) 

IL y J ' 

Clearly, the probability of spin flip, i.e. of finding the 
particle with spin downward at the time t 0 = ■— , is deter¬ 
mined by the square of the modulus of the coefficient of 
(5 (a) and is equal to 

B' 2 . „ 

J52 -j~ B '2 Sln T 

with a maximum at x = Y B 2 -}- B' 2 —. 

2 h r v 

115. Since the solution of the unperturbed problem for 
e x = e 2 = 0 (the simple harmonic oscillator; see Problem 
46) gives us the nondegenerate eigenvalues of H 0 , 

K = (n +4") ?ico 


to find the eigenvalues and eigenfunctions of operator 
H = H 0 + W we must use the formulas 


and 


E n = E a n + (n\W\k) + '2 l 

k4n 


\{n\W\k)\* 

E °n~ E % 


(1) 


h4n 


{k\W\n) 

E l- E l 




( 2 ) 


where i|$ = C n e~^ 2l2 H n (|), H n is the Hermite polynomial, 
n — 0, 1, 2, . . ., and | = x \nualh) 112 . 

The problem reduces to calculating the matrix elements 

(k | W | n) = (k | W x | n> + (k\W 2 \n) 


21-01496 



■322 PROBLEMS IN THEORETICAL PHYSICS 


where W ± = ejZ 3 and W 2 — e 2 £ 4 . If we use the matrix 
elements of the coordinate calculated in Problem 74 

(n|a:|n+l) = |/^±l). and <n|*|»-1) = 

(the other in \ x \ k) are zero) and write these results in 
a compact form 

(n\x\k) = ]/ r - " 2 ~j- (/nSn.fc+i + Vn+l 8*. B+1 ) 

we can evaluate <rz | PP f | A;> by using the law of matrix 
multiplication: 

(n | W t | k) = e 4 {n | x 3 \ k) = e 4 2 (n | x 2 - 1 1) (l \ x | k) 

In turn, 

(re|z 2 |Z>=2 <n|*|p> (p\x\l) = 

V 

— ~2mw~ S (V n ^n, p+l + V re + l d n+1 , p) 

P 

X(Vp dp, !+i + Kp + 1 dj, p+i) 

Obviously , in products of type VP dp, hi we can replace 
Vp b y V^ + l and dn, pH by 8p, n -i- Resultantly, 

^ n \ x2 \^ = -^[V^ [ + T ) S dn-i.pdp, , + . 

V 

+ /(n + l)(Z + l)2 dn+i, pdp, hi 
p 

+]/' n ^ 2 dji-i, pdp. i-i+(«+1) f 2 ^ n+) ’ pdp, i-i J 

p p 

and, for example, the first term will be 
Y ii (l 1) 8 n _,, pd Pi i+1 = (f + 1) (d -d) n -i, hi 

p 

= d n . 1+2 V n (l + 1) — 8 n , H2 V n ( n — 1) 

Since d ifi is a unit matrix, 6 2 = d. 
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When we have performed this operation with all terms, 
wo get 

(«|a; 2 |Z>== (- 2 ^) \Y n (n 1) 6„, , +2 

+ (2re-{- 1) 5 n i + 1^ (n + 1) (w + 2) 6 ni ;_ 2 ] 

If we substitute this expression into (re | x 3 | k) and make 
similar calculations, we can write 

(n\x s \k) = S [/»(»—1)6». i +2 + (2re + l)6 n i 

i 

+ V( n +1) ( n + 2) 6„, 1 - 2 ] ll/" l h+i + V &8i. h _jJ 

= (l^r) ' Z {V n ( n ~ !) ( n ~ 2 ) 5 n,ft+3 + 3w 3/a 6 n , h+) 

+ 3 (re + 1) 1 8 n , ft _i -f-]/ (re -j- 1) (re-f- 2) (re-)- 3) 6 n , ft _ 3 ) 


Hence, (re | Pf 7 ! | re) = 0, and the matrix element 
(re | H 7 ! | k) for a given re is nonzero in only four cases: 
at k = re ± 1 and at k = n ± 3. Consequently, this term 
gives a correction to ( 1 ) in none but the second approxima¬ 
tion, and to ( 2 ) in the first, and we can limit ourselves 
to these. If we bear in mind that the denominators in for¬ 
mulas (1) and (2) for k = re + 1 turn into E Q n — E'h±i = 
= T^co, and for k = re ± 3 into E° n — E ° l± 3 = =f3/ho, we 
can write 




h \ 3 / 2 f \fn(n —l)(re —2) 


3Acd 


vb° , 
T n- i 


TA» + 1)(w + 2)(b + 3) ,,,o 
— 3fi(0 T n+ 3 


3(re + l) 3/a 
— A CD 




0 

n+1 



When we calculate the energy, we must consider not only 
the correction of the second order in relation to W, but also 
the correction of the first order in relation to W 2 , i.e. we 
must calculate (re | W 2 | re> = e 2 (re | x 4 \ re). In a similar 

21* 
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way we get 

(re | x k | re) = 2 (re | x 3 \ k) (k | x | re) 

ft 

= S \V n ("- !) (» - 2) «». h+ 3 + 3re 3 / 2 6 n , fc+! 

ft 

+ 3 (re + 1) / 5 n , ft-i + K ( n + 1) ( re + 2) (re -f- 3) 6 n> ft _ 3 ] 
X \V n 8 n , ft+i + \ re -f-1 6 n , ft _ 4 ] 

= (sr) ! i 3 » 2 + 3 <»+ 1 « 

(We get results that differ from zero only when we multiply 
8n, ft+i by 6„, ft+1 and 8 n , ft _ 1 by 6„, ft _!. The other products 
give zero; for example ^ 6 n> ft+3 X 8 n , ft+1 = 8 n _ 3 , n _i = 0.) 

ft 

Finally, 

= (ra +-tt) So) + e 2 (re|a: 4 |re) + ef [ (< " 1 ^ 

I ({n | x 3 | w-j- 3)) 2 . ((n | x 3 [ n — l)) 2 . ((n \ x 3 | n-\- l)) 2 j 

— 3/ito ' ha) ' —hoi J 

and after we substitute the evaluated matrix elements, we 
find that 

£»=(»+A) Sll) .|- 3 e ,(_l_)' ( 2n!.|-2,. + l) 

-4(^r)’( 30 '* ! + 30 "+ 11 )- 

116. In the absence of a magnetic field the unperturbed 
equation 

[-£ ft+ r<r)] *=£.,» 

has the solution 

if = ifnjm ( r , 0, (p) = Rnl (?) P lm (COS 0) e im * 

In the presence of a magnetic field the Hamiltonian is 
H = H 0 + — (A*V) (if we neglect A 2 ]; here p is the 
mass of the particle. Considering the second term to be 
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the energy of perturbation, we can find the correction to 
Eni in the first approximation: 

E' n i = E— E nl = {n\ W\n) = j ^* lm (A-V) dx 

If the z-axis is directed along the magnetic induction 
vector B, we can choose the vector potential as 


A x = --TrBy, 


Then 


ih (A-V) = 
and since d ^ nlm - 


ihB 


<9cp 


A Q v 

operator L z — ih — J, the 


E'„l 


Ay = - 

T Bx ' 

A 2 = 0 

d 

d 

\ ihB d 

X dy 

y dx 

/ 2 dcp 

^ ^nlm 

is an 

eigenfunction of 

correction to the energy is 

| tynlm 

| z dx = 

eB + 

= —-s— nm 

2)j. 


To determine the eigenfunction of the perturbed problem 
and the corrections to the energy in the second approxima¬ 
tion we must calculate the nondiagonal matrix elements 

{nlm | W | nlm') = J t Kim dx 

= 2^~ Wl J tynlmtynlm' dx 

which are equal to zero if m # m . 

Thus, a magnetic field does not change the eigenfunctions 
of the unperturbed problem and the energy 

correction in the second approximation is zero. The energy 
levels split depending on m: 

E nlm = E n i ——■ Tim. 


117. Once we have calculated the matrix elements of 

the perturbation W = e | E | a cos cp using the functions 

| 

of the unperturbed problem, Um = e tmq> , we find that 

y 2 it 

only 

ea | E | 

— 2 


(m J W j m — 1} = {m J W j m + 1} 
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are nonzero and, hence, 

u . 1 r^|E| a r ^-^ 1 

m V2n H 2 2n L 2m —1 2m + l J 

v h 2 m 2 , e | E | 2 a 4 1 

2jxa 2 '> I; 2 ^ 4m 2 -1 * 

118. The solution of the unperturbed problem is rp* = 
1 h 2 k 2 

= ^_ -e ikr , and Z?fe— . To make the spectrum dis¬ 
crete we impose the requirement that 
tfe (x + Z,) = \$ (x) 


To calculate the matrix elements of the energy of pertur¬ 
bation we expand it in the Fourier series: 

V (r) = 2 V g e 2ni & r 

Then 

^k'k = 2 F g TT J ei(k - k ' +2ng)r ^= ^go 

g L 3 


where 2jtg 0 = k' — k, and we have the following solution 
of the perturbed problem 


and 


fk 


gikr 2m _ y 

Vl* vVl 3 £ 0 


y^ g i(k+2ng)r 
k 2 — (k + 2ng) 2 


E h 


h 2 k 2 

2m 


+ V 0 i 


2m vi 

~W 2a 
g^o 


l^gl 2 

k 2 -(k + 2ng) 2 


If Eh = £k +2 itg, we must seek the solution of the perturbed 
problem in the form 


^ = C 1 H>® + C 8 il)0 +2n|t 


From the secular equation we get 

V’ 2 = -y— [e ikr ± e l(k + 2 n g)r ] eY = + F 0 ± | F g | 

The energy spectrum of the electron in the periodic field 
has forbidden bands near (k-g) — — g 2 , the width of which 
is 2 | Vg\. 
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119. In the absence of the field the unperturbed problem 
Tthe hydrogen problem; see (III-24) and (III-24a)] has 
n 2 -fold degenerate eigenvalues. Hence, the value n — 2 
has corresponding to it four eigenfunctions determined by 
the equation 

Hotyum = 

We write them out in more detail: 

= ^200 = #20 (r), ql = %10 = #21 (r) #io (cos 0) = # 21 cos 0 

tp° = %u = #21 ( r ) Pu (cos 0) e { f = i ? 21 sin Qe i( ? 

< = ^ 21-1 = #2i sin Qe- l f (1) 

Directing the z-axis along the external electric field E, 
in which the atom is placed, we can write the Hamiltonian 
of the perturbed problem in the form 

H = H° — e | E | z, obviously, W — — e | E | z 

The eigenfunctions of this operator that correspond to 
E\ must be sought in the form of a linear combination 

4 

of functions (1): \|) = 2 c ityi- The energy levels are found 

l=»i 

from the condition that the system determinant be zero: 

| {E\ — E) 8 ih + (i | W | k) | = 0 (*, k = 1,2, 3, 4) (2) 

Clearly, (i | W | k) can be represented as a product of in¬ 
tegrals over r, 0, and cp: 

{i\W\k)~ — e | E | j -«|E| I T I 0 I 9 

The integral over cp can be evaluated thus: 

2n 

^ e-im<r e i™'<( d<p = 0 for m^=m' 
o 

Hence, 

(1 j W J 3) = <1 J w | 4} = (2 J W J 3> = (2 | IT | 4) 

= (3 J W \ 4) = 0 
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In addition, if m — m' and l — l', we get 

Jt 

/ e = j P lm (cos 0) cos QPi m (cos 0) sin 0 dQ 

o 

l 

= \ \Plm(x) \ 2 xdx = 0 
-1 

because |Pim(^)l 2 is an even function of x and, hence, 
the integrand is odd. For the same reason all the (k\W \k) 
are zeros. Only <1 | W | 2) and (2 | W | 1) are nonzero: 

oo n 2n 

<11 W | 2} = — e ] E | j Rzo^ 2 i r3 dr j cos 2 0 sin 0 dQ ^ dip 
, oo o 

= - 4r*|E|/ r 

oo 

To calculate I r — j RwRzir 3 dr we must write the normal- 
o 

ized radial functions for hydrogen explicitly. According 
to (III-24), 



h=l 

where a = —is the Bohr radius, and different a h are 
linked by the recurrence relation 

2 {ti 1 ) a,i ~ l 

° h k(k + i) — l(l+l) 

Consequently, R 2 i — a i e~ rl2a -d— ^in this case l = n —1 = 1 
and the entire sum reduces to one term and Rzo~ 

— a' 0 e~ r/2cL x (l— t>j ) ■ ^Here n —1 = 1, l — 0, and 


The coefficients a' 9 and are 
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determined from the normalization conditions 

oo 

j |%oo| 2 <fr= j I ^ I 2 dx = (a' 0 ) 2 in j e~ r > a (l—^-) 2 r 2 dr=l 

0 

oo 

j | ^ 210 1 2 dx = j | ip® | 2 dx = a 2 2jt j e~ r ' a 


j cos 2 0 si 


sin0d0 = 1 


oo 

Since ^ r n e~ r/a dr=a n * i n\, we get 


Rz0 l/W e ~ r,2a (l 2a )' i?2 ‘- ysm* 2< 


ZU l/W \ 2a/’ 

Substituting these into I r , we can write 

sr) r ‘* 




and, hence, 

<1 | VF j 2) = <2 | IF | 1) = 3e | E | a 
Equation (2) yields 

E’=E* + 3e | E | a, E" = E\ - 3e | E | a, E"' = E"" = E\ 
The corresponding functions are 

T' = c 'i (T? + T'a) > T" = c "i (f 5 — fa) 

r"=c’rr,+cr*i 

From the normalization condition we get 

- „ 1 

c, = c. — —— 

1 1 ~j/2 

The splitting of the energy levels of the hydrogen atom 
in an electric field proves to be proportional to the magni¬ 
tude of the applied field. 
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120. In the absence of the field the Schrodinger equation 
for the unperturbed problem 

■ [—|U + F(r)]i|) = i7^ = £ ni i|> 

has degenerate eigenvalues: for every level E„i there are 
2Z + 1 eigenfunctions t| i n i m that differ in m while retaining 
the same n and l. Consequently, we must look for the wave 
function of the perturbed problem in the form 

i 

s C m y nlm 

m=-l 

For an atom in the external electric field E the equation is 
(H 0 - e | E | z) = Ey 

and the term — e | E | z (the field is directed along the 
z-axis) plays the role of perturbation W. We get the energy 
levels by making the determinant zero: 

| (Era - E) 6 mm ' + (m I W I m’) | = 0 
Obviously, 

(m | W | in’) = — e \ E | j dx = — e j E | 

For m =#= m ', 

2n 

/q, = j g-imipgim'cp rf(p = 0 
0 

For m = m', 

n 

Iq — j Pi m (cos 0) cos QPt m (cos 0) sin 0 dO 
0 

1 

= j \ Plm(x) | 2 xdz = 0 
-1 

because the integrand is odd. 

Hence, the equation for E reduces to 

(Em - £) 241 = 0, i.e. E = Era 
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There is no! splitting (in this approximation) of the energy 
levels in the external electric field. 

121. As in Problem 60, we denote the ordinary coordinates 

and energy as r' and E ', and the dimensionless as r = 

( ^2 v ' 

a =-^) and 8 = . Now we can write the Schrodinger 

equation for a hydrogen atom placed in an electric field E 
that is parallel to the z-axis: 


1 1 

--y At|> — —— gzty = ei|) 


Here the perturbation is — e | E J z' — — gz , where g = 
= is the dimensionless analog of the external electric 
field/ 

In parabolic coordinates u = r + z, v = r — z, tp (see 
Appendix 3) this equation takes the form 




<? 2 i |i 
d(f 2 


which permits separation of variables: 

vj, = u (u) V ( v ) e im( f (m = 0, ±1, ±2, . . .) 


Here U (u) and V ( v ) satisfy the equations 


/ dU N 
\ U ~dM ) 


[a, + 

eu 

2 

m 2 . gu 2 " 

4u 4~ _ 

1" 

= 0 

( V JL' 

!+! 

[Pi + 

ev 

m 2 

gv 2 1 

V 

= 0 

\ dv ) 

2 


4 J 

V - 


( 1 ) 

( 2 ) 


and a, 4- Pi = 1. If we compare these with the correspond¬ 
ing equations when g — 0, solved in Problem 60, where we 
found that 

U° nt (u) =e~ uV ~ 2 Fj,'" 1 (u) ul’"'/2 

a = y—J (2/1, + I m I +1) 


(for the first equation), we can seek the solution of (1) 
using the perturbation theory. The eigenvalue a is non- 
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degenerate, so we must look for the correction Aa = a x — a 
in the form 


oo 


*£-oi du 


( I Uni I 2 du = 1 

•> 

0 

The polynomial satisfies the equation 


+ [a-(|m| + l)]/-±] F™ = 0 
If we substitute the value of a and introduce a new variable 




the equation becomes 


l m l 

-33-+(imi+i-*i-£_-i-B.nr-o 


Now, writing /tl? = 2 we find the recurrence rela- 

k =o 

tion for the coefficients b h : 


b h +i ~~ bh (k + i)(k+\rn\+i) ^ k O’ 1 ’"') ( 4 ) 


Wo can verify explicitly that if we choose 
b 0 = (I m I + 1) (I m | + 2) ... (| m \ + n x ) 
we have 

=(-i r<5) 

1 x \ m \ dx ni 

The other coefficients can be computed by using formula (4). 
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For an arbitrary function f (x ) we evaluate the integral 

oo 

/= J *l»l e-*F'™ ] f(x)dx 
o 

Substituting (5) and integrating by parts, we find that 


e * d ni (e->=.x ni+|m| ) 

r' m| 


/ = [ ^ - ' > f dx 

J 1ml j..m 1 


- (_ 1 )™ ^ e- x ^ni+|m| 


d ni f 

dx nl 


dx 


Using this result, we calculate the normalization integral 
and the matrix element. We introduce the variable (3) and 
write 


Then 


U ni = C nim e-*n F W {x)x lm U 2 


j | U ni I 2 du = -~= j dx 

0 * e 0 

2 oo 

" im - (— 1 ) WI f e"*a. T,1 +M. 

— 2e J 


y — 2e 


d ni f’ |m| 

dx 


dx 111 


gni F \m\ 

and since——= ( — l)" 1 ^!, we have 


dx ni 


In the same way 


Aa = 


■mm ~ 


l/-2e 


wi!(«i + |m|)! 


4 (V-2 e) 3 


g 


mm 


4 (V —2e) : 

Since 

d n * {F \™y) 


oo 

- j (F™.x*)dx 

0 

oo 

(- l) ni j ^ 


dz" 1 


~T7~— = fe ni (n ‘ + 2)! a: 2 + 6 ni _i : (Wl ^ 1 — a: + &ni-2»il 


1! 
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and &„, = ( — l) ni and since formula (4) yields 
u M»i + IH)j. u _(»i— l)(»i— l + l w|) u 

u m- 1— _^ u mt u m-2 — _2 u ni-i 

we get 

_£_ F <?-* r ^+ jll^i+Ni+z 

8e«!! (ni+lml)! J e L 2! 


Aa = 


rei (ni + lm|)(ni + l)l a . ni+lm , + ) 


+ 'Bi("i-l)(rei + W)( Wl + | roj- 1 ) , x „ 1+ | m | j ^ 

After simplifying we get 


Aa = [6nf + 6^ (| m | + 1) + (| m | + 1) (| m | + 2)] 

If we turn to Eq. (2), in which the term —plays 
the role of perturbation and the eigenvalue is —p x , we get 

oo 

AP = Pi-P= j re (V) \ 2j fdv 

o 

= [ 6 « 2 + 6 w 2 (! m l+ 1 ) + (l m l + 1 )(| m l + 2 )l 


(since the unperturbed equations (1) and (2) are identical). 
The energy e is determined from the condition 

1 = a + Aa + P + Ap = j/" — y 2 (n i -f- n 2 +1 m. | -)-1) 

+ ‘^-l 6 ( n >~ n ') + 6(l m l + 1 )( n 1 — W 2>] 

Since n l J cn 2 -\-\m\-\-\. — n and in the correction term 
proportional to g we can replace e by its value e 0 — — 2 ^T 

from the unperturbed problem, the final condition takes 
the form 


Y — 2zn^\ —gn 3 (iij — n 2 ) ] = 1 
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whence 

8= 


Since for a given n the numbers n t and n 2 can assume values 
from 0 to n — 1, the maximal value of — n 2 is equal to 
n — 1, and the minimal value is equal to — (n — 1). 
Hence, the correction to e 0 can assume 2 n — 1 values. 

Thus, an energy level in the hydrogen atom under the 
influence of a field splits into 2 n — 1 levels, and the magni¬ 
tude of the splitting is proportional to the field (g <x | E |). 

122. We determine the electric field intensity inside the 
nucleus using the Gauss theorem, and bearing in mind that 
the potential must be continuous at r = r 0 , we find that, 
for r <; r 0 , the potential energy of the electron is 


U(r) = 


2 r 0 V 3 rg / 


i.e. the perturbation is 

v ( r )=—~ — u ( r ) for 


= 0 for r>r 0 


The correction to the lowest level (n = 1) is calculated 
using \|; 0 = v|) 100 = ^e~ Zr/a and I s equal to F 00 . Since 

r 0 « 10~ 12 cm and a « 10 -8 cm, when we evaluate the 
integral, we can substitute unity for the exponential func¬ 
tion and get 


E 


( 1 ) 

0 


2 Z*e 2 
5 a 



Even for Z 100, the ratio ~ 10 4 . 

For the 4-fold degenerate level (n = 2) we find the cor¬ 
rections from the corresponding determinant. They are V u 
and F 22 = F 33 = F 44 . (The calculations are done using the 
functions from Problem 5G. None but the diagonal matrix 
elements of F (r) are nonzero.) If we neglect terms of the 
order of rja compared with unity, the corrections prove 
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equal since 


s; l> = 
ET = 


1 Z 4 e 2 / r 0 \2 

20 a \ a ) 

1 Z 2 e 2 / Ztq \ 4 

1120 a V a / 


(Z=0) 


(*=1) 


Hence, the level with n — 2 splits into two sublevels, 
the energy depending on Z as well as on n. 

123. The functions % and Y x satisfy the equation 


and 


HW n = ih 


O'V 

dt 


n 


^n = u n (r)e hEn \ j Y*Y m dT = 6 nm (ra, m = 0, 1) 

After the perturbation W is switched on, the Schrodinger 
equation 

(H + W) Y = z/^ 


is to be solved in terms of the stationary states: 

Y = n 0 (i) Y 0 + a x (t) Y x 

where | a 0 | 2 + | a x I 2 = 1, and the initial values of the 
coefficients are a 0 (0) = 1 and % (0) = 0. Substituting Y 
into this equation, we find by the usual method that 

iha 0 = a 0 W 00 a t W io e'^ (E °~ E,) ‘ 

ihai = a 0 W 0l e^ (El ~ Eo)t + ai W lt 

where W lh = j u*Wu h di are the matrix elements of W. 

If we introduce a 0 ( t) — a 0 (t ) and a x ( t) — e^ E< >~ ElWh a 1 (f), 
the equations for a,- 

iha 0 = a 0 W 00 + a x lY 10 

ihcti — a 0 W Qi -(- a x [W lx + E\ — So] 

are homogeneous linear equations with constant coefficients, 
and at can be sought in the form a 0 = Ae~ iat and a x = 
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= Be~ iat . Coefficients A and B are found from the equations 
(W 00 - HQ) A + WuB = o 
W oi A + IW U + Ej. - E 0 - ftQ] B = 0 

The determinant of these two equations vanishes for the 
two frequencies Q 12 : 

SQ 12 = ^ 00 + -|-±|/1 w t0 1 2 + 4 

with 

7 = Wn— ^oo + ^i — E 0 

Hence, 

a 0 = ^L i e- iQ i' + A 2 e- iQ 2‘, a t — Bie~ iQlt -\-B 2 e~ ia ^ 

where 

Bi = ra i -^ Ai (t=lf2) (1) 

The initial conditions permit evaluation of the constants of 
integration: 

A l +A i = l, 5 x + 5 2 = 0 (2) 

and, hence, 

a 0 — A t — e- iQ 2 l ) + e~ iQ2t 

ai = B t — e~ ia 2 ( ) 

If we substitute (1) into (2), we get 

a Woo — 
l ~ A(Q t —Q 2 ) 

ry __ (JIQi — W 00 ) (hQ^ — Wpo) W l0 

1 h — Q 2 ) t^io i—Q 2 ) 

Q.E.D. 

Let us now estimate the behaviour of | at I 2 = I a i ( t ) | 2 
in time. Calculating the modulus in the usual way, we 
find that 

| a 0 1 2 = 1 -|- 4 {A\ — A i) sin 2 at 

and 

| oci | 2 = 4 B\ sin 2 at 

where _ 

. /iw+T 

2 


22-01496 
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Using the expressions for and Q 2 , we can show that 




1) 2 -1 = [ 
\W i0 


1 = 


2Wgo — h (Ql -j- Q 2 ) ] 2 

h (Qj — Q 2 ) J 

2 


-1 


4<j2 * o 2 

since 4o 2 —y 2 = 4j Wj 0 | 2 and, hence, 

I W i 0 1 2 . 2 . 
■ —i 2 - 1 - sin 2 0 i 


I a o| 2 = | a o| 2 = 1 ' 


a 2 




[a i 


2= [iZ«li sin 2 a , 


a 2 


The perturbation results in the system oscillating between 
the two states Y 0 and with a frequency 


a = 


4-Vi 


w 


to 


l 2 + ^-. 


124. The probability of transition is determined by 
formula (III-34). To compute C h ( t ) we bear in mind that 
W hn — constant for 0 ^ t ^ t and is equal to zero for all 
other t. Hence, 


and 


P^n=^r\Wkn? 


T 

f dt — 2 

W kn 

— 1 C n,lt U/V - Cl 

J 

ift 

0 

sin 2 ( Eh ~ En t' 


\ 2H 

/ 4 

r 

~ ft 2 


sin 




The function F ( E h — E n ) has a maximum at E n — E h , 
and if t is sufficiently large, we can express F using the 
delta function. Let us consider the integral 

oo 

/= j / (E h ) F (E h — E n ) dE k 


We substitute - fe - 2 / n t = z and dE h = 2K~, and we find 
that 
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Now if we direct t to infinity, we get 

/■= tjx A/(£„), i.e. F{E k -E n )=xn\b(E h -E n ) 


and, hence, 


P h -. n = ^x\W hn \*6(E h -E n ). 


125. The probability of transition from the state ^ 
into \|) p under the influence of the perturbation W (r, t) 
is determined in the first approximation by the coefficient 

T E p~ E i 

c P^ = lhl W p' (t)e-^ l dt 
o 

where W P1 = j i|>* W (r, t) % dx, and E l and E p are the 

energies of the corresponding states. For the initial state 
we must write the wave function of the electron in the 
Coulomb field of the nucleus Ze with n = l, l — 0, m = 0 

fiZ * 

This function is = \j) 100 = Ce~ rZ/a , where a — 


From the normalization condition we have 



In the final state the electron is described by a plane wave 
1 

typ = P r/R , where V is the volume of the region where 

the atom is located. To determine the number of states 
with a given momentum we impose, as usual, the require¬ 
ment of periodicity, i|) p (x + L) — i|) p (#) (where L 3 = F), 
and we get the allowed values of momentum: 



It follows from this that the number of states with mo¬ 
menta in the interval [p, p + dp] is equal to p dp x dp y dp z = 

= 2 dpxdp v dpz v (the factor 2 indicates the number of 

possible spin projections). Now if we use spherical coordi¬ 
nates in^the momentum space, we can write the number of 
states with the energy in the interval [E p , E p -f dE p \ 

(where E p =-^) and with the direction of the momentum 

22* 
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in the angle dQ as 

p (E p ) dE p dQ. = dQ dEp 

For this problem the vector potential is given as 
A x = A cos (at — kr), =^4 Z = 0 (k|| OZ) 

Hence, 

W= —^"(A'P)= —-y cos (tot — kr) Xp x 

Since W P1 = j dr = W* p = [ j ij5flFi|>p dr]* and 

p x % = it follows that the matrix element W P1 can 

be written in the form 

W vi = — j ij3p cos (<af — kr) % dx 

Representing cos (oaf —kr) in the form 


COS ((Of — kr) = y [ei(®«-kr) -f e -i«oi-kr)] 
we can write 


C P = — m£r [ J r P e- ik 'Vi dx j e^ E p- El+ha)t dt 

o 


' i 


+ j dx j i* iE r El ha) ‘ dt 


] 


Since 


r -i- 

J'*'"'' 

o 


dt = 


-j-(E n -Ei±h(0)T 
.HP _ y 

(Ep — Ei ± ha>) y 


of the two terms in c p (T), the one in which the denominator 
contains E p — E l — fito m 0 plays the main role in the 
photoelectric effect (E p > Ej). We neglect the second term 
and substitute the plane wave and the Coulomb wave func¬ 
tion for i|5p and respectively, and we get 


c P (T) = 


f±Px -t/~ 23 

2h\i V ji a 3 V 


* (Ep _ El _ h(0)T 

--—/ 

l£ p -£,-My 
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where 


( pr \ ** 

j kr- ~) fa— j e -Zr/a r 2rf r j g-igr cos 0 


2n 


X sin l 


. 0 d0 j d(p 
o 

Here — k = q, and the z-axis is directed along q so that 

oo 

(q. r) = qr cos 0. Then, since [ e~ ar rdr — 1/a 2 , we have 


OO rr OO 7 

/-f-f J e-<~*)r dr - J dr ] _ 


8tc 


($ + ")' 


The probability of transition into the interval AZ?p, 
j \c p {T)fp{E p )dE p dQ, 


AE. 


contains along with a smoothly varying function of £ the 
expression 


i(E -El-ha) — 
e p h -1 


(£p-£,-/i<o)2 — 


-d£’ p = 


s j n 2 E p -Ei-ha 

dE p 

sin 2k i 

(Ep—Ei — Tm ^2 
\ 2h 1 

2h 


2^r 2 


— 2nhT6 ( E p — Ei — ha) dE p , 

For this reason the probability of the photoelectron being 
emitted into the angle d£l in unit time is 


— — 32jt e2 A2Z5 


KP 


p, h 3 a 5 ( Z 2 


(w +’ ! ) 


2n 

4 h 


8 ( E p — E x — h(o) dQ 


with E p — E x + ha = ha — J, where J is the energy of 
' ue*Z 2 

ionization of the atom; E 1 = — J = — • Substituting 
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the explicit expression for q 2 


■%r + v 2 = £-h-gr + * 2 


into the denominator, we get 

2 pk 


a 2 


£2 


■cos a 


-] + fc 2 - 


2 pk 


cos a 


2|X p pZ 2 e 4 , p 2 

” n 2 Lw+ijr j 1 ,v 

= -^-Sco + A: 2 — -^-cosa » (l —^-cosaj 


if we neglect k 2 p 2 /A 2 . 

Now if we direct vector k along the z-axis, we get p x = 
= p sin a cos cp and finally 


dW e 2 .A 2 Z 5 sin 2 a cos 2 <p 

T p 2jta 5 p 4 co 4 ^_v 


cos 


a) 


p 3 dQ 6 + —fao). 


126. According to the conditions of the problem the 
equations 

A fe 2 

Hiu n (r ,) = — A A iW „ + F (r ; ) u n = £„u„ fo) (i = 1, 2) 
have been solved, and we must find the eigenfunctions and 
eigenvalues of the operator H = Hi + H 2 + H l2 assuming 
that H 12 = H iV We view H 12 as the perturbation and first 
solve the unperturbed problem 

H<F n ( r ii ^*2) = $1 4 " H 2 ) T 01 (r x , r 2 ) = Ao^oi ( r n r a) 
Obviously, we can write 


^01 ( r n r 2 ) = u r (r x ) u s (r 2 ) 

The energy level corresponding to this function is E 0 = 
= E t + E s . But we can bring another function into con¬ 
formity with this energy level, namely, 

T 02 (r x , r 2 ) = u r (r x ) u P (r 2 ) 

(The particles have exchanged states. The first is now in the 
s state, and the second in the. r state.)'Since the energy 
level E o is two-fold degenerate, we look for the eigenfunc¬ 
tion' of the perturbed problem in the form 

'F = aV n + 6T 02 


We substitute this into the equation (H 1 -f H 2 + ff 12 — E) X 
X? = 0 and denote E — E r + E s + e, and we_get the 
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simplified equation 

(H 12 - e) (aW oi + bW w ) = 0 

Next we multiply this first by ¥*, and then by VJ 2 and 
integrate over the entire space. We find that we have two 
equations for a and b: 

(C n — e) a + C 12 b = 0 (1) 

C 21 a + (C 22 — e) b = 0 (2) 

Since H 12 is symmetric, the coefficients C n = C 22 and 
C 12 = C 21 . Indeed, if we replace by r 2 and r 2 by r x , this 
transforms ¥01 into Y 02 and, hence, the coefficient 

c it = j jnv 01 *i * 2 

= j j u* (r,) u* s (r 2 ) H l2 u r (r t ) u s (r 2 ) dx t dx 2 
differs only in the labeling of the variables from 
C 22 = j j ^ 12 ¥ 02 dT t dT 2 

= j j U* (r 2 ) u s (r,) H n u r (r 2 ) u s (rj) dx v dx 2 
in the same way, 

C 12 = j n£ 12 ¥ 02 dx, dx 2 = C 2i = J Y* 2 H 2i W 01 dx 2 dx t 

since H 12 = H 21 . We denote C n = C 22 = K and C 12 = 
= C 21 = A and write equations (1) and (2) in the form 

(K - e) a + Ab = 0 
Aa + (K - e) 6 = 0 

From the condition that the determinant vanishes we find 
that 

K - e = ±A 

(1) e = K + A and a — b. Hence, the level E'=E r + 
+ E a + K -f A has the corresponding function 

W = a 0F ol + ¥ oa ) = a [n r (r x ) u 3 (r 2 ) + u s (r x ) u r (r 2 )] 
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(2) e = K - A and a = -b. The level E" = E T -f 
+ E s -f- K — A has the corresponding function 

T" = a (¥ 01 — ¥ 02 ) = a [u r (r x ) u s (r 2 ) — u s (r x ) u r (r 2 )] 

1 

From the normalization condition we find that a — p?| 
since 

j | ¥ 01 p dx, dx 2 = j | ¥ 02 1 2 dx, dx 2 = 1 
and 

\ T*'F 02 dT 1 dT 2 = ( £ w?(r 1 )w s (r 1 )dT 1 ) 2 = 0 

If the particles involved are electrons, the complete func¬ 
tion <I> (r x , r 2 , cr x , a 2 ), i.e. the spatial and spin functions, 
must be antisymmetric. Hence, the level 

E' = E t + E s + K + A 

has one function corresponding to it: 

(Toi ¥ 02 ) % a (dj, a 2 ) 

(There is only one antisymmetric spin two-electron func¬ 
tion; see Problem 110.) Consequently, this is the singlet 
state. The second eigenvalue 

E" = E r + E s + K - A 

corresponds to the triplet state, since we can combine with 

1 

the antisymmetric spatial function ¥" = (¥ ox — ¥ 02 ) 
three symmetric spin functions 

Xc = ctjaa, Xc = PiP2> ^” = y=-(aiP2 + Pia 2 )- 

127. The wave function of the system at the initial time 
is given in the form (see the solution to Problem 126) 

¥ t = 0 = u r (r x ) u s (r 2 ) = ¥ 01 = ¥ ( 0 ) 

To determine its change in time, we represent ¥ (t) as a 
result of the action of a certain operator S on ¥ (0): ¥ ( t ) = 
= SW (0). We substitute this function into the time-depen- 
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dent Schrodinger equation: 

ih ^¥(0) = tfS¥(0) 

After a formal integration over t we find that 

{ A ] A 

S = e~* Ht and ¥ (t) = e~* H *W (0) 

If we expand ¥ (0) in a complete set of eigenfunctions of H, 
which satisfy the equation H\ |: n = E n ty n , we get 

^ (t) = e~ * H ‘ 2 = 2 

n n 

since the action of any operator function / ( H ) on the eigen¬ 
functions of II is 

f(H)Vn = f(E n )xK 

Hence, to determine ¥ ( t) we must first expand its initial 
value ¥ (0) in a complete set of eigenfunctions of H, i.e. in 
a series in t|v 

In Problem 126 we found the eigenfunctions of H in the 
zero approximation. 

, 1 

The function ¥ = (¥ 0 i + ¥ 02 ) corresponding to the 

level E' = E r + E s + K + A and ¥" = (¥ 01 - ¥ 02 ) 

corresponding to the level E" — E r + E s + K — A. 
From this we find that 

¥ 01 =^ r (¥' + ¥") = ¥(0) 
and according to what was proved earlier 



If we substitute E' and E" and return to ¥ 0 i and ¥ 02 , we 
find that 

¥ (t (Er+Es+/ °‘ [(¥ 01 +¥ 02 )"+(▼«.- 

— Ci ( t) ¥ 0J c 2 ( t ) ¥ 02 
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where 

Ci (!) = exp [ — j (E r + E„ - 1 - K) t ] cos 

c 2 (t) — exp [ — j(#r + £« + ^f]sin-4£ 

i.e. the probabilities of finding the system in the or 
¥ 02 states is, respectively, 

w 0l = I Cl I 2 = COS 2 -^-, 1^02 = 1 C 2 1 2 = sin 1 


The time needed for the particles to exchange states, i.e. 
for = u r (r x ) u s (r 2 ) to transform into 1 F 02 = u T (r 2 ) X 
X u ? (r x ), is determined by the fact that c x (t) = 0, i.e. 
Ax/% = nl 2 , whence, 


T== 


it h 
2A ■ 


128. The parameters A and a of the trial function <p = 
= A (1 + a r) e ~ ar ■ are chosen such that the expectation 
value of the Hamiltonian 

(H) -= j cp*//q) dx 

calculated via this function will become a minimum provi¬ 
ded the set of trial functions are normalized. This last 
requirement gives 

oo 

j | 9 1 2 dx = AnA 2 j (1 + ar) 2 e~ 2 ar r 2 dr 



The Hamiltonian of a three-dimensional isotropic oscillator 

«= ? +* > =--sr 4 + !! Tr'' ! 


Since p is hermitian, we can easily transform < T): 

(p *P 2( » )dT= iJ | grad <p | 2 dx 
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and since <p does not depend on the angles, we get 
| grad <p | = I 


-4^- = Aa 2 re~ ar 
dr 


and 


(T) = ^-AWn f r 4 e-2“ r dr = 4 — 

' 2m J 14 m 

0 

Calculation of ( V} gives us 


(F) = j q)* m ® r 2 cp dr — AnA 2 m ® j (1 + «r) 2 e~ 2arri dr 

o 

81 ma 2 
28 a 2 


and, hence, 


,rrx_ v r„\ 3 h 2 a 2 , 81 mco 2 

0) = H (a) = u — 


The normalization condition is considered explicitly, and 
we must find the minimum of H (a). Obviously, a 0 is deter¬ 
mined from the equation 


d 

(1 

h 2 a 2 

i_«l 

m(0 2 \ 1 

da 

\ 14 

m 

' 28 

HT 1 | 


and is equal to 


„ 2 _Q i /1 r J20L 

a o — 6 V 2 h 


= 0 


and thus 


H (a 0 ) = (H) mn = I Y\ Rco « 1 -575 


which is only 5 per cent more than the exact value of the 
lowest energy level for this system, E 0 — to. 

129. The normalization condition for the function <p = 
— Be~ aT l 2a is 

oo 

j | <p | 2 dt = 4JX.B 2 j e- ar / a r 2 dr — AnB 2 -^~- = i 

o 
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and so 




a 3 

8jta 3 


As in Problem 128, we compose -^-= —2?-^-e _ar/2 ° and 


2 a 


calculate 

< r > -]\^\ dxy ^=iL B 2 -i An ] e ~ ar,ar * dr ~ 


ft 2 a 2 
8 ma 2 


and 




,p* e -r/aq 3 dx= —4ji AB 2 J e (a+1)<I r 2 dr 


= — A; 


a 3 


(1 + a ) 3 

From the condition of the minimum of the function 


„ h z a 2 Aa 3 
{I1) - 8^2“(l + ct)3 

we get. 

/i 2 ao 3.4ag _ ^ 

4roa 2 (1+cto) 4 

Only numerical methods are suitable to solve this equation 
of the fourth power in a. For this we must have the concrete 
values of the parameters of the problem. The ground state of 
the deuteron will then be equal to ( H) (a 0 ). 

' h z e 2 

130. For the hydrogen atom, II = — As 

in Problem 128, we compute the sought quantities using 
both functions, and we get 

{H) [<Pl] ^“2^2 

<#>min [<p 2 ] ~ — -^2 

Clearly, is a better trial function than <p 2 since 
//min [*Pi] < //min I 2 ^ • 
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131. Let us represent the Hamiltonian of the problem of 
two electrons near the nucleus 


rr a /z 2 a 2e 2 2e 2 | e 2 

= 2m 2m ^ 2 rj-FT + TIT 

in the form H — Hi-\-H 2 -{-H lz , where 

(2 —s) e 2 




ri 

(2 — s) e 2 


r 2 


H a = 


r 12 


se 2 


se 2 
*■2 


The equation Lf x u (r x ) = (r x ) is the Schrodinger equa¬ 
tion for a hydrogen atom but with a charge of the nucleus 
(2 — s) e (we shall determine s in such a way that E is mi¬ 
nimal). Consequently, 


£„ = 


me 4 

2ffl 


(2 s)\ 


and the corresponding normalized eigenfunction is 

u — c~v ri , where v = -^|-(2 — s) 

The ground state of helium in the zero approximation (the 
unperturbed problem) is described by the function 

V (L- r 2 ) = u (r x ) u (r 2 ) 

We must calculate the energy correction e = E — 2 E 0 as 


e= j dx, dx z 

= —^T j dr t j dT 2 e^ 2 ’^ ri+r 2> 


( —-— ) 

V r 12 r { r 2 / 


( 1 ) 


It is easiest to integrate using elliptical coordinates, placing 
the nucleus and the first electron in the focuses and denoting 

r x = 2 c, r 2 = c(l — r]), r 12 = c (£ + q) 
dx 2 = c 3 (| 2 — q 2 ) d%dr\d(f) 

The coordinates |, q, 9 change within the limits 

1 <£<oo, —1 < q < 1, 0<q><2n 
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Then 

6 oo 1 

e = -^- J dT ie -2vn x 2nc * j d& j drj(P-n*) 

l -i 

= ^jdT,<r*w2«>/(r,) (2) 

We evaluate the following integrals over £ and tp 

/ 0 =je-a*«dg--C^, 

i i 

[i+^_ + _| F ] 

- 41 =| e2K "^ d i ”-$■ (i _ivr)+Tfr (i +-5?) 

'**“ j « 2vc ">i I <ii=4jr[ 1 -2^+(2^] 

e_2vc Tl+—4-—1 
-2^rL + 2 yc ' (2yc) 2 J 

These integrals enter into I (r x ) in the following way: 

/ (r,) = \ (I 0 A Z - I Z A 0 ) — (s +1) VI, + (1 - s) hAo 
After substituting the computed I h and A k , we get 
1 < r ») = 72^)3 [1 - s- 2?cs- e-4vc (2yc +1)] 

= ^rt 1 — s— Wi— +71-01 
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and, introducing it into (2), we integrate over r t : 

e=^jrj 4jtr?dr ie - 2 vn x 2jt (-^-) 2 /(n) 

0 

oo 

= 4e 2 y 3 j [(1 —s)/qc- 2 ''”’* —syrje- 2 v r ‘ —r 1 e _4vri 
o 

— Y r i e_ 4 v r »] dri = e 2 y —2s) 

Consequently, since e 2 y = -p-(2—s), we have 

S=2S, + e= _=r(2-*)*+-=r(2-«) (|—2*) 

= -t?( 2 - s >(-f+ ! ) < 3 > 

nr* 

From -r—=0 we find that 
ds 

5 

S °-T 6 


Hence, the energy of the ground state of helium is 

E mln — E (S 0 ) — ( 16 ) h 2 

The ionization potential of the atom is then the difference 
between the obtained value | E (s 0 ) \ and the energy of a 
singly ionized atom of helium 

2 2 me 4 2me 4 

1 W ~ h 2 

J = J w[{i) Z - 2 ]- °- 8477 -IT- = 23 -° eV 

(The experimental value is / — 24.46 eV.) 

132. According to the conditions of the problem, we must 
find the approximate wave [function that satisfies the equa¬ 
tion 

— XU (r) \J7 = 0 

where k 2 = 2 mElh 2 >0 (the scattering problem), and 
XU = 2 mV Cr)Jft 2 is considered small. For X = 0 the equa- 
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tion Aifo -f & 2 ifo = 0 has absolution if 0 = e ikr (the incident 
particle). 

In the first approximation we look for if = if 0 + Mb- 
Identifying members with X in the first power, we get the 
equation for i^: 

Aifj + = Ue ikT (1) 


To find its solution we compare (1) with the equation for 
retarded potentials 

A( P--i~3r= — 4xtp(r, t) 


whose solution is 

<P (r, t) = j 




I r — r' III 


I r — r ' I 


di 


when p=p 0 e _i “ f and <Po(i% 0 — < Po( r ) e “ i “'- Then <p 0 (r) 
satisfies the equation 


a <Po + tf To = — 4np 0 

and has a solution 


To 



Po(r') e 


i~~ I r — r' | 


(r-r'| 


• dx’ 


( 2 ) 


co Ue 

Equation (2) for — = k and p 0 = — coincides with 

Eq. (1). So, for the scattered wave we can, obviously, 
write 


ifsoat — ^ifl — 



2 m 

| r — r' | h 2 


F(r') 


e ikr' 


For r r' we have the approximate relationship | r — r' | « 
« r — r’ cos a. We neglect r' compared with r in the deno¬ 
minator of the integrand, denote kr' cos a = (k x -r') (k x po¬ 
ints in the direction of the scattered wave), and introduce 

| k — k x j = K = 2k sin -y, where 0 is the scattering angle. 
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As a result we get 

'tscat — ^ J dr'e^r'V(r') 

oo Jl 

= -j V (r') r' 2 dr' x 2n j e iKr ’ cos e ' sin 6' dQ' 
o u 

We assume that V (r') is a central potential. Since 

n 

sin Kr' 


j e iKr- cos 6' sin 0' JO' = 2 - 
0 


Kr' 


if we denote / (0) = — j dr'r'W (r') , we can write 


for the scattered wave 


e ihr 

^scat — r / (6) 


Composing the current densities by using the functions 
fo = e ikr and f SC at, we get 


da = Jjaca^S i = |/(6) |2^- = |/(0) \ 2 dQ. 


133. We compute da for V (r') = — by using the results 

obtained in Problem 132. To make the integral converge, 
we temporarily introduce a factor e~ aT \ i.e. we set V (r') = 

= Then 

r 


/( 0 )“— Wnr\ e ~ aT ‘smKr'dr'- 
o 


2m Ze 2 

Wafi+K 2 


and for a = 0, by substituting K, we get 


/( 0 ) = 


2 mZe 2 


da 


4 m 2 Z 2 e 4 


7ri m 2 Z 2 e 4 dQ 

dQ= -= . 

fit/c 4 sin 2 -g- 


134. We write the energy of interaction between the par¬ 
ticle that is colliding with the atom and the nucleus of that 


23-01496 
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atom (the charge of the nucleus being Ze) together with the 
electrons distributed around the nucleus with a density 
P (&■ 


V(r') 


Zee\ 

~V~ 



p (r") dx" 
I r ' — r" | 


Hence, according to Problem 132, we write 


where 


/(6) = 


mZeei T , mee\ T 
2nh 2 7l+ 2it/ia'' 2 


h=\^dx' and 7 2 = ^'dx' (K = k —kj) 

f e^ 1 ' dx' 

To compute 7(r")= J p - _ r „ ^ we note that this [integral 

satisfies the equation A7(r'') =—4ite iKr " and, therefore, if 
we set I (r") — Ae iKr ", we get — K 2 Ae iKr " = —4ne iKr ", i.e. 

A = ^ . Thus, 

/i = t£. 7 2 = 4n jp(r") e ‘ Kr "^l 
and 

where 


F(K) = An j p(r") ^^-r'' 2 dr" is the form factor (1) 
o 

We set p=p 0 e _r/a , and from the normalization condition 

oo 

j p dx = 4jip 0 j e~r/a r 2 _ 4jxp 0 x 2a 3 = Z 
o 


we can compute p 0 : 
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Substituting this into (1), we get 


and 


c* 

4jip 0 j 

o 

e iKr_ -iKr 

e-r/a 

2iKr 

r z dr 


Z 

1 


1 

Z 

4 ia3 if 


ia) 2 ( 

- 1 \ 2 
— + iA) 

~ (1 -f-a 2 A 2 ) 2 


_ \ a 




rjr r — 

4 m 2 e 2 ef 

z 2 r t — 

1 1 

2 

dQ 

u-u — 

/pa* 


(1 +a 2 A 2 ) 2 J 


If we introduce A = 2A;siny and %k = mv, we find 


da ■ 


Z 2 e 2 ef 

m 2 


CSC 




(l + fl 2 A 2 ) 2 


dQ 


For fast particles that scatter at large angles, aK 1 and 
da : 


-^JLcsc‘4<J!2 


(T)‘ 


For small aK we have 1 


1 


(l+a 2 A 2 ) 2 ' 


: 2a 2 A’ 2 and 


da & 16 y ZVdQ 

i.e. the differential cross section is finite. 

135. According to the solution of Problem 132, da = 
= |/(0) | 2 dQ, where / (0) is the scattering amplitude in 
the form 


/(6)=—^{-^F(r)r 2 dr 


(1) 


and A = |k — kj| = 2A:sin y (0 is the scattering angle). 
Substituting the Yukawa potential into (1), we get 

oo oo 

/(0) = — e-i*-wrdr- j «-(*+«&■*•] 


/* 2 a 

m.4 


A 2 Ai 


r—— 

L x — i 


1 


£A x+iA 


]= 


2mA 


h 2 (x 2 + A 2 ) 


23 * 
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and, hence, 


da~- 


im 2 A 2 


h* (x 2 +K 2 ) 2 
The total cioss section is 

f , 0 4 ro 2 .A 2 f 

c=)da = 2H-p-j 


2:t sin 0 dQ 


sin 0 dQ 


[X 2 +2/c 2 (l-COS0)] 2 


8nm 2 A 2 1/1 

1 V 

... ^ 

( 2mA \ 

h 4 2k 2 \ x 2 

X 2 + 4* 2 ) 

x 2 + 4 k 2 

i v.h 2 ) 


SECTION IV 

i. 


P = 


1 

N 


2. dw = 


2dt 


dy 


T n 1^<P« 2 -<P 2 ' 


C = —. 

JI 


4 . dw(x) = J/^-^e~ ax2 


dx. 


5. We use P n (t ) to denote the probability of emission 
of n electrons in time t, and P „ ( t ) to denote the probability 
of no emission of electrons in the same time. Assuming (1) 
and using the rule for calculating the probability of two 
consecutive events, we get 

P n ( t + dt) = P n . x (t) P x + P n ( t) (1 - P x ) 

P 0 ( t + dt) = P 0 ( t ) (1 - Px) () 

where P x is the probability of the emission of one electron 
in the time dt. According to condition (2), this probability is 

P x - Ut (2) 

Now we expand the left-hand sides of Eqs. (1) in a 
power series in dt and then tend dt to zero. We get 
dP n (t) 


dt 


M Pn-i(t)-P n (<)J 


^r=-^o(0 


( 3 ) 
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To this system of differential equations we must add the 
initial conditions for P n ( t ), namely 

_ f 1 for n = 0 


„ f 1 for n = 0 

l 0 for n^O * ^ 

It is easy to find the solution of (3) with initial conditions (4): 

P n (t) = e ~ %t (^e Poisson distribution). 

6. Using the distribution obtained in Problem 5, we have 

oo oo 

ra2p n(0-[S nP n (<)] 2 

n=0 «=0 

oo oo 


-<">*[‘-"2 -£ Sr ] 2 = 


OO oo 

since 2 ^f = e *• But M=2 re ^n (0 = «=Mi and so 

71 = 0 Tl=0 

A n z = n 0 t. 

7. The probability that volume V 0 contains one molecule 
is expressed as P — y . Hence, the probability that any n 
molecules from the total N will land in F 0 is expressed as 
Pn (V 0 ) = C n N P n (l-Pf- n 

TVl 

where C% = n i^^ n y is the number of ways in which 

we can choose any n molecules from the total N. The obtain¬ 
ed formula 

^>=«*4ra((m‘--£r <*> 

is known as .the binomial distribution. 

We now consider the two extreme cases. 
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(a) Since n = PN, we have 



This coincides with the final formula of the solution to 
Problem 5 if we remember that Xt — n. 

(b) Using Stirling’s approximation In n!« nlnn — n, we 
find from (2) that 

In P n = n In n — n — In n\ = — (n— An) In ^ 1 + -f An 

Now bearing in mind that An n, we get the relationship 
for P n , 

In 

2 n 

correct to terms of the order of 0) 2 j . Hence, 

(n-n)2 

P n = Ce 2n 

oo 

Normalizing this probability to unity, j P n dn= 1, we 
find that 



V 2nn 


The expression obtained for P n is called the Gaussian 
distribution. 

8. The given inequality follows from the simple properties 
of the integral and the function p ( x ): 

X oo oo _ 

it’ (*>«)=] p(,z)dx<j p(x)-J-Ur< j 

a a -oo 

Herep ( x) is the probability that the value of the random 
variable x lies in the interval hr, x -f- dx], 

9. We consider the following expression: 

41 

y(e 1< p + e -l<1> ), where — 
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Here the coefficient of e i<p can be interpreted as the proba¬ 
bility of moving one step to the right, and of one step 
to the left. Clearly, the probability that after t steps the 
particle will reach point l will be equal to the coefficient 
of in the binomial expansion 

[y (e i,f + e- i<p )]' =4- ei<p! + • • • 

+ P l (l)eW+...+-l r e-W (1) 

Now we multiply (1) by e~ i( f l and integrate the equation 
obtained with respect to cp from — n to + jt: 


since 


n 

-n 


1 

2n 


" ( 

j e Mn-h) d(p== S nk= | 


1 for n = k 
0 for n=fck 


Hence, the sought probability will be 

Jt 

Pt ( l ) = — j cos* cp X e-W d(f. 

-Jt 

10. By analogy with Problem 9 we get the following re¬ 
sults: 

(1) for the square grating the probability that after t 
steps the particle will reach point 1 = (Z x , l 2 ) is 

jt n 

-Jt -71 

X e -,(<t ’i i i+ <p 2 I 2 ) d cp 2 

(2) for the cubic grating this probability is 


Pt (1) = Pt (hi hi h) 


1 * Jt n 

1 j [j(cosq),4-coscp 2 -l-coscp 3 )J f 

-jt -jt _n 

^ e — , ( c Pj£i+«p 2 / 2 +<p a is> dtpj dcp 2 (i(p 3 . 
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11. Let us consider the totality of trajectories ending at 
point I and introduce the generating function 


u s (z, 1) = 2 p t (0 z ‘ 
(=0 


1 

(2n)« 



1 

- 71 


e i«P 1 f 1 +q> 2 I 2 +...+<P s « s ) 

* -dipj ... <2(p s 

1 + — cos <pj + • • • + cos <p s ) 


where s is the dimension of the space. 

Now we show that this function expresses the probability 
that the particle will not return to the origin of coordinates 
(the initial point). Let A be an event that can be repeated, 
fj the probability that event A will take place for the first 
time in the ;th trial, and uj the probability that A will 
take place in the ;th trial regardless of^whether it occurred 
earlier. 

We set u. 0 = 1 and construct the polynomials 

u (z) = 2 u jZ } , F (z) = fj fjz } 
j—0 i—\ 

It is easy to see that 


Uj = U 0 fj + Ujj-i + ■ • • + “l-l/l 

Multiplying both sides of the relationship and summing up 
with respect to j from 1 to oo, we get 

u (z) — 1 = F (z) u (z) 
or 

F (z) = 1 — [u (z)] -1 

But F (1) = / x -j- / 2 -f • • • is the probability that event A 
will take place at some time. 

IT There are thus two possibilities: 

(a) if u (1) = oo, then F (1) = 1 and A will certainly 
occur; 

(b) if u (1) <oo, then F (1) <c 1 and there is a positive 
probability that event A will not take place. 
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In our case u (1) (the probability that the particle will 
at some time return to the initial point) coincides with 


«/(l) ‘ 


(2jt)« J •• J l 1 

-a -n i—r 


*Pl ... dq> 3 


(cos <Pi + ... + cos q> g ) 


These integrals for the one-dimensional and two-dimen¬ 
sional cases diverge for small values of angle cp,-. For the 
one-dimensional case this is evident. For the two-dimensional 
case this can be proved if we pass to polar coordinates. Thus, 
in the one-dimensional and two-dimensional cases the part¬ 
icle in a random walk will always return to the initial point. 



I Fig. 59 


Z 



In the three-dimensional case the integral can be evaluated 
numerically: 


Ml) 


n) n n 

1 f f f *Pi dip 2 dq> 3 . 

(2n)3 J J J ~ 1~ ~ ' ~ 

-n-n-n 1—g- (cos <Pi -)- cos q >2 -(- cos ^ 3 ) 


«sl.52 


i.e. there is a certain probability (0.34) that the particle 
will not return to the initial point. 

12. Since p is conserved, the phase trajectory has the 
form shown in Fig. 59. 

13. The law of energy conservation gives us the equation 
for the phase trajectory: 

A. +mg z 0 ^^+ m g z 
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The trajectory is the parabola shown in Fig. 60. 

14. p=±y r 2mee i ^y — -^y 

15. We assume that at the initial time the velocity and 
the coordinate of the oscillator are equal to v 0 and x 0 , res¬ 



pectively, and we have 

- — r v 

x—e 2 \x 0 cos ©t -F -^-sin at 

Since y < ®o» we get 


Hence, 


= e 


-v t 
2 


r »o, 

1. w 


cos at — x 0 sin at 


1 




The equation for the trajectory represents an elliptical helix 
(Fig. 61). The change of phase volume with passage of time 
follows the law 


G Gq 



cos at 

1 • ^ 
— sin at 
mv 

Go 

— mv sin at 

COS 0 it 


dp o dx 0 — e-ytr (0). 
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16. It follows from the law of conservation of energy that 
jf + mgL (1 —cos cp ) = H 0 

where / is the moment of inertia, and p <p is the generalized 
momentum. Hence, 

p(f = ± Y 2/ (#„ — mgL) -f- 2 1 mg cos (p 

Case (1). The phase trajectory is shown in Fig. 62. It 



corresponds to a rotational motion in two different directions. 

Case (2). The phase trajectory is shown in Fig. 63. We 
can see that at point <p = n the two branches of the phase 



Fig. 63 

trajectory come into contact with each other. An ambiguity 
appears at this point. But if we calculate the time needed 
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to reach point q> = jx, we find that it is equal to infinity. 
Indeed, since p v — I we have 

t=\ __ = oo 

o {bmgLI cos 2 (p/2) 1 ^ 

Case (3). The possible values of angle <p will lie in the 
interval [—qp 0 , -j-<p 0 ], where <p„ is determined from the con¬ 
dition py — 0. The phase trajectories will have the form 



shown in Fig. 64 and will describe the oscillations of the 
pendulum. 

17. (1) The laws of energy and momentum conservation 
give us the connection between the momenta of the particles 
before and after collision: 


Pi 


m i — m 2 
m l + m 2 


Pi 


2m i 

mi-\-m 2 P 2 


771 i — m 2 


2m 2 


P* mi + m 2 


Hence, the Jacobian 


d(Pi< Pi, 9x, Qz) 
d(Pi, Pi, 9z) 


i.e. the phase volume is conserved. 

(2) The triangle’s vertices A (p„, z 0 ), B (p 0 , z 0 + a), 
C (p 0 -f- b, z 0 ) will after a certain time t take the positions 
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A' (p u Zj), where p t = p 0 — mgt, z, = z 0 + -£■ t — 
B' (Pz, z 2 )» where p 2 = Po — m S^ z z = z i + a 
C' (p 3 , z 3 ). where p 3 = Pi + & . z 3 = Zi + -^-* 

(see Fig. 65). 

Obviously, the area of the new triangle will be 



Thus, the area occupied by the phase points has changed in 
form but not in magnitude. 



Fig. 65 


18. The probability that the energy H of a closed system 
lies in the interval [ E , E + dE] follows from the microcanon- 
ical distribution given by formula (IV-4) 


P (H) = 


5 (H-E) 
Q ( E) 


Here 6 (H — E) is the Dirac delta function [see formula (1) 
in Appendix 4], and Q {E) is the normalizing factor of the 
distribution: 

Q < £ )=-S-U 

where T is the phase volume limited by the hypersurface 
of constant energy H (pi, q t ) = F. From this we find that 


(1) 
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where the integration was done over the hypersurface de- 
termined by the condition — ■ ~ 2 " + PN ^H [see formu¬ 

la (11) of Appendix 4]. This yields 


( 2 ) 


2 r "T-+ 1 1.J2L 

p(g)=6(g-£)-L. 'J_ J E ^ 

2m 2 ji 2 


where the integration was done over the hypersurface defined 
by the condition Plgl + ... + PN 1,“ giV ^ H [see 
formula (11) of Appendix 4]. This yields 


p (H) = 8(H-E) 


(N- 1)! 

£ JV-1 



19. If there is a thermal contact between the system with 
energy H (pi, qi) (i = 1, . . ., n) and the heat bath with 
energy, H 0 (pl, ql) (i = 1, . . ., N ti), which together 
form a closed system with energy II -f II 0 = E, we can 
easily find the probability density for the ensemble from the 
microcanonical distribution. According to the law of addi¬ 
tion of probabilities, we get 

p (H) = j p (H, H 0 ) dpi dql 


But p ( H, H 0 ) is given by the microcanonical distribution 

„ TT , 6(H+H 0 -E) 
p (H, H 0 ) q ^ 


So 


/ m = °o H 1 
P' 1 ’ Q (E) 


where Q 0 (E — H) 


cTo 

dH 0 


Ho=E-H 


and T 0 is the volume limited 


by the hypersurface of constant energy for the heat bath, 
H o (pl, ql) — constant. Using the results of Problem 18, we 
get for the two models the sought canonical distribution. 
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3 N 


(1) Qo(E-ff): 


3N (2nm) 2 
3N 


3N 


(t+0 


(. E-H) 2 


We tend N to infinity but set 


N-> oo 


Then 


3N „ -f^-1 

—5— (2 mn) 2 E 2 . 

P>“ ,im - aW) -*L“ (' 1 “ 


3JV 


N->-co 


N-*-oo 


H j 2 


4 ™' 


The first limit is finite since 

ar 


Q{E). 

Therefore, 
p ( H) — constant X 


d{H+H 0) 


H + Ho—E 


>a 0 (E) 


N-+ OO 



3NhT 

2H ' 

. 2H 1 H/hT 

L V 3 NkT i 

• J 


= constant X e 


(2) The solution in this case is similar to case (1) but requ¬ 
ires that 

lim = \JcT 

N-+00 N 1 

The formulas obtained coincide with (IV-7), which can be 
derived in general form regardless of the specific model of 
the heat bath. 

20. For a perfect gas 

S [*(V,) + U(t t )} = 2 Hi 

i=l i—i 

where e (p;) is the kinetic energy of an individual molecule, 
and U (r ; ) is the potential energy of interaction of a mole- 



368 PROBLEMS IK THEORETICAL PHYSICS 


cule with the walls of the vessel: 

U (r t ) — 0 for Tj cz V , 
= oo for TiCfzV 


Then 


N 

2 H il hT 


' = | J e d N p d N r 

= V N [ J l” j e~~^ dr,]"=F W (*») 


Denoting z* s= / ( T ), we find the Helmholtz free energy 

f = - NkT In V - NkT In f ( T) 

and then the entropy, pressure and average energy, respec¬ 
tively: 

S = Nk In [/ (T) V] + NkT dla J T {T) 

P = -^, E — NkT 2 dln d f T {T) .1 


, we get [see formula 


21. (1) Assuming that Hi — 

(13) of Appendix 4]: 

Zj = (2nmkT ) 3/i , p = 

S=Nk\nV+^Nk[ln (2nmkT) + l], E = ^NkT, C v = ^-kN. 


(2) The energy in this case is 

1 


H, 


P? 

2M 


2 |W 


PiO- 


r«p 


sin 2 0 


5/2 


z, = (2 nM kT) 2 8n 2 r 0 2 (x kT — A ( kT ) 

where AT = + m 2 , , 4s8jtVJ(i (2jiM) 8/2 , 

and r 0 is the distance between the atoms in the molecule. 
Then 

NkT 
P = — v- 


S = N In (VA) + jNk In VkT + \ iV/c, 
E^^NkT, Cv^-jNk. 
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(3) For the approximation of small vibrations we have 

1 + U(r 0 )+^(r~r 0 ) 2 


H. 


:A + J_r 

2iW ' 2p [ 


Pir 


V ? 


Ph 


r 2 sin 2 6 ' r 2 .] 1 “ v u/ i 2 

where the potential energy of the atoms is represented as 

l w 


U (r) = U (r 0 ) t 2 " - 0 r2 

dW 
dr 2 


?—r 0 


( r — r o) 2 + • • • 


At low temperatures we can easily estimate the classical 
partition function by bearing in mind that the integrand 
in (IV-10) has a sharp maximum at point r 0 . Calculating 
the energy from U (r 0 ), we find that 


z ; = (2jtM) 3/2 4n (2;tp) 3/2 {kTfrl]^^L^B(kT) V2 

where 5= (2?tM) 3/2 4n (2npf /2 rj) j/ • Then 

p =J%L t S = NklnV ■ B + ^Nkln(VkT) + l.Nk, 

E = -7£ NkT, Cy = yftA r . 


22. In both cases p 

N 

and //= S 




since the gases are perfect, 


i =1 


oo ap L 

(a) z ; = 4 jt j e hT p 2 dp ■ 


4n 


'(f) 


l a 3 ' 2 


(kT) 


3/2 


1 l 

Hence, E — y 3NkT. In the given case p — -jy- E\ 


c ~[/m2c2+p 2 

(b) Z; = 4n \ e hT p 2 dp. Substituting me sinh t 


for p, we reduce z ; to 

oo 

Zj = 4nm 3 c 3 | cosu t s i n h 2 1 cosh t dt 


24-01496 
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where z 0 s=- 


Hence, 


>i = 17 [^0 (*o) + -^ K 1 W] 


where 2£ 0 (z 0 ) and K 1 (z„) are modified Hankel functions of 
order 0 and 1. The system’s average energy is then 


E = NkT 14 


tfo(*o)+(4r+-M Ki{z 0 ) 

1 4 - 2_ — _ z °/. ■ 


Ko (z 0 )+^-K i (*„) 


Using the asymptotic expansions for the modified Hankel 
functions, we see that for kT me 2 , 

E = Nrnc 2 + NkT. 

23. Let the minimum value of the system’s energy be 
equal to zero. Then 


Z(P)= J e~P E Q (E)dE 


If we assume that E > 0 and that for E *< 0, Q (2?) = 0 
we find 

a+ioo 

a < B > = -2HT 1 

a-ioo 

because it follows from formula (1) that Z and Q (2?) are 
connected via the Laplace transformation. Now, using the 
Cauchy theorem for the derivative, we find 

<J + ioo 

a < s >=4r j 

O-ioo 

24. p^Cexp { ~ - fef -- - + -4r 2 m [Q X rfl 2 } , 

i 

where x[ and r t : are, respectively, the velocities and radius 
vectors of the particles in the revolving system of coordinates. 



ANSWERS 371 


25. Using the result of Problem 24, we get 

mfi 2R2 

” - 4 >] 

Recalling that dV — 2 nhR dR, we find 

NkT U (R) e- U,hT TT _ mQ2i?2 

V kT e ~u/hT_ l > U — 2 


26. We consider the following total time derivative of the 
sum over all the particles in the system: 


N 


drS r *p* = 2p* 


dT 


i— 1 


1=1 


dP; 


N 

2 r 'P‘ 

i=i 


(i) 


Next we find its time average 


F l = lim 

t-+oo 


t 


T-J F (*')*' 

o 


( 2 ) 


Now, if the particles move in a finite region and with ve¬ 
locities that do not turn into infinity in this region, the 
time average of the left-hand side of (1) will give zero 
(t -> oo). For the terms in the right-hand side we use Euler’s 
theorem on homogeneous functions and get 

33 pT^-=2f = 2r„ 

i=l 


where T n is the system’s average kinetic energy. 

Now let us find the time average of the second term 

N N 

2 r iPi= 2 r * F i 

1=1 i=l 

where F; is the force acting on the ith particle. The sum 

N 

^rjFi is called the virial in mechanics. 

i— 1 

Let the particles of the system move in volume V. Then 
a force —n p ( t ) will act on the particles from each unit area 
(n is the external normal to the surface that encloses volume 

24 * 
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V and p ( t ) is the pressure at the given time that the particles 
exert on the unit area). Since, besides this, forces of inter¬ 
action Fj j — F ji act between the particles, we get 

N N ,-' 

2 r> £ = -ft nr pdS-% Ti -^-= -p 0 -SV-nU 0 

i=t i=i 

since 

^ nrp ( t) dS = p (t) j j j div r dV = 3p 0 F 
's ^ 

where p 0 is the average pressure in the system, and U 0 — 

1 vi ' - J 

= -rLU (r t , Tj) is the average potential energy of inter- 
z i, i 

action between the particles. 

So in the final analysis we find that the pressure in the 
system is 

2 T 0 , nU o 2 Ne 0 nU 0 

P 3 V t 3V 3 V + 3F 


where e 0 is the average kinetic energy per particle. 

r (T + ") 

tin _ tbT\n ' ^_ L 


27. H n = {kTY 


dix 4]. We can easily find now that 


[see formula (14) of Appen- 


A H 2 = (H—H)*=^{kT) 2 , 6 2 = -|-j. 


28. Let 


N 


Pi 


H Sit+ u ( r .• r »> 


i=l 


Then, using the theorem on addition of probabilities, we can 
find the probability that the velocity of a particle will be 
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in the interval [v, v + dv]. So for case (1) we find that 

N 2 
XT "**1 

dp(v)=e 2hT | ... \e i==1 d^ *v 

« — OO J 

^ U(r.r v ) 

X j .. . j e AT d w r dy ;/ du 2 

= Ce-™VWT) dVx d Vy dv z 

where C= j 3 2 is found from the normalization con¬ 

dition 

in™-* 

- OO 

Recalling that dv x dv v dv z — v 2 sin 2 0 dv <20 dtp and e = mv z /2, 
we get for case (2) 

dp (y) = 4rt ( 2nkT y 12 e ~ mv2/< ' ZhT)v ' z dv 

and for case (3) 

dp(e) = .. 2 -e' e//iT 'j/'e de. 
w i/^it (*r>3 

29. We follow the general rule of finding the mean and 
get 


(w)“ 4 " J ” *=7;(vr r (x) 

o ^ 

Now we use the value of the gamma function [see formulas 
(5) and (6) of Appendix 4] and find that 


— 3 kT 

m 


- ,/8 kT -5 

V = 7/ -, V 2 — ■ 

V Jim 

And from the condition ( e -m» 2 /( 2 ftr) y 2 ) _ q we find that 

. /w 
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30. It follows from the formulas of Problem 29 that 

— mv 2 3 , rp mV(, kT 

8 = — y- = -2^T, 8 0 = —“ — 2 — 

Obviously, e e,„ although the following relationship 
holds for the energy of the entire system: 

&H = E 

This relationship can hold only if there are a great number 
of particles in the entire system. 

31. We write the Maxwell momentum distribution and get 

C l/™ 2 C 2 + P 2 

dp(p) = Ce A? dp x dp y dp z 
The normalization condition jdp(p) = l yields 

C= {4n (mc) >[2 (^) «.(-£-)+■£*. (-£)]}" 
where K 0 (z) and K 1 (z) are modified Hankel functions. 

32. dp (v, u) = e ~'2M r{v ~' a)2 dv x dv y dv z . 

33. We determine the probability that the first particle 
has a velocity v lt and the second v 2 . The canonical dis¬ 
tribution yields 

mivi+mzv2 

dp (Vj, v 2 ) = ce 2hT d \j d\ 2 


To find c we use the normalization condition, and we get 


dp (^ii v 2 ) = 16n 2 1 


rn jinj \ 3/2 ^ — 
/ e 


2 , 2 
mivi + rri2V2 


j e 2hT vfal dv x dv 2 


Now we change variables, v' = Vj — v 2 and v 0 = 
and using the fact that mpn 2 = pM, we get 


m ivi + m 2 v 2 


dp(v', v 0 ) = i n[-^ F Y ,2 e~ 2hT v ' 2dv ' xin ( 2 ^) 


M \ 3/2 


(A/ = m 1 + m 2 , J- = -i- + J_) 


X e 2hT v 2 0 dv 0 
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We integrate this expression with respect to the centre-of- 
mass velocity v 0 and thus find the relative velocity distribu¬ 
tion of the particles: 

M v' 2 

"P M-4*(wf VW ‘ /W 

It follows from this that 

where v is the mean velocity of the particles of the gas. 

34. To characterize the collision of particles we introduce 
the total scattering cross section, a, which is the ratio of 
the probability of the given collision in unit time to the 
flux of the particles per unit area. If the mean number of 
particles in unit volume is n, the average number of colli¬ 
sions of one molecule with all the others per unit time will be 

v = j 0 ( v') nv' dp ( v') 

For our case o = 4nRl, then 

v == 4?i0 \/' 

V nm 

Hence, 


v 4nraJ?| ]/ 2 

y n . i 

erf (1) — — 


35. — = ——--, where erf (x) = —— x 

+ V- 

X 

X j e~ li dt is the error integral [see formulas (15)-(18) 
o 

in Appendix 4]. But erf (1) = 0.84, and so n 2 /”i = 0-4. 

36. The total scattering cross section in this case is 


where D = 2 R 0 , and v' is the relative velocity of motion of 
the particles. We average this expression with respect to 
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v' and get the Sutherland relation 
a = nD 2 (l + 

where a^-^. 

— .— n 

37. v = re o 0uy2. Here = v is the mean velocity 

in the two-dimensional case, N is the total number of 
particles on the surface, S is the surface area. 

38. Since the atoms move with different velocities, an 
observer will see light of all wavelengths due to the Dop¬ 
pler effect. For example, if the atom is moving away from 
the observer with a velocity v z and the observer is on the 
z-axis, the light will seem to him to have the following 
wavelength: 

l = (l + -j-) 


And so the intensity of light seen by the observer in the 
interval from k to k + dk will be 

Jdk — a dn (k) 

where dn (k) is the number of atoms in the entire volume 
that radiate light with wavelengths lying in [X, k + dX], 
and a is a constant that is determined by the condition 

j / (X) dk = NJ 0 


If we assume the Maxwell velocity distribution to be valid 
in our case, we have 

dn (k) = dn (v z ) = N ( ) 1/2 m dVz 


— N ( mc2 Y n c 2*rx? 

V \ 2X$nkT ) 


mc2 


-(X-ko ) 2 . 


dk 


since 


Then 


v z = ^(k-k Q ) 

J (k) dk = j.N ■ e -0-U)VW dk 
y n6 2 
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where 8 = is the Doppler half-width of the spect¬ 

ral line. We now find a: 


NJ 0 


aN 


OO 

j e-fr-H)W* d% 
o 


aN 

yw 


OO 

j ^o) 2 /62 dX = a,N 

— OO 


a —Jo 


where the lower limit of integration has been changed to 
—oo since the integrand for X <; 0 is practically zero. 



Thus, the spectral density is represented by the Gaussian 
distribution (Fig. 66): 

= L e -tt-Xo) 2/62 . 

y ji 6 

39. If we assume that the energy of a free electron inside 
the metal is less than its energy outside the metal by the work 
function ecp and that the electrons obey the Maxwellhlistribu- 
tion, we find the current density along the £-axis that is 
perpendicular to the surface of the metal: 

. , 3/2 ? _mvx “ mvl+mv 2 z 

ix = n 0 e (-2^f) J V * e 2kT dv * JJ e 2kT dv y dv z 

Vox -oo 
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The value of v 0x can be determined from the condition that 
the electron leaves the metal, i.e. 


Then 


= "nev e - e < t /(hT) 

J X ^ 

which is the classical Richardson equation. 

41. Integrating the canonical distribution with respect 
to momentum, we find the sought probability: 

U ( x , y, z) 

dp(t) = Ce hT dxdydz 
The number of these particles in unit volume is 
dn (r) = n 0 dp (r) 

where n 0 is the average number of particles in unit volume. 
This is the Boltzmann distribution. 

42. By definition we have 


ot> m B z 

f ze hT dz 
0 kT 

0 oo ™gz ~ mg 
J e hT dz 
6 

since the Boltzmann distribution yields 

mgz 

dm(z) cte hT . 


43. The centre of gravity for one type of particles is 


h ™kgz 
t ze hT dz 




h m b gz 
j e kT dz 
0 


: z 0h 


h 

h 

e z ° h — 1 


e 



ANSWERS 379 


where z ofe = 
tem will be 


kT 

m h g 


The centre of gravity of the entire sys- 


2 Nm k z h 
h—l 


IkT 


1 


2 Um h 

h=l 


gM M 


s 

Jl=l 


hin h 


e z 0k -l 


45. M — QAi 


SP, 


ft 



a 



A 



2nmkT2 

46. We introduce spherical coordinates by directing the 
z-axis along vector u (Fig. 67). If the particle collides with 
the sphere at point A with a rel¬ 
ative velocity v, we get | Vj | = 

= | v' | and y = y' (an elastic col¬ 
lision). It follows from this that 
the sphere will experience “resis¬ 
tance” from the impact with one 
particle equal to 

—2 mo' cos y cos a (1) 

since the sphere receives momen¬ 
tum equal to 2mi/cos y directed 
along OB. But 

cos a = cos 0 cos y 

-f-sin 0 sin y cos p (2) 

(the law of cosines for the spherical triangle ABC). 

The Maxwell distribution in the given coordinates is 
k 3/2 



Fig. 67 


dn ^')= ra (-w) c 


X exp | — (i/ 2 + u 2 —• 2 v'u cos 0) j i/ 2 sin 0 dv' <70 dcp (3) 

and the number of collisions in unit time, with point B (y, 
P) lying in the solid angle differential sin y dy dp, is equal 
to the number of particles in volume 

R 2 sin y dy dp o' cos y 

(an area element multiplied by path per unit time). 


( 4 ) 
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Keeping in mind the symmetry of the problem and using 
relations (l)-(4), we get the total force of resistance 

oo Jt 

F = -2mn R 2 J ' J 2nsin0d0 


X 



it/2 

+ R 2 — 2v'u cos 0)J | cos 2 YsinydY 

o 


2n 

X \ dp (cos 0 cos y sin 0 siny cos P) 
o 


= (53?)’" S f (w"'~ 

0 

m (u+u')2 

+ e 2hf (UgL i/ +1) j di/ 


Using the relationships (15)-(18), Appendix 4, for the 
error integral, we find the final form for F: 

F= — nkTnR* (1 + 2& 2 ) + (26 2 + 2 - ) <D (b) ] 


where b = ■ and <D(&) =—%=■ f e~ x2 dx. The order 

~\f m/2kT 1/n ] 

of magnitude of b is determined by the ratio of the velo¬ 
city of the sphere to the mean velocity of motion of 
the particles. We consider the case for b <K 1. The expansion 

then gives 

F= — 6naRv 


where 



We compare this expression with Stokes’ law for the force 
of resistance experienced by a sphere moving in viscous 



answers 381 


3/2 


liquid: 

F = — 6jitj Rv 

where T] is the coefficient of viscosity, and we find that for 
small velocities of the sphere these formulas have a quali¬ 
tative similarity. 

47. V=J (see Fig. 46). 

0 

48. Using the Maxwell distribution, we find the number 
of molecules that pass through the aperture S 0 in time dt: 

— dN = dt n 0 S 0 j v x dv x j j e 2kT dv y dv z (-^f) 

0 — oo 

="Ai / E dt =-w s °'/E d ‘ 

The velocity of outflow of gas will be 

dN pS 0 - 
V= dT~Tkf V ' 

49. Keeping in mind the relationship A s — kT ^“) T > 
we find that the mean dipole moment is 


where 


Z=(zf, z i= j e~ hT dV, Hi — H oi — ( Po -E) 


Here H oi is the energy of one particle without the field. 
Hence (see the solution to Problem 21), 

Ji ppE cos 9 

Zi = q, (T) J e hT sin 0 dQ 

where <p{T) is a known function of temperature. Then 

P = Np,[cuh^—^]-Np,L(M-) 

where L(x) = cotha: — —is the Langevin function. 
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In the case of high temperatures or weak electric fields 


PqE 

kT 


<1 


Then expanding L ( p °^ \ in a power series 


I PoE \ 

1 p» e _LY>r 

( PoE \ 3 1 

\ kT I 

3 kT 1 

l kT ) J 


P 



we get a linear dependence of P on E (Fig. 68): 


P = jNp 0 


PqE 

kT 


The polarization is then 


P = 



N 

3V 


PqE 

kT 




l N p 2 

where jl = -j -y -j^r- is, by definition, the 
of the gas. The permittivity is then 


polarizability 


e = 1 + 4 Jtfl = 1 


4 jt npl 
3 kT~ 



N_ 

V 


)■ 


50. 8=1 + 4n(na + !~H|-). 

51. Choose the z-axis along the vector of magnetic induc¬ 
tion B of the external field, i.o. B = 0-i + 0-j + B 0 - k. 
The vector potential will then be 

A — 0*i -f- B 0 -x- j -j- 0*k 
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and the Lagrangian will be 


X(r,v)=2^-U(r,...,r N ) + 2^-(vrv h ) 


1=1 


h=£i 


N 


-\-'2s e h ( v ft*A) 
h— 1 


Hence, 




Z— f 

oo 

j exp , 

3 N 

r 1 r v dL r] \ 

J 

— oo 

l kT dr h r& L \ f 

h=l 

_ f 

oo 

J’ “P { 

3 N 

-*H 2 #>-*]} 

h-=l 

“ J 

— oo 

where 

the 

determinant 


D ik = \ 


<>P ix 

dp lx 


d 2 L 

32 L 

dvtx ’ 

’ dv jv z 


dvixdvix ’ 

' dv ix dv Nz 


does not depend on B because in the terms with B, X is linear 
in v. The exponent (the expression in braces) does not de¬ 
pend on B either, because terms with B will cancel out. 
Hence, the magnetization vector along the field is 

M z — —kT = 0 

which means that a classical system cannot be magnetized 
stably. This appears paradoxical because a “classical” ex¬ 
planation is often given for dia- and paramagnetism. This 
“classical” explanation assumes the existence of stable 
electrical systems with stable electron orbits. But this is 
the very thing that is not explicable from the standpoint 
of classical physics. 

52. x = l/ - - 

V 4nnge 2 (T i— T e ) 

53. The Hamiltonian in this case has the form 


P*M 


f Mgz 


H = H (pi, 3,H 


2M 
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where P M and z are the momentum and coordinate of the 
piston. Since the relationship Mg = pS must always hold, 
the canonical distribution takes the form 


» = cexp|- 


H{pi, ?i)- 


Ph 


2M 


- P V 


kT 


} 


We find the classical partition function for this case: 


CO _Pjk_ cc Pr If 

Z= j e 2MhT dP M j e hT dV (2nmkT) V N 

— oo 0 

3jV+1 _ 5iV+3 

= N\ (2nm) 2 y (kT) 2 />- (lv+1) 


and the mean volume of the system is 

r=Jvp(F)dr_(^) r =A±i kT 


This relationship determines the equation of state when 
the volume varies. 

54. Hint. Use the property of additivity for the Hamil¬ 
tonian. 

55. We consider an arbitrary mechanical quantity 
U (pi, q t , a s ). Differentiating the mean value of U with res¬ 
pect to T, we get 

4r=~T^W^vW=T) 


We set U = H and find that 


{H-H)* = kT 2 C v . 


56. / 


dH 

dq t 


■ kTfe hT 


3;=+°° f -i f — at 

„ dT’ + kT e bT -f- dT 
J dqi 


= kT -f— , where dF' = dp t ... dp N dq t ... dq t -idq i+i ... X 
X dq N . We prove the second equality in a similar way. 
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57. For small densities the partition function of a real 
gas is 


z=z perfect ( n-4-4 p) 


where P = — 8u 0 + , and v 0 = ^-^~- is the volume 

of one molecule. 

We denote n = N/V and b = 4Nv 0 , and we get 


E = E 0 - 


nb Uo 


l + nb {-kF- 1 ) 


/ nbU 0 \ 

2 

1 _ 


1 

l kT ) 

! 1 

l + refc | 

( u 0 \ 

{ kT ) 

'] 


As temperature falls, the heat capacity falls too. 

58. The critical point is determined by three equations: 


(p-yz)<y-b) = RT 
IJJL) = o -^£-=0 

V dV It ’ dV2 


From this we find p cr , T cr , F cr and get the sought relation¬ 
ship (the reduced van der Waals equation). 

59. The partition function of the system is (see the solution 
to Problem 21) 

Z=( Zi f 

oo 

Zi = 4nV (4n z Mn ) 3/2 ( kT ) 3 ( r 2 e~ u ' hT dr 

o 


Considering the anharmonicity of atomic vibrations, we get 


TT , .1 dW 

[/( r _ r 0 ) = _-_ 


2 dr 2 |r=ro 


( r r o) 2 


1 ifiu 

6 dr 3 



1 d*U 
24 dr 4 


(r-r„) 4 + ... 

r=ro 


— y (r — r 0 ) 2 -j- a (r — r 0 ) 3 + P (r — r 0 ) 4 + ... 


where a, p, y are the respective derivatives. If we consider 
the anharmonic addition small, we can calculate the integral 


25-01496 
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approximately by expanding the exponential function with 
the anharmonic terms in a power series 

o° -yxV 

\ <-SW**+ •••]* 

- OO 

= -4r,’ )/y!«') I,2 [t- : BWJ 

(A-4 J .F<4aW|*>’«, « = -£-£-f£) 

Whence, 

£ = ^A r M’ + JVA: 2 :7 ,2 5 
Cy = ~2 Nk -f- 2Nk z BT — (Cy)perfect "T C y 


So the correction to the heat capacity is C' v = 2Nk z TB, 
i.e. proportional to temperature, and therefore significant 
at high temperatures. 

60. The atoms in the molecule are at some mean distance 
r 0 from each other. We determine the coefficient of linear 
expansion as follows: 



where x is the mean displacement of an atom from the 
equilibrium position. But 


l xe- u ' hT dx 

— OO 

x= —- 

J e- v ' hT dx 

— OO 

and 




28 / 134 2B 

r 3 l -12 r « 

r 0 ' r o r o 


X 


3 


where r 0 — y2B/A is determined from the 
=0. Since at the minimum point 


condition 
> 0, the 


|r=ro 
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coefficient 

r o 

-^->0. Then 

r o 

oo yx% 

I •""■(•+-&)* 

— OO 

- ^ kT ^ 

X — 

oo Yoc2 

(«+£)* 

— oo 


li 

t cQ t 

( 13d 2 B \ 3 / 

l r l 0 * rl ) ’ 7 r* \ 

’ 26 A 7 B \ 1 

. rj* r“ jj 

And we get 

x _ 3 6 k 



ai ~ r 0 T ~ 4 r() 


a 

61. Q (E) a exp gJ+T 

. 


kn n+i 


63. In accordance with the assumption we write S = 
= f ( w). Let the system consist of two independent sub¬ 
systems. Then according to the general properties of entropy 
and probability we get 

S — Si + S 2 = / (wj) + / (w 2 ) 

f (wi) + / (w 2 ) = f (w 1 - w 2 ) 

Hence, 

S = / ( w ) = constant X In w 

To determine the constant we must apply this relationship 
to a perfect gas. The constant proves equal to the Boltzmann 
constant k. 

64. dQ = dE + p dV - (dP-E). 

65. Let the functional dependence of A on B and C be 
expressed by / (A, B, C) =0. Then 

l-^r) dA + (-~L) dB+(-|U dC=0 

\dA/B,C \ dB / A, C \ dC / A, B 

If A is constant, this becomes 


(JL\ I 

' 9B_\ _ , 

f df \ 

\ dB ) a, C ' 

Q)| 

1 

1 

\ dC ) 


25 : 
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i. e. 

1—) =- 
V dC IA 

(1L 

\ dC 

u 

(JL 

\ dB 

)a,c 

Similarly 

(£).— ' 

{ Of' 

{ dA , 

U' 

(°L) 

\ dC ) 

^ A, B 



f 6f \ 
\ dB ) 

a* 

m 

^ B, C 


Multiplication of these three equations yields 



Interchange of A and C in the second of these equations 
yields 

(#),-'/(£)*• 

66. Selecting A — p and B = V, as in Problem 65, we get 

a = 

67. Hint. We determine p Cr > T cr , F cr as in Problem 58 
and introduce the variables 



For the Dieterici equation of state we have 

2 (,__l_) 

n ( 2(0 — 1) — xe ' ne> 

For the other case 

( n + -^)( 4 “-l) = 5T - 

68. r B =^. 

69. The speed of propagation of sound waves in a gas is 
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Considering the relationship 


( dp ' 

\ _£p.| 

(IL\ 

\ dV , 

Is Cy 

l dV j 


(which will be proved in Problem 75) and the relationship 
Vp = p, (p is the molecular weight), we get 


But for the van der Waals gas 

2 a 


Then 


er Waals 

(Ip. ) = 

V dV It 


V3 (V — b) 2 


/ Cp r RT 2 a V i/ Cp D7 , 

pc v L ~ p 3 J ~ v-b v c vt x RT 


V 

V—b v v> eTleci ' 


70. HM-t — constant and y = 


_ Cji 


C M • 


71. (V— b) R exp ( — ( Ijr dT j = constant. 


72. C E — C D - 


TE 2 / de \2 


ine 


(#)>» 


Hint. Use the relationships 

^={w)j T +[ S +{t)r] U 

dA 0 = —-L(E-dD), D = e(T)E. 

73. By definition C V = T Hence, 

(I£v\ =T —[( — ) 1 =T(I^) 

V dV )t dV LWZ’/vJr \dT*)-\ 
For the van der Waals gas, 

Hi. = 0 
dn 

i.e. C v does not depend on the volume. 
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74. For the thermodynamic engine working according to 
the cycle shown in Fig. 48, 

, 1 

q 

where y — ~. For the one working according to the cycle 
in Fig. 49, 

, 1 p T —1 

T 1 — ^ ~ p— T 

Hint. Use the adiabatic equation — constant and 

S 

i r 2 


s 




* T-dT 


Fig. 69 


the expression for the efficiency of a thermodynamic engine 



where A is the work done in the cycle, and Q is the heat 
liberated in the same cycle. 

75. Hint. Use the properties of Jacobians [see formula (26) 
of Appendix 4] and the relationship (see the solution to 
Problem 80) 


C p —Cy' 


= —T. 


/ dV ' 

\ 2 

V dT . 

K 

■ / dV 

\ 

\ dp 

It 


76. We consider the reversible galvanic cell and we let 
it work in the Carnot cycle (Fig. 69). At first the cell works 
isothermically (1-2) with a constant e.m.f. %, then it works 
adiabatically (2-3). We then send a current from an external 
source through it, and the work is done isothermically (3-4) 
with a constant e.m.f. % — Ag and then adiabatically (4-1). 
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On isotherm 1-2 the cell is heated by an external heat 
source with Q x — E 2 — E r + W lt where W x — e% is the 
work expended to transfer charges isothermically, and 
(E 2 — Ej) is the change in the internal energy of the cell. 
That change is equal to the energy release — qe, where q is 
the energy release'per passing charge. Thus 

Qi — e% — qe 

On adiabat 2-3 the e.m.f. of the cell will diminish by 
A% (and the temperature by AT). Therefore, 

, _ A/4 _ eA% 

' ] ~ Cl ~ 

where A A = eA% is the work done in the cycle equal to the 
area 1-2-3-4-1. But for the Carnot cycle 

T-(T-AT) AT 

■q— T — T 

Solving the last two relationships simultaneously, we get 
the Gibbs-Helmholtz equation for a galvanic cell: 

*-i+ T iw-)v 

_ T ( d P \ 

-- ( dT \ _ d(T, E) d(T,V) _ p V dT } v 

u ’ \ dV )e d(T, V) ' d(V, E) C v 

78. The internal energy of the plasma is 

E = 7?perfect “I - E± 

where f? per fect — C V T is the] average kinetic energy of the 
plasma (the internal energy of a perfect gas), E x — 
1 1 

= y A r erp + (0) — y iVeqp. (0) is the average energy of 

the electrostatic interaction between the particles of the 
plasma, and cp + (0) and cp_ (0) are the potentials created by 
all the charges except the given one at its point of location. 
Let us determine these potentials. The charge density at a 
distance r from the fixed charge will be 

p (r) = e (n+ — n_) 
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The potential <p is determined from the Poisson equation 
with consideration for the Boltzmann distribution: 

Acp = 4jien 0 [exp (-jgr)-exp (-"§-)] 

N 

where n 0 = y , and N is the number of particles of one 
kind in V. 

If temperatures are high, and thus 

Acp = x 2 cp (x 2 = — w 1 
The solution of this equation has the form 

<p (r) = -y- e Kr 

Here (p (r) is the potential at a point that is at a distance 
r from the given charge, the potential being’created by all 
the charges (including the given one). We require that the 
potential at infinity and at points where the charges are 
located be finite, and we get C x = e and C 2 = 0. Hence, 


cp + (0) = — cx, cp_ (0) = ex 
N z , / 8ne*N 

^ e V VkT * 


E = E 


perfect' 


79. Using the general relationship E— — T 2 -^y (y-) y , 
we find 


F = F pei . tect -1 We 2 j/i 


8 ixNe 2 

TkT 


Hence, 


P = 


NkT 


8nNe z 


■Ne 2 ]/' 

S — ^perfect — “g" Afe 2 j/" 

C v = (CV)perfeet + "jr Fie 2 j/"; 


kTV 3 

8ji Ne 2 
kFW 


8nNe% 

mW' 
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80. 


d(S, p) 

d(T, V) 

r.„ r ^ 

dp \ 
dT I 

2 

V . 

d(T, V) 

9 (T , p) 

1 

f dp \ 
l 9V ) 

( dV 

1 

T 

\ 2 

9 (S, V) 

9(P, T) 

r 4-T - 

\ dT 

Ip 

^ (P, T) 

9{T , F) 

— p * 

/ dV ' 

l dp , 

lr 


[see formula (29), Appendix 4]. 

81. Hint. Use the first law of thermodynamics expressed 
in terms of p and T. 

82. Hint. Use the results of Problem 64. 


83. 


C V ~C V : 


R 


2a (F— 6)2 ’ 
RTV* 


84. Q 


R 


CV [( P + Tf) (P + ^) C Vi-b) 

+a ('h~ r h)]- 


c p -c 


c v —c 


is the coefficient 


85. pV n — constant, where n 

of polytropy. 

86. S = S n + C p In T — a V 0 p — constant. 

87. C v In T + ap n V = constant. 

88. It follows from the first law of thermodynamics, 
dQ = dE -f PodV, that in the first case dQ p = d (E + PoV), 
and in the second case dQ v — dE. Therefore, 


Hence, 


dQp — dQ v — p 0 dV 
Qp — Qv — RT ( n i — nj) 


where n x and n 2 are the numbers of moles of the reacting par¬ 
ticles before and after the reaction. For the reaction H 2 + 
1 


+ T ° 2 


89. t] = 


H 2 0 we have n t = 3/2, n 2 = 1 and 
Q p — Qv = — y ^ • 

T-T 0 
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90. Hint. Use the second law of thermodynamics for re¬ 
versible processes. 

91. (AS) P = — %-rW. 

T U Tip 

92. Let the isotherm intersect the adiabat twice, at points 
A and C. If we examine the closed cycle ABC (Fig. 70), 

we find that § pdV 0. On the other hand, the entropy 



of the system in states A and C is the same, i.e. S A = S c - 
Hence, 

T dS — T ( dS = 0 

ABC 

The solution of this contradiction lies in the fact that an 
isotherm cannot intersect an adiabat twice. The principle 
that follows from this is that thermodynamic states resulting 
from an initial state isothermically cannot result from the 
same state adiabatically. 

93. Hint. Use the first law of thermodynamics. 

94. C p = C v for t = 4 °C. 

95. The change in the pressure of a perfect gas with alti¬ 
tude is determined by the relationship 

dp — — pg dh = -jf-y- dh 
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where the molecular weight of air ja = 29 kg/kmol, and 
g — 9.8 m/s 2 . Since the process under consideration is adia¬ 
batic, we have 

dp V 
~p~ y — 1 ~T~ 

These two equations yield 

dT_ _ _ y— 1 gp / c p\ 

dh Y R \ T Cy I 

Since y = 1.4 and R — 8.314 X 10 3 JK -1 kmol _I , we 
get 

4^^-lOKkm" 1 


(The actual mean gradient is about —8 Kkm -1 .) 

96. The condition for mechanical equilibrium found in 
Problem 95 holds when the temperature varies. Now, will 
this state of atmospheric air be stable if due to convection 
the temperatures of different layers become the same? To 
find the answer we will consider two volumes of gas of unit 
mass situated at heights h and h + dh. Let us assume these 
two volumes change places. If their total energy increases as 
a result, the earlier state of the system will be stable despite 
convection. 

The change in the energy will be 
\E + pAV 


since both temperature and pressure change with altitude. 
Hence, the condition of stability will have the form 


But 


dli 

dh 


. dV . A 

+ P-dh>° 


dV _ R dT V dp dp 
P dh p dh dh ’ dh 

E = CyT = -^ r 
v y—i 


From this we get the condition of stability of atmospheric 
air in relation to convection: 


dT 


Hg(v—1) 
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97. Q = 


E 2 rp dz_ 

8ji dT - 


99. Using the expression for F, we get 


S = 



F2£ 2 / de \ 
mryiFr )v 


But e = 1 -f~ ^2kT° ( see the solution to Problem 49). Hence, 


S^S o 


VE* (e—1) 
AnT 


where S 0 = — (-^r-) y , and 


e = f+ts = e<> 


F£ 2 (e-1) 

An 


where E 0 = F „ + TS,,- 

100. For black-body radiation with an energy density 
u the radiation pressure is p — u/ 3. Now we apply to this 
radiation the relationship T dS — dE + p dV, which 
easily takes the form 


and we get 


T {w)v-(w) T JrP 

u = oT 4 


where a is a universal constant that cannot be defined thermo¬ 
dynamically (a = 7.56 X 10~ 18 JK~ 4 m~ 3 ). All the other 
thermodynamic functions are now easily determined. Since 
E = oT 4 V, it follows that 

S = joT 3 V, F^-jorV 
<t> = F + pV = 0 and H = TS 
We find the heat capacities: 

C v = 4a T 3 V 

and since for black-body radiation an isobaric process is also 
an isothermic process (p = -g-a7’ 4 ), we get 

C P = + °° 
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C P 

which means that y — — = oo, although the adiabatic equa¬ 
tion for black-body radiation is 

pV' >/3 = constant (S is constant). 

101. Since 




jv=o 


TV! h' 


3 N 


e hT \ e hT dT 


j e kT dr = exp ^e hT 


where X — 
have 


h 


V3m kT 


is the “thermal” de Broglie wave, we 


, m , Nl? 

(x = kT In , p -- 


N kT 


S^^-Nk + Nk In S— 
2 NX 3 

(e is the base of natural logarithms). 

102. The sought probability is 


1 / V \N 
Pjv — N\ \ ) e 


S-j-ji.V 

hT 


But since 


we have 


S= -kTevW^j, iV = e ftril 

PN^e-V 


which is the Poisson distribution. 

103. The dependence of p on U can be found from the 
relationship 

fA= ('H')s.v ==Po + t7 

Specifically, in a homogeneous gravitational field, 
p = Po + m gz- 


104. If the average number of particles with spin “up” 
is N lt and with spin “down” is 7V 2 , we get (see the solution 
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to Problem 103) 

Pi = kT In N 1 — p. B # + <P ( T ) 
|x 2 = kT In N 2 + M-bZ? + cp ( T ) 


where |Xb is the Bohr magneton. Now using the condition 
of equilibrium, p x = p 2 , we have 


£2 

Nt 



^Pb^ \ 
kT } 


105. pV = — S. 

106. Hint. Use the relationships 


S = — pV 

dE = TdS - pdV + pdN 
dH = TdS + Vdp + p dN. 


107. C v ^kT 


— 

I dN 

v2- 

_ 

\ dT 

)n 

V dT /n 

( dN 

\ 

— 

\ dp 

It — 


108. The Clausius-Clapeyron equation is 

dp _ X 

dT~ r(Va —Pi) 


Far from the critical point we can assume that V 2 ^ V 1 
( V 1 and y 2 are the molar volumes of the vapour and solid 
phases, respectively), and the gas obeys the equation of 
state for perfect gas. Hence, 

_ 

p = constant x e RT . 

109. Let the concentration of the solution be c = ~ 1 

and the Gibbs free energy of the solvent be d> = fVpo (p, T). 
We denote by p the change in d> when one molecule of 
the solute is added to the solvent. Then by virtue of the 
condition c<^l we can assume that the molecules of the 
solute do not interact. Now if we take into account the in- 
distinguishability of the molecules of the solute, we get the 
following expression for the Gibbs free energy: 

P 

(p = Np.,, 4 - rep -f kT In n! = N\i 0 -f- nkT In ^ e hT j 
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since In re! « re In —. Next we consider that (I) must be 

e 

a homogeneous function of degree one in re and N. This 
yields 

e W-‘_ /(P. D . 

6 - N 

(so that under the logarithm sign is a function of degree 
zero in re and N), and 

0) = Np o 4- nkT In + re(p (p, T) 

where <p ( p , T) = kT In / (p, t). Using the obtained expres¬ 
sion for <J>, we find the respective chemical potentials of the 
solution and the solute: 

li = ^r=lio~kTc, p i ^ = kTlnc + kT + ^p,T). 

110. For the solute and the solvent the conditions of 
equilibrium in the gravitational field have the form 
(T = constant) 

kT In c + 9 (j>, T) = —- mgz + constant 
p 0 — kTc -f Mgz = constant 


If we differentiate these equations with respect to z and 
bear in mind that the volume of the solution is 


we have 



1 dc . Vf dc g 

c dz V 0 dz kT 



— m 


) 


where M is the mass of a molecule of the solvent, m the 
mass of a molecule of the solute, and V 0 — and 

= -—^2 are the volumes related to one 
\opI t n 

molecule of the solvent and the solute, respectively. In 
the first-order approximation in c we get the solution 


c = c o ex P [-w( m - M T- Q )] 
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This is the barometric height formula corrected for Archi¬ 
medes’ principle. 

111. It is easily shown that for black-body radiation 
the Gibbs free energy d> = E — TS + pV — 0 (see the 
solution to Problem 100). Hence, jx = 0. 

112. Consider a system whose state is described by the 
variables a x and a 2 ; and and A 2 are the generalized forces. 
If cp (a t , a 2 ) is a certain function of the state of the system, 
we have 



( dM \ - l 

1 dA 2 

\ 



V da 2 ) at 

\ 5a i 

la 2 


and 

(~\ =1 

( 5a 2 ) 

1 



\ 1 Ai 

l dA t j 

a 2 


because / = <P 

cL-tA-% — a 2 A 2 

will 

also be a 

function 

state. Using these relationships, we 

find that 


/ da t \ _ 

d (m, a 2 ) _ ida\ ' 

\ _ 

/ den \2 / 

dA 2 \ 

\ dAi ) a2 

d (A iy a 2 ) \ dAi , 

Ia 2 

\ dA 2 ) Ai \ 

da 2 ) A\ 

This yields 

< 

V dA{ ) a.2 

/ da t 

\ 



\ dAi 

)a 2 



since >0 because of the condition of stability. 

This inequality expresses the following physical fact: an 
external force A x changes the parameter a x and, hence, the 
parameters a 2 and A 2 , and the measure of this effect will be 

the derivative . At first, obviously, there will be almost 
no change in A 2 . The force exerted will be characterized by 
.But later new values of a, will establish them- 
selves in the system and the external force exerted will be 
characterized by a2 > which proves to be reduced. 

113. The condition for mechanical equilibrium of the 
“vapour-liquid” system in the presence of a surface separat¬ 
ing the two phases is of the form (jx and p are the same for 
both phases) 


dF — — p l dV 1 — p 2 dV 2 + a dS 



ANSWERS 401 


where p 1 is the pressure in the drop, p 2 is the pressure in the 
vapour, a is called the surface tension, and dS is the surface 
differential. Keeping in mind the constancy of the total 
volume V x + V 2 and the sphericity of the interface, we get 

2 a 

Pi — P2 + ~^~" 


114. Since S v i —0 in this reaction, 

i 

K _ m 2 m 3 
m im 4 

i.e. the affinity constant does not depend on p. 

115. Assume that a drop of liquid of radius R has formed 
in the vapour. The Helmholtz free energy will then change by 

A F = (p 2 — fij) N + oS 

where N is the number of particles in the drop, and pj and 
p 2 are the chemical potentials of the vapour and the liquid, 
respectively. But 


where v is the volume related to one particle in the liquid. 
If p 2 -< jij, it is easy to prove that AF roaches its maximum 

at point R ct — —F rom this it follows that if the 
1 pi—1*2 

“nucleus” has R > R cr , the drop will grow. Otherwise, it 
will vaporize. 

116. Assume a drop of radius R takes on an ion with 
charge q and radius R 0 . The change in the Helmholtz free 
energy will be 

AF== igi {fl2 _ [X i ) + 4jl ( JjR 2 + ^_ j jL dr 

Ro 


4jtfl 3 

3o 


OO OO 



R Ro 


(p 2 -p 1 ) + 4na^ + |.(i_l) (±--1-) 


where e is the permittivity of the liquid. The last term in 
this expression is always negative and grows as R grows, i.e. 


26-01496 
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A F decreases. Hence, a drop can grow even if p 2 > Pn i-e. 
even in vapour that has not yet reached the saturation point. 

117. Bearing in mind the results of Problem 101 and 
applying the condition of chemical equilibrium, we get 


kT In 


Pa = Pi + Pe 
CAph3 ' = kT In 


{2nm A kT) 3/2 kT 
+ p° 4 -kT In 


Pa : 


ciph 3 


(2 nm A kT) m kT 


c e ph 3 


(2nm e kT) 3/2 kT 


We denote the initial number of atoms as N and introduce 
the degree of single ionization a. We then get the following 
relationships for the number of particles of the reactants and 
the respective concentrations: 


n e = aN, Hj = aiV, n A — ( 1 — a )N, 
a n a 1 —a 

° e _ 1 + a ’ Cl 1 + a ’ ° A ~ 1 + a 

From this we get 



118. When p and T are constant, the first law of thermo¬ 
dynamics yields 

= A E + p 0 W=-T*±^ 


where d> is the Gibbs free energy. But the change in the 
chemical potential for a reversible chemical reaction with 
constant p and T is expressed as 

A0> = S ViANi = S PiVi = kT In K (T) 

i i 

Hence, 

A Q= - kT*-^ !n K(T) 

119. For the reaction H 2 ^H + H we have 

where x(f) = Ph 2 — kT In p H j and x\T) -pts — kT In p H . 
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The chemical potential p-H was determined in Problem 
101, and ph 2 we find from the grand partition function 
for a diatomic perfect gas: 

Z= 2 

N—0 


= s 

JV~0 


1 

N\ 


f e al(kT'i y ( 2n MkT \ 3/2 

1 

/ 8n 2 IkT \ "I 

L e V \ h 2 ) 

hv 

\ yh 2 /J 


N 


l-e 


kT 


where M is the reduced mass of the two atoms in a mol¬ 
ecule, and I is the moment of inertia of a molecule. The 

“zero point” for the energy of vibrations e n = hv [n -j- i j 

is the energy of zero-point vibrations, and 7 is a constant 
that takes account of the symmetry of a hydrogen molecule 
(for a diatomic gas y — 2 , the two-fold degeneracy). 

But 

00 t N 

2 -^T== e * and pV — kTlnZ 

N= 0 

then 

^kTlnp-lkTlnkT-kT^K^ 2 ^-] 

+ kT\n l v/ - ft - -[-u» 


Hence, for kT hv, we have 

kT 


In if (T) = 


2Ph — 2 Ph 2 


kT 


In 


4/ ~[/n 
3/2 


(m is the mass of a hydrogen atom), and 

K(T) = W and A<? = -^ + Ae 

v ’ (kT) 3/1 v VkT 2 

where Ae = 2pn — 2 {xh 2 is the dissociation energy for 
a hydrogen molecule. 

120. A p= kT. 


26* 
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121. Wo consider one quantum mechanical state to be 
a thermodynamic system and calculate the function S*: 



Fermi 

Bose 


r 


—kT In 2 

n.j=0 


rqOi-B;) 

e w = 


( + \) kT In (l ±e^T l } (1) 


(The energy of such a “system” is e l: n t is the number of par¬ 
ticles in the “system”, summation is done from 0 to 1 for 
fermions and from 0 to oo for bosons, and p is negative for 
bosons.) 

The number of states with a given momentum (see Prob¬ 
lem 125 from the section “Quantum Mechanics”) integrated 
over all possible directions of the momentum is 


it 


Hence the number of states with a given energy is 
dg(e) = 5F|/ede 


Since the spectrum is dense, the total thermodynamic func¬ 
tion S is 

H_g 

S/Fermi\ = 2 S./Fcrml\ = ( \ ) BV kT f 111 (1 ± e hT )Y^d^ 

\Bose / *\Bose / v 1 ~ 

i u 

Integrating by parts, we get 


'/Fermi 

\Bose 


) 



R-e 

e hT e 3/2 


R-e 
l±e hT 


de 


2 f e dg(e) 

3 J _|^R 

0 e hT dfc 1 



122. S = *[l„^+-fl"( i i £ #)]- 

This relationship is depicted .in Fig. 71, from which we 
can see that in the energy range from to e the deri¬ 

vative a «i which by definition is equal to 1 IT, is hega- 
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tive, i.e. in this energy range the temperature must be con¬ 
sidered negative. Note that negative temperatures correspond 
to higher energies than positive. We will always meet this 


S 



fact when we have quasi-equilibrium systems with an energy 
spectrum with an upper limit. 


123. C\ 


Nk_ / ha_ \ 2 _ 
~ \ kT / — 


124. E = 


sinh 2 


ae 


he a 
2kT 


8 

,hT 


ne 

Thf 


-1 


125. The average number of phonons with an energy hv 
— 1 

. The number of states in the frequency range 


is n — 


hv 

, ftT _ i 


[v, v + dv] is 


where 


Q (v) dv = 4jxv 2 dv 


3 

c3 


Hence, 


hv„ 


hT 


n nv i kr \ 4 , r 
^ = — : *( —) h ) 


r 2 dx 


e x. 
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where v max is the maximal Debye frequency determined 

v max 

from the condition j Q (v) dv = 3 N (conservation of 

o 

numbers of degrees of freedom of the system). 

If temperatures are low, we can set the upper limit at 
infinity. Then [see formula (21), Appendix 4] 


E = 


4 V k*T* 

5 c3 h.3 


n 


6 


126. C v — N (3n 2 ) 2 / 3 - 3 ^- 



1/3 


kT. 


H-eW 


mv 2 


127. j x = 2en (^-) 3 j { dv v dv z In [i+e " e ~ 2 hT ] 


The factor e~ W kT ^ for metals is about e -10 at T x, 10 2 K. 

So using the fact that for x 1 we have In (1 + x) » x, 
we get 


Jx : 


Anenm 

P 


{kTfe 


hT 


Here w — W — p is the effective work function. This is the 
quantum Richardson equation. 

4 00 1 ,o 2\2/3 h Z / N \ 5 / 3 

128. p = y(3n 2 ) ' — ( —) • 

4 on 2 E 2 N r, , 5n 2 / kT \ Z 1 , 

129. p = TT = T T-N[l + - Ir (—) J, Where .u 0 = 

= f 3n 2 -y- J is the Fermi level for electrons in 

a metal at T = 0. 

f —k'Zln'i lnTzJ + (1 — ^i) In(1 — «;)] 

i 

for fermions 

— k 2 [ n 'i l n n \ — (1 + n 'i) In (1 + )] for bosons 


130. S = < 
Here 


n, 


et-V 

, hT +1 


and n’i 


hT 
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(B \ 

t? f eg (e) de 

\ dT)v' 

J / e —p \ 


o exp ( kT ) 


found from the condition that 


where p is 


f g (e) de 

» eXp (T ) +1 

At low temperatures these integrals can be represented as 

M* 

N=\ g(s)ds + E~k 2 T 2 g' (p)+... 
o 

a 

E = j eg (e) de + B k 2 T 2 g (p) + ~ k 2 TW (p) + ... 
o 

[see formula (20) of Appendix 4]. But for T = 0 

M-o 

g (e) dn = N 

0 

and also p — p 0 is much less than p 0 and p as T tends to 
zero. Therefore, with an accuracy up to terms quadratic in 
T we find that 


j g (e) de -f ~ k 2 T 2 g' (p) -f ... = 0 

P0 

(Wfr-Hl+TW (Mo) — 0 

Using the obtained value of p, we get with the same degree 
of accuracy 

M-0 

E = j eg (e) de + (p - Po) (h>) + ^ (^) 2 g (Mo) 
o 

+ f- k 2 T^ 0 g' (p 0 ) + . .. = E 0 + B. (kT) 2 g (p 0 ) 
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Hence, 

([JL 0 )T. 


132. Let us show that dA rcv = —S By defini- 

i 

— d w • 

tion, for reversible processes n t — —If we use formula 
(1) from the solution of Problem 121 and note that = 

= — ?P- , and cfe; = V da h , we construct 
3e;’ 1 dah " 

h=l 


S re ^ e -=SSr2 -k—da h =- dA r 

i i fe=i 


* 5 (S a i) 

i 

da h 


ft= i 


Thus, 


dQ — dE-\- dA iey = 2 8 ; 


/ dE 

_JL 

r Vh 

k \ 5/2 ,7,5/2 f x 3/2 dx ~\ 

l dT 

lv dT 

- 4 j x 2 A 3 ^ 2 

y h ) 1 J e*-l J 


=r ‘ 5^" Jt '^2 ("Sf) 572 x l-34ir 3/2 = Br 3/2 [see formula (21) 
of Appendix 4]. 

134. The state of a solid whose atoms are considered to 
be harmonic oscillators is determined by the volume V and 
the set of oscillators (n ; — 1, 2, . . .). In such an approxi¬ 
mation the energy of the crystal is 


3A--6 

E = E 0 (V)+ 2 (»,+-!*) *v,(y) 

i— 1 


where E 0 (F) is the interaction energy of N motionless par¬ 
ticles of the crystal. 
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Knowing E, 
where 


we can find the pressure p = kT 



Then 


3N-6 

Z = e -Eo(V)lhT II hvi 

i=i 2 smh -r~ 


P 


3JV-6 


( 0E o \_ 1 _ \n / 1 

\ dV )t V Zj \ 2 


/iV; 


ftv,' 


i=l 


o hv i /(ftT )_ 1 


\ / d In V, \ 
M a In V ) 


Hence, 


dE o y E 
dV V 


/ 5p \ _ yCy 
\dT )v V 

Now, using the formulas in the solution to Problem 65 and 
the definitions for ai and p, we find the sought relationship. 

- It*N (—) 3 

135. Q (E) a e s / h <x e 5 ' T ® , where T 0 = hv m8iX /k. 


136. Let the lower edge of the conduction energy band 
be E c , and the higher edge E v . Then from the condition of 
the electroneutrality of a semiconductor ( n = p) for the 
simplest law of dispersion, 


we get 


&n — E c 


hV(2 

^ 2 m n ’ 


£p -- E y 


2 m p 


Hence, 


2 

Z V 231^2 / 


0 (m p kT\m 

\ ) 


Ey-H 

e 




■^-kTln^r 


1 / it 


137. » = pp (8m t 2 m,) 3/2 (ftT) 372 F 1/2 [(P“ ^c) ] [see 

formula (22) of Appendix 4]. When integrating with 
respect to k, we took infinite limits, which, obviously, is 
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possible only if these limits lie outside the area of occupied 
states. Practically speaking, this is always the case. 

138. The total concentration n is equal to the sum of the 
concentrations in the lower («i) and upper (n 2 ) bands, i.e. 

n = n i + n 2 = -^\ dkjl + expf^^-p )]} -1 

+ ( 2 ^J dk { 1 + ex P [-^(^-^]}” 1 

Here E x (k) = and E z ( k ) 1 '^2m^ +' g °' T!ie energ y 

is reckoned from the lower edge of the first baud. Then 

„ o / m ikT p / M | o / kT \ 3/2 / fX Eq \ 

w==2 (») Fl/ 2 \Tr) + 2 (toiifl) F ^\-W~) 

Using the asymptotic form of the Fermi integral [see 
formulas (23) and (24) of Appendix 4], we find 

11=kT 1,1 

where the step function 

f 1 for £>0 

® ( x )~ | q j or X< -Q m 

oo 

139. n = (i )3 j / ( E) ^= J g ( £ ) / ( E ) dE - where 8 ( E ) = 

0 

/t 2 dk 

= "n 2 Zb * s densit y °1 s f a f es - When the energy is small, 
we easily find that 



Hence, 
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140. If we choose the edge of the conduction band as 
the energy’s zero point, we get 

In the case of a degenerate semiconductor we have 

141. Let the lower edge of the conduction band 1 (Fig. 72) 
be the zero point for calculating the energy. The probability 
that the quantum state with 
energy e is not occupied by 
an electron, i.e. is a hole 
by definition, is expressed 
as 

/'(«)-!-/(«) 


“ p (<‘~w)+ l 

The energy of an electron 

in the conduction band is 

h'W , 

the donor 

e = — E x , 



e„ = , on 

n 2 m n ' 

level it is 

= — E and in the valence band 2 

hW 


on the acceptor level e = 


it is e = — E 0 




where e p = o— is t * ie kinetic energy of a hole. Now we 

ZitTl p 

write the condition for the electroneutrality of the semi¬ 
conductor: 


2 g (e) de 


band 1 ex P 


(W 

- i 


2 


1 


accep CX P I 
2 g’ (e) de 


(=¥*)+• 


J / JA -f- E o -f- 8 p \ . . / JA — ^ l \ I a 

band 2 ex P ^ - j d - ^ donor ex P ( j “F 1 


Assuming that the electrons in the conduction band 1 and 
the holes in the valence band 2 obey Boltzmann’s statistics, 
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we get for x = exp (\x/kT) Ihe following equation: 
(2nm n kT) 3 ' 2 _ , 




4ji 3 /i 3 


e -E i ,hT± +l 

X 

(2 nm p kT) 3 ' 2 


in 3 h 3 


g-Eo/hT . 


m 


-Ei/hT 


where n t and n 2 are, respectively, the concentrations of do¬ 
nors and acceptors. 

Obviously, the concentrations of electrons in the conduc¬ 
tion band n and holes in the valence band p are expressed 
as follows: 

_ (2 nm n kT) 3/2 
4n 3 ft 3 

3/2 E 0 - H 


(2nm p kT) 

P= IPP 6 


hT 


This is an equation of the fourth degree in x. Therefore, we 
consider its solution in a special case: n 2 — 0 for kT E v 
Then 


p = kT In 


in 3 h 3 rii 
(2 nm n kT) 3 ' 2 


and n « n x , i.e. all the donors are ionized. 

We can examine an acceptor-type semiconductor in a simi¬ 
lar way. 

142. Hint. Use the results of Problem 141. 

143. The energy of electrons and holes in 1 cm 3 is 



-e')/' (e')g' (e')de' 


— n (3*7 Eq) 


where / (e) and g (e) are the distribution function and the 
density of states of the electrons, /' (e') and g' (e') are the 
same for holes (see Problem 141), and 


(2?i V m n m p kT) 312 
4 n 2 k 3 


g — Eq/IiT 
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Hence 


Cv = ^[f+ 3 (§)+y(^) 2 ] 


which is valid for E 0 kT (the electron gas is nondegene¬ 
rate). 


144 ' p = [ Po (yrf -m2c2 ) + ™ 2 c z + (me ) 4 X 

Xarcsinh-^-J, where p 0 = (3ix 2 ) 1/31/3 is the maxi¬ 


mum Fermi momentum. 


2 ( 2 /+!)« 

145 ^ortho _ g i— 1. 3 . . . _ 


— itf+l) 


iV 


para 


2 ( 2 / + 1 )« T 

j=0, 2. . . 


, where = 


rfi 


= m . Keeping in mind that T <^T C , we get 


Northo _ 2 t 

para 


146. Let W (E h ) be the probability that a particle is 
in a state with energy E h . Clearly, if two particles with 
energies E x and E 2 , respectively, are to pass into states 
with the energies E 3 and E k after colliding, the latter must 
not be occupied (here the Pauli exclusion principle comes in). 

Now using the hypothesis that for a large number of partic¬ 
les the probabilities of the direct and reverse processes are 
the same, we find for the process 

Ei + E 2 E 3 + E± 


the following functional relationship: 


W {Ei) W ( E 2 ) [1 - W (£,)] [1 -W (£*)]■ 

= W (E 3 ) W {Ed [1 - W (EJ1 [1 ^ W (E 2 )1 


We introduce the function / (E) — W~ l {E) — 1 and get 


f.(E,) f (E t ) = f (EJ f {EJ 
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The solution of this equation for E 1 + E 2 = E a + E k 
given by the function 

f(E)=Ae aE 

Hence 


W(E) 


1 

Ae aE +1 ' 


is 


147. Consider the crystal as an aggregate of 3A' normal 
modes (more precisely, 3 N — 6 , but this is unimportant 
when N is great) with frequencies c Oj. The average energy 

associated with each mode is ^nj + y) oj. The energy 
related to the ;th oscillator will be 


NM cofr) = ( rij -[ ■ j fUoj 


where M is the mass of an atom, and rj is the contribution of 
the ;th normal mode to the atom’s displacement. 

We divide the equality by NMa>) and sum up with respect 
to ;, and we get 



3 


We replace the sum by an integral and, keeping in mind the 
Debye nature of the spectrum, we find that 


Cl) 


max 


pi _L_ [ coth/-^M 

2 MN J ™ [ 2kT I (0 a 
o 

where g (co) = — 5 — (see the solution to Problem 125); 

M max 

©max is determined from the condition that the number 
of degrees of freedom of the system must be conserved: 


“max 

jg (co) dco = 3 N. 

0 

If we define the Debye temperature as T D = t then 
for T <^T d we have 


r 2 


9 ft 2 

2MkT D 



2n 2 r 2 \ 
3 T 0 ) 
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148. p ' = p(i_p2 r i, r = g = rv r 1 -pa. 


149. 


u (v, T) = 


8j in 3 (v) ,,,,3 d In [vn (v)] hv 
c3 nv dTnv e hv/hT _ t ' 


150. The energy of an electron with a spin magnetic mo¬ 
ment pb in a magnetic field B (directed along the r-axis) 
is 




Hence, the magnetization (magnetic moment density) is 

oo 

M = Pb j [g (e-fp B £) — g(e-p B 5)]/(e)de 
o 

** 2 ^ B ]ire-~EE— de 

0 e kT +\ 

Now we determine the magnetic susceptibility in certain 
special cases: 

(a) for T = 0 K 

X = "Tf = 2pig (ihr=o) 


where pr=o is the chemical potential of the electrons at ab¬ 
solute zero; 

(b) strong degeneracy (kT <K p) 

X = 2pk (P) [ 1 + + • • • ] 

[see formula (20) of Appendix 4]; 

(c) no degeneracy (kT p) 

K kT 

a-e 

since / = e hr (n is the number of particles per unit 
volume). 

151. In the case of Boltzmann’s statistics the partition 
function of the system is Z — jj\Z N • If the electron gas is 
in a cube with edge L and the field B is directed along the 



416 problems tn theoretical physics 


z-axis, we have 


2 

Vz 


2 n*/j (/+-!) 


r (• ** _ ^ 

Zj = — ye 2 m n hT dp z ^ Q (Ei) e hT 2 cosh 


H bB 
kT 


cfi clx 

where ! A * = 2^ _ c’ ^ B== 2mc’ an< ^ ^C^i) is the degeneracy 
multiplicity of the Zth energy level, which is 

where the integration region is 

2 \i*Bl < < 2 p.*B (l -j- 1) 

since all the levels that at B — 0 lie in the integration re¬ 
gion combine for B =^= 0 into one level 2p,*B^l + j| . 
In the case of weak fields 

M = jV A ^ B tanh^-A' A p B coth ( ^Fb) 

“ NaB (M-b— l 1 * 2 ) 


kT 


152. X = 


2n ( 2 m) 3/2 


3fc3 




Hint. Determine the Helmholtz free energy using the 
Euler-MacLaurin summation formula 


oo oo 

2 f(n) = \f(n)dn + ±f(0)-±f(0) + ±r(0)-... . 

n=0 0 

153. A = /2. 

154. A ?=-kT(£)'. 

155. as__=f!!. 
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156. The solution is similar to that of Problem 154. 
In the variables F and T we have 

r)y 

157. The relationships in the condition of the problem 
follow from the solution of Problem 154. 

158. (A/7 ) 2 = — e a > hT , where a = e 2 —- e t . 

V ' ( 82+gie a,hT f 

159. Using the relationship AiV 2 = kT ^ —■ j ^ , we get 

the following results: 

(a) A W = N, 8 = --L; 

y n 

(b) Anf=« i (1 — n t ), S=lA^-; 

r rii 

(c) An? = n t (1 + n t ), 8 = . 

r /if 

For the Fermi gas (b), as we can see, the fluctuation of 
the number of particles becomes zero for n* = 0 and 1 , 
though the relative fluctuation is equal to oo for n t — 0 . 
For the Bose gas the fluctuation remains finite (equal to 
unity) even for very great n t . 

160. Hint. Use the following relationships: 


(M.\ _i 

( dN\ 

rjL i 


\ dT Jv/t ' 

\ d[X h 

’L T ' 

l dT /jifj 



161. (Ar c ) 2 = P -fiz^r 2 dxdydz = ^ R\, where R 0 is the 

radius of the sphere, and p (r) is the density of the gas. 

162. By virtue of the homogeneity of time and the rever¬ 
sibility of the equations of mechanics we have 

Wk = Wk' = 


27-01496 
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Now we find 


(q \- q°i) - q° h ) = q\ -?J)-9? K-q° h ) = 2g? (?‘ ■- g°) 

But the mean of a physical quantity F — F (p, q) over 
a nonequilibrium ensemble //„ (p, q) — aQ will be 

__ 'F-IIo+aQ-aQo 

F=)F(p,q, a)e dT 


where a is an additional force switched on at t — 0 in the 
direction of coordinate Q. 

After finding the derivative of this expression with respect 
to a and making a vanish, we get 


tdF*_dF_\ == J_pt,Qt_Q 0 x 
\ da da )a= 0 kT W V 1 


Hence, 


In the special case, for q i — q h — q and a t = a h — a. 


163. Let us assume that the equation of motion for a 
Brownian particle can be represented in the form 
• • • 
mx — — 6 jiar]x + a 


Here the first term in the right-hand side is the drag force 
(the Stokes flow), and the second term is an additional force 
switched on at t = 0. Solving this equation with the initial 
conditions 


we get 


X | j = Q = 0, 


* I t=o = 0 


a 


X (t) = 77—- t 

' bJiaq 


am . 
(Gnat]) 2 


Gnat) . 
m — 1 ) 


For t 


m 

6 Jiar\ ’ 


Ax 2 = 2 Dt 
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which is known as the Einstein diffusion equation ^here 


D 


kT 


)• 


6nar\ I 

164. N a = - 


RTt 


3jtar)(Ai 2 ) 

165. If the z-axis is directed along the gravitational field, 
we get 




6nar) , 

166. The equation of diffusion in the presence of an ex¬ 
ternal field U = U (x) is of the form 


dn _ j*. dr n dU , dn ~i 

dt dx L kT dx'dx J 


where D is the diffusion coefficient, and n ( x ) is the con¬ 
centration of particles. 

For a stationary process n — n (x). 



where the flow of particles along the z-axis is 


We integrate this expression from x i to x 2 and get 


n (x 2 ) exp [ U ^ ] —n (x t ) exp [ 

j ex p[^]«to 


167. a a B = 6 a p — t (p), where 


I 2m n p 
\ 3n*h3 



1 for a = p 
0 for a =£ P 


We made no assumption in this case about the dependence of 
t on velocity. 


27* 
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168. For this problem we must determine the current den¬ 
sity ;' x and the heat flux ; 2 along the a;-axis: 

h = j ev x fdv 
h= j ^v x fdy 

The distribution function / is found from the kinetic equation 


We assume that 


, , 3/9 mv2 

.■=»./ JH—V p 2hT 


fo = n ( 


2nkT ) 


dT 


and that the field E and the temperature gradient dx 
little effect on f 0 . Then 

l~f° + lg-<’,U-$i[e-Z-kT]u% r 

Hence [see formula (3) of Appendix 4], 

AenA 


have 


7i ; 


3 m |/1 


/ f+5\ 

/ 2 kT ' 

v i/2 

l 2 ) 

\ m , 

) 

( l + T\ 

/ 2 kT ’ 

\U 2 

\ 2 ) 

\ m , 

) 




Now we represent /, and / 2 in the form 


dT 


ji — L n E + kL l2 
h = L 2i E kL 22 

follows from these relationships that the electrical and 
thermal conductivities are 


4 e 2 nA 


■V 


(£-<>) 


r l i ]. 

_ p i 

' f + 7\ / 2W \ 

L ^ 22+ l u J- 

3m y n ’ 

i 2 ) \ m ) 


K- 


(the thermal conductivity is measured at j x = 0). 




ANSWERS 421 


We consider two special cases. 

(1) 1 = 0 (the relaxation time t = A = constant). Then 

_ ne 2 A 

m 1 

JL 

(2) t = (A. 0 is the mean free path of an electron). Then 


„ 5 . ,/ kT 

K— 2 nl o]/ 2nm 


169. For i? and # constant, the stationary Boltzmann 
equation is 

-«(F. + [XxH ])-g-=--^ 

P 2 

If e (p) = the term with H will vanish when we sub¬ 
stitute / 0 for / in the right-hand side. Hence, 

— e <v-E)f— ftvxni^L--^ 

We look for the solution of this equation in the form 

dfo 


/ = /o—(v-a)- 


08 


where vector a (e) is unknown. 

Substituting the assumed f into Boltzmann’s equation, 
we find the following equation for a (e): 

- C ( V .E)+[vx»la=+^ ( w =-§-) 

Hence, 

-eE + [©xa] = i 

We first find the scalar product of this equation and ©, 
and then the vector product of the equation and ©. From 
the two products we find a: 


a = ~ \ + {E + t 2 (©-E)© + t[© x E]} 

Hence, 

oo 

/a = - g2 j (—lr) 3 (Jt+t) ^ 

0 

±(1-6 a P )T© v ]£ v -^ 
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where 5 a p - 


1 for a = p, 
0 for a P 


and to = 


«|H| 


In the last expression we use “plus” or “minus” depending 
on whether the permutation of a, p, y is even or odd with 
respect to x, y, z. 

If the z-axis is directed along the field, we have 


ne^ 


x(p) 


m n 1 + W 2 l(p) 
ne 2 cot 2 (ji) 


Gyx °xy 1 -j-(o 2 T 2 (fi) ’ 


ne* . , 

°zz = — T (P) 
lIl n 


°xz — &vz — ® zy — °zx — 0. 


170. The Boltzmann equation has the form 
(v-Vr)/(r, v)=-i=^ 


where 


fo = n ( -£kT ) 3/2 ex P { —w l - &/) 2 + v *y + } 

since the field of velocities for the given flow is v x = fiy, 
v y = 0, v z = 0 
Hence, 

Q 

f = fo — x (▼ • Vr) fo = fo + tfv'x for- fo (v’x, Vy, V z ) 

where v' x = v x — py, Vy — v y , v' z = v z are the velocities of 
molecules in relation to the moving gas. Now we determine 
the momentum carried along the y-axis through a perpendi¬ 
cular unit area in unit time (this is the shear stress X y ) 

X y = /nip j d\' v'yf 0 = m kT = 

The factor q = nkTx is the coefficient of viscosity. 
171. The function / (r, v, t) satisfies the equation 

|+(v-V,)/ = 0 

At t = 0, 

/ (r 0 , v 0 , t) = p 0 (r„) /, (v) 
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Since the particles move by inertia, r 0 = r — v£, and 
/ (r, v, t) = p 0 (r — vf) / 0 (v) 

will be the solution to Boltzmann’s equation. 

Hence, 


p (r, t) = j / (r, v, t) i 


/ m 

klfll f 

r e 2ftrt2 <ro r) _g 2ftT<2 (r ° r) ] 

V 2nkT& 

' r J 

L J 


]p(r 0 )i 


Now taking into account that 

f p 0 for 0^r 0 ^a 


( r o) = j 


0 for r 0 > a 


we find that 

P(r, 


r, t) = /- * r e 2ftr ' 2 (r+a)a — e (r “ )2 1 

2 \ rl /_J^ L J 

l V 2kT& 


where <h(x) = —%r f e~ t% dt. 

Vn J 



Appendices 


1. Basic formulas 
of vector analysis 


gradq> = Vcp==-g- i + ^-i + -S- k ( 4 ) 

<pn dS — j grad cp dV (n is an outward normal) (2) 

diva-(V— ) = -S l + -^- + -5 l (3) 

f (an ) dS — f divadF (4) 


curl a = [V X a] = 


■£■)•+( 


/ da x 

da z \ 

\ dz 

dx ) 


i J * 

5 5 6 

dx dy d. 

fl-g fly fl 

da 


)i + ( 


Uy 


da x 


dx 


dy 


j [n x a] dS = j curl a dV 

, , 5b . 5b . 5b 

(a-V)b = a x — + a y -^ + a z — 


div grad <p = Acp = -Q- 


5 2 q> 


dz 

5 2 <p 


Aa = 


5 2 a 


5 2 a 


dy 2 
5 2 a 


5z 2 


dx 2 dy 2 5z 2 

curl grad <p = 0 

div curl a = 0 

curl curl a = grad diva —Aa 
grad (cp/) == ip grad / + / grad (p 


(5) 

( 6 ) 

(7) 

( 8 ) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 
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div (<pa) = tp div a -f (a-grad (p) 

(14) 

curl (tpa) = <p curl a + [grad q> x a] 

(15) 

div [a x b] = b curl a — a curl b 

(16) 

grad (a • b) = (a • V) b -)- (b • V) a 


+ [ax curl b] -j- [b x curl a] 

(17) 

\ 

grad a 2 = (a • V) a + [a X curl a] 

(18) 

curl [a X b] = (b-V) a—(a-V)b 

70 

-fadivb — bdiva 

(19) 

a t dl— j curl n a dS 

(20) 

L 8 


^ cp dl — j [n x grad 9 ] dS 

(21) 


L S 


2. Curvilinear coordinates 

Many problems are solved more easily if instead of Car¬ 
tesian coordinates we use coordinates more naturally 
related to the problems. For a problem with axial symmetry, 
for example, it is convenient to use cylindrical coordinates; 
for a problem with spherical symmetry, spherical coordi¬ 
nates; etc. Such coordinate systems are called curvilinear 
coordinate systems (or, simply, curvilinear coordinates). 

Since vectors and operations on vectors (div, curl, etc.) 
are usually defined in the Cartesian coordinate system, we 
must have formulas that express these operations in an arbit¬ 
rary coordinate system. 

Let us consider the projections of a vector in a curvilinear 
coordinate system; in this system the Cartesian coordinates 
of the vector, x, y , z, are functions of the curvilinear coordi¬ 
nates: 


x = x (?1. ?b) 

y = y (?i. ft. ?*) 

z = z (ft, ft, q 3 ) 


(1) 
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or in vector form 


r = * (ft, ft, q 3 )i + y (ft, ft, ft) j + z (ft, ft, ft) k 


The derivatives 


dr dx . , dy . , dz , 

= -r—1 + -3- 2 - j +-3— k 

5gi dg t <9gi dg t 

dr _ dx . . Sg . . dz , 

dq 2 ~~ dq 2 * ' dq 2 3 ' dq 2 

dr _ dx . . dy . dz , 

dq 3 ~ dq 3 1 + 3 + dg^ 


( 2 ) 


in the general case form a set of three linearly independent 
vectors, since the Jacobian of transformation (1) is not zero. 
The absolute values of these vectors are, respectively, 


1 

^3 = j/| 

1 dx \ 
\ dq\ 1 

) 2 + 

( dy \ 
\ dqi 1 

+ 

f az ) 

l dqi 1 

2 

1 

1 dx \ 
i. dq 2 ) 

I'+l 

I 9y } 

\ dq 2 j 

| 2 + 1 

f 9z > 
^ dq 2 \ 

? (3) 

(£) 

| 2 +| 

' JjL ) 
. dq 3 I 

| 2 +l 

( dz ) 
{ dq 3 J 

1 5 


They are called the Lame parameters (also, scale factors). 
If the three vectors (2) are divided by (3), i.e. 


1 dr 1 dr 1 dr 

e '—HTW' e2_ ^rigT’ e ® 


(4) 


we get three unit vectors, which can be considered as the 
basis. The basis is not, in general, orthogonal, but from 
now on we shall use none but curvilinear coordinate systems 
in which the basis defined by (4) is orthogonal. The vectors 
of the basis of such a curvilinear coordinate system possess 
the following properties: 

( e i • ft) = (e 4 • e 3 ) = (e 2 • e 3 ) = 0 ^ 

™ [ft X e 3 ], e 2 33 [e 3 x ft], ft — [ft X ftl 

The Cartesian basis i, j, k and the basis ft, e a , e s are con¬ 
nected through formulas (2) and (4). 
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Let us consider the special case of cylindrical coordinates. 
Formula (1) takes the form 

x — p cos <p 
y = p sin 9 
z = z 


or, if we put q t = p, q 2 — <p, and q a — z, then 
r = p cos <pi -f- P sin cpj -j- zk 

We then calculate the Lame parameters using formulas (3): 


^ = l / (lF ) 2 + (^) 2 + ('l') 2==1/ ' cos2(p + sin2<p = 1 


H 2 = p, II 3 — 1 

Formulas (4) give us the relation between the Cartesian 
and cylindrical bases (we denote the second by e p , e v , e z ): 

dr .... 

e p = = cos <pi + sin cpj 

e<f== 'F'l5' = _sinq,i + C0S(pi ( 6 ) 




dr 

dz 


k 


A direct check verifies the orthogonality of this basis, i.e. 
(e p • 6 (p) == (e p • e z ) = (e^, • e z ) = 0 . 

We can easily find the inverse of ( 6 ): 

i = — e,,, sin 9 -f e p cos 9 
j = e,, cos 9 + e p sin tp (7) 

k = e z 

The projections of a vector a on a curvilinear basis, i.e. 
a = + a y j + fl 2 k = o p e p -f + a z e z (8) 

can be found if we substitute ( 6 ) into ( 8 ); thus 
a x = a p cos <p — a v sin 9 
a y — ap sin 9 ] Oq) cos 9 
a z = a z 


( 9 ) 
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In a similar manner the spherical coordinate system 
x = r sin 0 cos <p 
y — r sin 0 sin 9 
z = r cos 0 

is related to the Cartesian system through the following for¬ 
mulas, which we give for purposes of reference: 

H x = 1 , H 2 = r, H 3 — r sin 0 
e r = sin 0 cos (pi -f sin 0 sin <p j -f- cos 0 k 
ee = cos 0 cos (pi -j- cos 0 sin <pj — sin 0 k ( 10 ) 

e<p = — sin (pi -f cos (p j 

It is easy to prove that this basis is orthogonal, i.e. 

(e r • %) = (e r • ee) = (e* • e 0 ) = 0 


The components are related in the following manner: 

a x = a r sin 0 cos (p + ag cos 0 cos (p — a<p sin q> 
a y = a T sin 0 sin cp + ae cos 0 sin <p + cos <p (11) 
a z = a T cos 0 — ae sin 0 

When r and z are used simultaneously, we turn to the 
parabolic coordinates: 

u = r-fz, v = r — z, <p = arctan-^- 

The name parabolic originated from the fact that the surfaces 
u = constant and v = constant are paraboloids of revolu¬ 
tion. (We can check this by squaring r = u — z and r = 
== v + z. We then obtain the following equalities: 

a* + y 2 = u 2 — 2 uz, x 2 + y 2 = v 2 + 2 vz 

which are paraboloids of revolution if we put u and v con¬ 
stant.) 

Putting u — q t , v = q 2 , <p = q 3 , we get 

x — V < 7 i <72 cos ? 3 » y = V ?i ?2 sin g 3> z = ( ?1 — ?2 )/2 
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Calculating the Lame parameters via formulas (3), we 
find, respectively, 

h >=v™ 


3. Differential operators 
in curvilinear coordinates 

grad / in orthogonal coordinate systems. In the Cartesian 
coordinate system grad f is determined in the following way: 


(IL 

\ dx 

i + f 

dy 

j + ' 

ft) 



(JL 

dqi | 

df 

dqz , 

df 

dq 3 

V dq t 

dx ' 

dqi 

dx ‘ 

dq 3 

dx 


)• 


+ IJL 

+ V dqi 


dq l df dq 2 df dq 3 


dy dq 2 dy 1 dq 3 dy ) ^ 

/ df dqi . df dq 2 df dq 3 \ , 

' V dqi dz dq 2 dz "T dq 3 dz ) 

d f /i£L 54. d( ll i- 4 - dqi , \ 

- dqi \ dx J ^^dT K ) 


dq 3 dy 
df dq 3 

dq 3 


df 


I i I • . dg 2 \ 

dq% \ dx dy ' dz / 


I df I dq 3 . . dqi . dq 3 j \ 
dq 3 \ dx ' dy ^ ^ dz ) 

= grad g t + JL gra d q 2 + gra d q 3 


( 1 ) 


Let us consider the vector grad q v The scalar products of 
this vector by e lt e 2 , e 8 are, respectively, 


1 I 

1 dqi 

dx 

, dq 1 

j£__ 

, dq 1 

dz \ 

Hi * 

\ dx 

~dq\ 

r dy 

dq x 

' dz 

~dqTJ 

_L| 

f dqi 

dx 

1 dqi 

dy | 

L d Ql 

dz \ 

h 2 \ 

I dx 

dq-i 

H dy 

dq 2 " 

dz 

~dqz / 


(grad q t • e 3 ) = 0 

This suggests that grad q x is directed along e x and that its 
absolute value equals i/H x : 

grad qi=^-±-ei 


( 2 ) 
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In a similar manner 


grad q 2 = ■— e 2 
grad q 3 = ~ e 3 


Substituting the formulas obtained into (1), we get 

, , 15 / , 15 / , 15 / 

grad/ - Hy dg t e ‘+ H 2 dg 2 e2 + H 3 dg 3 e3 

For cylindrical coordinates 

H x = 1, H 2 = p, H 3 = 1 


, , 5/ ,15/ ,5/ 

grad/^— e P + 7 ^ e , + ir e 2 


( 3 ) 

( 4 ) 


For spherical coordinates 

H x — H 2 = r, H 3 = r sin 0 
grad/ = ^ r e r + TW e e + 7W ^e, (5) 

div a in orthogonal coordinate systems. In the Cartesian 
coordinate system div a is defined in the following way: 


div a 


da x . d g y 
5.r dy 


da z 

dz 


If we expand a along the basis vectors of a curvilinear 
coordinate system, we can write [see formula (14) in Append¬ 
ix 1]: 


div (a^ -f a 2 e 2 + a 3 e 3 ) = a x div e x + a 2 div e 2 + 

+ a 3 div e 3 + (e x • grad a x ) + (e 2 • grad a 2 ) +(e 3 -grad a 3 ) (6) 

To complete the calculation we must find div e lt div e 2 , 
and div e 3 . For this we take the curl of (2): 

curl grad q x = curl ej j = 0 (7) 

Making use of formulas in Appendix 1, we obtain 
1 1 

curl — [grad H x X e,] = 0 
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whence 


curl ej = -ff- [grad H i x e t ] 


According to formula (3) 
1 8H l 


grad Hi ■■ 


Hi dqi 6 ‘~ r H 2 dq 2 ^ 1 H 3 dq 3 

Substituting (9) into (8) and making use of formula (5), 
Appendix 2, we obtain 

1 dHi 1 dHi 


1 dHi 


e 2 ' 


1 dHi 


( 8 ) 


( 9 ) 


curl ej = 
In a similar manner 


HiH 3 dq 3 


e 2 ' 


H i H i dq 2 


e 3 


curl e 2 = H ^ Hi e a 


1 




curl e 3 = 


1 


dqi 

8H 3 


H 3 H 3 dq 2 


e 4 


h 3 h 2 

1 


dg 3 

dH 3 


H 3 Hi dqi 


( 10 ) 

( 11 ) 

( 12 ) 


Since by formula (5) of Appendix 2 e x = [e 2 X e 8 ], it 
follows from formula (16), Appendix 1, that 

div e x = div [e 2 x e 3 ] = e 3 curl e 2 — e 2 curl e 3 


Substituting (11) and (12) into (13), we obtain 


In a similar manner 
div e 2 

div e 3 


1 

dH 2 

L 1 

dH 3 

~ HiH 2 

dqi 

' HiH 3 

dqi 

1 

dH 3 , 

L 1 

dHi 

_ h 2 h 3 

dq 2 ' 

HHh 


1 

dHi 

L 1 

dll 2 

HiH 3 

dq 3 

r H 2 H 3 

dq 3 


(13) 

(14) 

(15) 

(16) 


Substituting (14)-(16) and grad a x , grad a 2 and grad a s 
[using formula (3)] into (6) and carrying out the required 
transformations, we get 




+■ 5 ^ MW 


dq 3 


(a 3 H i// 2 ) j (17) 


By substituting the Lame parameters of the cylindrical 
coordinate system into (17'' we get the final formula for 
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div a: 


diva= 7-^ (pap) ‘ 


1 da v 


da z 


P d(f 

In the case of spherical coordinates 

1 


dz 


(18) 


diva = -\r~ ( r 2 a r ) 


r 2 dr ' " ' rsin 

curl a in orthogonal coordinate systems. 


0 50 ( s ^ n ~t~ r 2 sin 2 0 0<p 


curl a = curl (a 1 e 1 + a 2 e 2 c 3 e 3 ) = a 1 curl c x 

-f curl e 2 -f a 3 curl e 3 + [grad a t X ej 

+ [grad a 2 X e 2 ] + [grad a 3 X e 3 ] (20) 

Substituting (10)-(12) and grad a v grad a 2 and grad a 3 
[using formula (3)] into (20) and carrying out the required 
transformations, we get 

curla = ldW [~k ( fl 3^3)-^-(a^2)] e, 

3)> 2 

+Thr, [w {a2H2) ~^ {aiHi) l 63 (21) 


For purposes of reference we give the formula for curl a 
in cylindrical coordinates: 


curl a = 


(1 

da z 

da^ \ 

l p 

dtp 

dT J 


,+ ( 


/ da p 

da z 

\ dz 

dp 


)■ 


<*> 


In the case of spherical coordinates 

curl , -iaifir) 


+H 


rsin0 
1 da 


sin 0 dtp dr 


(™*) } ee + f {-|r (rat) - ^ } e<p (23) 


A/ [ in orthogonal coordinate systems. Since A/ = 
= div grad f, it follows that after substituting grad / [see 
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formula (3)1 into (17) we obtain 
div grad / = A/ 



r a l 11 #* 

df \ 

1 , 

1 1/i 

dq i / 


hiU 2 IJ 3 (_ 


59t 
l H 3 H t df 
h z dq 2 


V 


5g 2 

In the particular case of cylindrical coordinates 

i a 2 / a 2 / 



JL\ n 

| l #3 

593 / 

1 593 

. 




p 2 dtp 2 ~ 


(24) 


in spherical coordinates 


A/ = 


r 2 


dr 


(^f) 


i 


( sin 0 w)^ 


r 2 sin 2 0 30 


1 


a 2 / 


r 2 sin0 aq> 2 


in parabolic coordinates 


(25) 


Aa in orthogonal coordinate systems. The explicit form of 

A a 2 a a 2 a . a 2 a 

8 ax 2 "■ dyZ az 2 

in curvilinear coordinates is found with the help of formula 
(12), Appendix 1: 


Aa = grad div a — curl curl a 

Since this expression in the general case is cumbersome, 
we write out Aa for purposes of reference in cylindrical coor¬ 
dinates 



q p _ 2 day \ 

p 2 p 2 a<p / 6p 

i 1 / a a <r i 2 

+T(A fl »“7+^- 


aop 

aq) 


j ®<p "i - Au z c z ; 


(27) 


28-01496 
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in spherical coordinates 


Aa=[Aa r -A( ar + _i_^. (sin eae)+4 1 ^)]e, 


(da r 

“0 

COS0 

\ 50 ~ 

2 sin 2 0 

sin 2 0 5<p / 



r 2 sin 0 



cot 0 


dag 

5<p 


2 sin e)] e<p 


( 28 ) 


In formulas (27) and (28) the operator A acts on scalar 
functions, as in (24) and (25) respectively. 


4 . Mathematical supplement 

The Dirac delta function. Let / ( x) and all its derivatives 
be continuous functions in the interval (—oo, oo). The 
delta function is then defined by the relationship 

oo 

j / (x)8(x — a) dx = f (a) (1) 


where / (x) -> 0 as x-+- ± co¬ 
lt follows from the definition that 


(i) j 8(x)dx — l, 

— OO 

(ii) 8(ax) = jlj6(a:), 

(iii) 8 n (x) = ( — l)”8(x), 

oo 

(iv) 8;(*) = -^ j e ihx dk (the Fourier expansion), 


ft 

(v) 8 [cp (x)] = V. , where x s are the simple 

, l <P \ X 8f 1 
8 = 1 


roots of cp ( x) = 0. 
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The gamma and (complete) beta functions. These are 
defined by the following integral equalities: 

oo 

T(a)= j e-xaP-idx (a>0) (2) 

o 

B(a, P)= j (3) 

o 

If we integrate (2) by parts, we get 

T (a + 1) = aT (a) (4) 

For a — 1 or a = 1/2 the relationship (4) gives 

r (i) = i (5) 

oo 

r (1/2) = 2 j e-v 2 dy = (6) 

o 

Using these relationships, we can determine T (a) for a = 
= ^4, where n = 0, 1, 2, ... . For other values of a 
we must use special tables. 

The volume of a sphere of radius R in n -dimensional space. 
The volume bounded by a surface x* + x\ + • • • + = 

= R 2 (the equation of a sphere in ^-dimensional space) is 

F„( J R) = j ... j dx t ... dx n (7) 

If we change the variables, using x t — y t R, we get 

V n (R) = R n V n ( 1) (8) 

where 

F„(l) = j ... j dyi ... dy n (9) 

Furthermore, the integration is carried over the domain 
limited by the surface y\ + y\ + ... + y\ ^ 1. 


28* 



436 PROBLEMS IN THEORETICAL PHYSICS 


Using the relationships (3), (4), (9), we can easily cal¬ 
culate F n (1): 

l 

F n(l) = j dyi j ... j dy 2 ... dy n 
- 1 1/1+. .-+un^l-vl 

1 n-1 

= J (1 -y\)~dy.V^X) 


(1) 


= F n _ l( l)B(-l, ^ti) 
r { i/2)r(^) 




Vn-iV) 


Now with this recurrence relation we get 

r(i/2)r (^ii) r(t/2)r (-g-) 


v n ( l) = 


r U+*) r (“ 4 i ) 


since F t (l) = l. Whence 


V n (R) = R n - 


„n/2 


■(t+‘) 

Calculation of integrals of type 

oo 

1(a )= j x m e~ axn dx 

— oo 

m = 0, 1, 2 ... 

w = 2, 4, 6 ... 

If m is odd, 1(a) is zero. If m is even, 


oo 

I ( a) = 2 j x m e~ axn dx 


( 10 ) 


.Fi(l): 


„n/2 


^(f +0 


( 11 ) 


(12) 
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The integral in the last expression reduces to the gamma 
function if we change variables, using y = ax 11 : 


oo f / w +t \ 

[ x m e~«* n dx " ' 
J n m +! 


We note that the equality 


X m e -*x n dx = — 




n m+l 


holds for all m ^ 0 and n ^ 0, and m and n are not required 
to be integers. 

For particular cases expression (14) yields 

oo 

(i) j xe~«* 2 dx = ±, 
o 

f , n l/2 

(ii) j X 2 

0 

oo 

(iii) ^ x 3 e~ ax2 dx = 4f- a 2 , 
o 

p* 4 r(3/2) 

(iv) J x L e -'** 2 dx= T -- m -. 

Error integral. The error integral is defined as 

0C 

<D (x) = erf (x) — — f=- f e~ t2 dt (15) 

V" i 

When x <^ 1, the integrand in (15) can be expanded in a pow¬ 
er series; thus, 
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If we apply definition (15), we can show that 


e~ i2 dt= 1 q=<D(x) 

v ±x v 



( 17 ) 

. 


l 

0(l) = -p=r [ e-^dt^OM 

V* { 


(18) 


Some integrals of quantum statistics. In evaluating 
physical properties of quantum fermion systems we often 
meet an integral of the following type: 




oo 


(l*)= [ — 

o exp 


/ (e) d& 



where /(e) is such that the integral converges. 

If we change the variables, using y — , and restrict 

ourselves to low temperatures, we reduce the integral to 
the asymptotic series 

11/hT oo 

h M = j W .dy + kT j ,{ ^{ y) dy 

o o 

= *rjj ffr+WTffr-W) dv +j f(e)de 

0 0 

Hence 

oo oo 

/.(!*)= j f(s)de + 2kT 2 {£^/ (2n_1) M 5 ( 19 ) 

0 n= 1 0 
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But 




- r < 2 ») 2 i^ 

m— 0 

= T(2n) (1 — 2 1_2n ) £ (2n) 


where £ (2n) = 2 m_2n is the Riemann zeta function, which 

m= 1 

for some values of n is 

£ (3/2) = 2.612, £ (5/2) = 1.341, £(2) = -^, 

^ ( 4 ) ~ W ’ £ (3) = 1.202, £ (5) = 1.037 

And so, 

/i (n)=J/(e);de 
o 


+ 2 * r 2 -^5yr/ (2n " ,) '(i4)r(2u)ll-2 1 - 2n ]C(2n) (20) 

n=l 

In evaluating physical properties of quantum boson sys¬ 
tems we often meet an integral of another type: 

7 *(i*)= J wzrty 

0 

Calculations similar to the previous one yield 

oo 

h{\>)= J -f=jdy=T(n)t(n) (21) 

o 

8 i 

Returning to I x (p), we must note that if / (e) = , 

the integral is called the Fermi integral: 

F i On) = r(/-fl) I exp (e-rp + 1 ( 22 ) 

0 
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Since the Fermi integral is widely used in the theory of 
solids, it has been tabulated for a great number of values of 
/. In the simplest case of j — 1/2 we give estimates for F^r]): 

F 1/2 (tj) « e" 1 as T)-»- — oo (23) 

for ’ 1 « 4 ' 3 

f|/2(»l) » jyj ( 1 + *^f) for (24) 

The condition for the totality of the differential of a 
function of two variables. We call the linear part of the 
increment of a function / = f (x, y) the total differential, 
i.e. 

df= (iL) y dx +(-£-)* dy s fx dx+u dy 

The necessary and sufficient condition for the expression 
dF (x , y) = Q ( x , y) dx + P ( x , y) dy 

to be a total differential when Q , P, and their derivatives, 
an< ^ (^) ’ ex * st an< ^ are continuous is the condi¬ 
tion that 

($).-(■£), < 25 > 

If condition (25) holds, 

<£dF = 0 


Functional determinants of two functions and their pro¬ 
perties. The functional determinant or Jacobian of two 
functions u ( x , y) = u and v (x, y) = v is the determinant 


d (u, v) 

d(x, y) 


/—V 

(—) 

\ dx )y 

\ dx )y 

l 9U \ 

/iL \ 

\ dy lx 

V dy lx 


( 26 ) 
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If we use this definition and the properties of determinants, 
we can prove the following relationships for Jacobians: 


8 (u, v) _ / 8u_ \ 

8 (x, v ) \ dx ) v 

8 (u, v) _ / 8u \ 

8 (v, x) \ dx /v 

8(u , v) 8(u, v ) 8(p, q) 

d(x , y) d(p, q) X d(x, y) 


(27) 

(28) 
(29) 


If u — u ( p , q, l), v — v ( p , q, l), and if p — p (x, y), 
q = q (x, y), l — l (x, y), then 


d(u, v) 8(u, v) d(p, g) . 8 (u, v) 8 (q, l) 

8(x , y) 8{p, q) X 8 (x, y) ' 8{q, l) 8 (x, y) 


v) v d(l, p) 
8(1, p) X 8(x, y) 


(30) 


5. Legendre polynomials 


The equation 
_d_ 
dx 




has for its solution the Legendre polynomials 

1 di(x 2—l)i 


/>,(*) = 


2 W 


dx 1 


( 2 ) 


We can see this if for Z = (x 2 — IV we compose the 


dZ 


identity (x 

with respect to x. 

According to equality (2) 

P.(*) = 1, 


1) Si ~~ 2^2 = 0 and differentiate it / times 


Pi (x) = x, 


P 2 (*) = y (3a; 2 — 1), P 3 (x) = -2-(5x 3 —3x) 

etc., and we see that P ; (—x) — (— 1)* P ( (x). 

1 

The function j - r >_--j is the generating function for 

Pi (x) when r' =. 1 and r < 1. Denoting the angle between 
r and r' by arc cos x, we write 

oo 

1 


F (r, x) = 


"jV 1 — 2 r* + r 2 




(3) 


i=0 
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It is evident that for r > 1 by introducing the variable 
r t = 1 /r we get the expansion 


1 

~\f 1 — 2 rx-\-r z 


2 ^(*)>- w 

1=0 


Pi (x) can also be defined in the following way: 


Pi (*) = 


1 C _ 1 _ ( Z z— 1 )» 

2ni J 2 i (- x +z)I+i 
L 


dz 


( 4 ) 


where L is an arbitrarily chosen closed contour encompassing 
the point z = x, which is the pole of the integrand. Expand¬ 
ing / (z) = (z 2 — 1 )' into a series in powers of z — x and 
using the theory of residues, we see that definition (4) is 

consistent with definition (2). Substituting £/2 for 

in (4), with z = (1 — Y \ — 2x£ -j- £ 2 ) (we choose z’s 

that turn into x as Z, -*■ 0 ), we get 

p, ( _ 

' ' ' 2ni /! J £l+iy l —+ 

_ _ 1 _ _ 1 _ 1 

_ d L 0*1 y 1—25* +£2 J;=o 

This demonstrates the equivalence of (3) and (4). 

Using formula (3), we can easily obtain the recurrence 
relations between Legendre polynomials and their deriva¬ 
tives. 

dF 

By composing the product (1 — 2 xr -f- r 2 ) , we get 

the equality 


x — r 

y 1 —2zr-)-rZ 


2 (* —r ) Pi (*) r ' 

1=0 


= 2 (! - 2xr + r Z ) IP 1 ( x ) rl ~ l ( 5 ) 

1=0 


Identifying powers of r, we find the first recurrence relation: 
(l + 1) P t+ i <*) - (2 1 + 1) xPi (x) + Z/> w (x) = 0 ( 6 ) 
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d F 

We compose the sum F 2r and get 


F + 2rZ= 1_r2 




On the other hand 


^ + r F - —/- r ::!r— i = S IPt-iMr' (8) 


(Y 1— 2xr -j- r 2 ) 3 ^2 


which, if added to (5), yields 

x — r I r — xr 2 

(]/1 - 2*r“"(VT—2*r+ r2) 3 

s (1 —r 2 ) 


, y. M> w r« + 2 Z/V' 1 

(Kl-2.r+r*)> A ^,f o 


Comparing the last expression with (7), we get 

(21 + 1) xP z (*) = (l + 1) P m (x) + IPU (x) 

d F 

If we compose the product (1 — 2xr + r 2 ) , we find the 

second recurrence relation: 

Pi(x)= Pi +1 (x) - 2xP\ (x) + Pi., (x) (9) 

Substituting Pi + j from (6) into (9), multiplying the obtained 
expression Pi(x) — xP’i (x) — P'm (x) by 2, and adding it 
to (9), we find the third recurrence relation: 

(21 + 1) P, (*) = (10) 


We can find the normalization integral for Legendre poly¬ 
nomials if we use definition (2). Let us suppose that l ^ k. 
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Then 
1 


j j 


d l (x 2 — l) 1 d*(x 2 — 1)* 


dx 1 

1 


2H\ 2 h k\ 

2 c 
21 + 1 


(-1)' j (x 2 — 1) ( 

-I 


dx h 
dl+h ( x 2—l)h 


dx— . . . 

dx 


dx h+ l 


J hl 


where we integrate by parts, bearing in mind that on the 
boundaries x = ± 1 the function ( x 2 — 1) turns zero. 


6. Hermite polynomials 


Hermite polynomials H n (x) can be defined on the interval 
—oo ^ x ^ oo by means of the generating function 


H n (x) 


n! 


t n 


F(x, t) = e - t2 + 2tx =e*'e-d-*y= 2 

n=0 

from which we immediately get 

W(« . «) j = ijn e x* d*(e-*') 


H 


n (*)=(- 


dx n 


dx n 


( 1 ) 


( 2 ) 


The equality dF j^ ^ — 21 dF ^ t ' ^ with the use of (1) takes 


the form 


dt 


2 •>;<*><-=2 2 


n=0 


n =0 


whence, by identifying powers of t, we get the relation 

^jl± = 2nH n _ l (x) (3) 

In a similar manner from the equality dF ^ * ■ + 

+ 2 (t — x) F (x, t) — 0 we obtain the relation 

H nn (x) - 2xH n (x) + 2nH n - 1 (x) = 0 (» > 1) (4) 
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Combining (3) and (4), we come to the homogeneous linear 
equation for H n ( x) 

Hn (x) - 2 xH' n (x) + 2 nH n (x) = 0 (5) 

The orthogonality of Hermite polynomials can be found 
from the following relation: 

oo °° 3C2 

j H m {x)H n (x)e~*dx=(-l)« j H m {x)^p-dx 

— oo —oo 


where we use formula (2) and set n > m. Integrating by 
parts and noting that for x = ± oo all the derivatives of 
e~ x ' turn zero, we obtain 

oo °° 2 

j H m (x)H n (x)e~*’dx=(-i)^2m j ■ 

— oo — oo 

oo 2 

= ...-(-l)-"2’xml { g.W dx = 0 

— OO 

where we have used formula (3). To normalize H n (x) we put 
n equal to m. Then 

oo 

J III (x)e~* 2 dx = 2 n xniy r n 

— oo 

The orthonormalized functions are the functions 


<Pn (*) : 


H n (x) e~ x2 


(2 n Xniy n ) 1/2 

{n = 0, 1, 2, . . .) 

The general expression for H n {x) 

H n (*)==(2*)»-^^(2*)"-» 

■ n(n — 1) (re — 2) (n— 3) 
' 2! 


{2x) n ~ k — 


makes it possible to compute any one of them. For instance, 
Ho ( x ) = 1. H 1 (x) — 2x, 

H 2 (x) — Ax 2 — 2, H 3 (x) — 8x 3 — 12x 

In addition H n (—x) = (—1)’* H n (x). 
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7. The confluent 

hypergeometric function 

For all z and a finite and for any value of c not equal to 
0 , — 1 , — 2 , . . . this function is defined by the series 

F (a, c; z) = 1 + 7 £ + • • • (F (a, a; z) = F) ( 1 ) 

The confluent hypergeometric function (often called Kum- 
mer’s confluent hypergeometric function) is a particular 
solution of the equation 

d 2 <D | , . d<t> ^ n /0 , 

2 -diT+( c - z )lT- a(I) = 0 ( 2 ) 

The second solution of (2) is the confluent hypergeometric 
function of the second kind 

z L ~ e F (a — c + 1, 2 — c; z) (3) 

whenever c is not an integer. The function F (a, c; z) satisfies 
a number of relations, which follow from formulas ( 1 ) and 
( 2 ): 

F (a, c; z) = e z F (c — a, c; z) 

(c — a) F (a — 1, c; z) + (2a — c z) F (a, z; z) 

— aF (a + 1, c; z) (4) 
SF(a , c; z) = yF(a+l, c + 1; z) 

&F(a , c ;z)=f|f-X ££+") ' xF(a + n,c+u; z) 


If a is a negative integer, a = — n, or zero, the function 
F (a, c; z) reduces to a polynomial of degree n: 


F{ — n , c; z)=l — ^z+ ...+( — !)” 


(c—1)1 , 

(c + ra —1)1 ‘ 


zl-ce^r (c) d n , c+n-l 
T(c + re) dz» 


X e~ z ) 


( 5 ) 
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The asymptotics of F (a; c; z) are 

Re z - oo: F (a, c; z) - z a - c • • [1 + 0 (| z |-*)] 

Rez->—c»: F ( a,c;z ) = f i^ ( -zr ( l + 0(|z r i )] (6) 

Rec->-oo: F (a, c; z) = 1 + O (| c ] _1 ) for finite z and a 
Any equation of type 

(a 0 x + b 0 ) -0- + (aix +&i) ^ + K* + b 2 ) q> = 0 (7) 

can be reduced to (2) by the following substitutions: 
tp == e v *0, x = Kz + p 

where v, X, p are determined from the system of equations 

aoH' + & o = 0 

a 0 + k (2 a 0 \ + ai) = 0 (8) 

a 0 v 2 + fljv + a 2 = 0 
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of the earth’s upper atmosphere. 

A Handbook of 

Methods of Approximate 
Fourier Transformation 
and Inversion 

of the Laplace Transformation 
V. I. KRYLOV and N. S. SKOBLYA 

Harmonic analysis 

and Laplace transformation 

are very often used in the solution of many 

theoretical and practical problems. 

This text contains most of the known 
methods of the approximate inversion 
of the Laplace transformation and methods 
of calculating Fourier integrals. 

It is designed for scientists and engineers 
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